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Fractionalization of a flux quantum in a one-dimensional parallel Josephson junction array
with alternating p junctions
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We study numerically and analytically the properties of a one-dimensional array of parallel Josephson
junctions in which everyalternatejunction is ap junction. In the ground state of the array, each cell contains
spontaneous magnetic fluxF<F0/2 which showsantiferromagneticordering along the array. We find that an
externally introduced 2p fluxon F0 in such an array is unstable and fractionalizes into twop fluxons of
magnitude1

2 F0. We attribute this fractionalization to the degeneracy of the ground state of the array. The
magnitude of the flux in the fractional fluxons can be controlled by changing the critical current of thep
junctions relative to the 0 junctions. In the presence of an external current, the fluxon lattice in the antiferro-
magnetic ground state can be depinned. We also observe a resonant structure in theV-I characteristics above
the depinning current due to the interaction between the fluxon lattice and the array.
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One of the exciting developments in the field of Jose
son devices is the fabrication of the three-terminal cont
lable Josephson junction.1 The supercurrent through a Jo
sephson junction is given byI 5I csin(Df), whereDf is the
gauge-invariant phase difference between the supercond
ors, and the critical currentI c depends upon the junctio
geometry, normal-state resistanceRn , and the temperatureT.
Morpurgo et al.1 showed that the supercurrent through
superconductor-metal-superconductor junction changes
passing a control current through the normal metal. For s
a junction, the supercurrentI}sin(Df1x) where the addi-
tional phase differencex is dependent on the current throug
the normal metal. Further theoretical work showed that in
diffusive limit of the junction, the additional phase factorx
can be madep, thus reversing the direction of the supercu
rent with respect to the phase differenceDf.2,3 Josephson
junction with x5p is referred to as thep junction ~we use
the term 0 junction for the Josephson junction for whichx
50). The p junction has now been realized in seve
experiments.4–6The fabrication of such tunable junctions h
opened immense possibilities for new applications, as d
onstrated recently by the development of controllablep
SQUID ~superconducting quantum interference device!.7

The next natural step in this field would be to consid
Josephson-junction array~JJA! containing p junctions.
Theoretically, Kusmartsev8 considered a loop containing a
odd number ofp junctions and showed that the loop co
tains spontaneous magnetic flux in the ground state. In
continuum limit, the long Josephson junction with altern
ing critical current density have been studied which sho
self-generated magnetic flux.9,10 Recent studies of JJA’s with
p junctions11,12 have shown some novel features arising o
of the interplay between 0 andp junctions. Moreover, JJA is
a unique system which provides experimental realization
several interesting physical phenomena, some example
which are field-induced superconductor to insula
transition,13 Aharonov-Casher effect,14 and coherent emis
sion of radiation.15 One is then led to ask as what new phy
cal phenomenon exists in the one-dimensional~1D! JJA con-
taining p junctions.
0163-1829/2003/68~10!/104505~6!/$20.00 68 1045
-
l-

ct-

on
h

e

-

l

-

r

e
-
s

t

of
of

r

In this paper, we study numerically and analytically a d
ferent class of 1D JJA: an array of parallel Josephson ju
tions in which everyalternatejunction is ap junction. The
ground state contains spontaneous magnetic flux in each
and are orderedantiferromagneticallyalong the array. We
find that a quantum of flux~fluxon! with a 2p kink in the
phase is unstable in such an array and fractionalizes into
spatially separatedp-kink fluxons. We also calculate theV-I
characteristics of the array which show a structure above
depinning current, and is attributed to the resonant inter
tion between the moving antiferromagnetic fluxon lattice a
the linear waves emitted by the array.

Consider a 1D array of parallel Josephson junctions c
taining alternatep and 0 junctions~see inset Fig. 1!. The
Hamiltonian for this system is

FIG. 1. The self-induced magnetic flux 2pF i /F0 along the
array in the ground state.lJ51.0 andN5100~only half the array is
shown for clarity!. The right inset shows the array geometry and t
arrows represent the antiferromagnetic ordering of the magn
flux induced in the cell. The left inset shows the dependence
2puF i u/F0 on lJ .
©2003 The American Physical Society05-1
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wheref i is the gauge-invariant phase difference across
i th junction. The periodic boundary condition is imposed
the two ends of the array such thatf05fN (N is assumed to
be even!. In Eq. ~1!, the first term represents the chargin
energy and the second term is the energy of the indu
magnetic field due to finite self-inductance of the cell~the
effect of mutual inductance between the cells is neglect!.
The last term represents the energy associated with the
sephson currents. The prefactor for the cosfi term alternates
in sign for odd (p) and even~0! junctions. The Josephso
coupling energyEJ5I cF0/2p, whereI c is the critical cur-
rent of a single junction. The timet is in the units of inverse
plasma frequencyvP

215AF0C/2pI c, whereC is the aver-
aged capacitance per unit area of the junction. The effec
Josephson penetration depth is given bylJ
5(F0/2pL0I c)

1/2, where L0 is the self-inductance of a
single cell.lJ determines the screening strength of the ar
and is related to the SQUID parameterbL5lJ

22 .
From Eq.~1!, the equation of motion forf i is

d2f i

dt2
1a

df i

dt
1~21! isinf i1g5lJ

2~f i 111f i 2122f i !,

~2!

where a dissipative termadf i /dt is also added.16 The coef-
ficient a5bc

21/2, wherebc52pRn
2I cC/F0 is the McCum-

ber parameter. The parameterg5I ext /I c represents the ex
ternal current through the junction. For the numeric
simulation, Eq. ~2! is integrated using the fourth-orde
predictor-corrector method. The consistency of the stea
state solutions was checked using different initial configu
tions of f i ’s. The magnetic flux in thei th cell is defined as
2pF i /F052(f i 112f i). We remark that for the cas
where all junctions are 0 junctions~henceforth referred to a
the 0-JJA!, Eq. ~2! is the discrete perturbed sine-Gordo
equation, and has been studied extensively.17,18First, we con-
sider the results from the numerical simulation.

Figure 1 shows the ground-state flux configurati
2pF i /F0 for N5100 andlJ51.0. The self-induced mag
netic flux F i changes sign across neighboring cells w
uF i u5F remaining constant. Such a configuration ofF i is
reminiscent of the ground state in 1D classical Ising mo
with antiferromagnetic~AF! coupling, as depicted schemat
cally in the inset of Fig. 1. Therefore, we call this array t
antiferromagnetic JJA~AFJJA!. The AF ordering ofF i ~and
hence,f i) implies that the self-induced screening currents
neighboring cells are oppositely oriented. The magnitude
the flux F in a cell depends on the screening strengthlJ as
shown in the Fig. 1~inset!. With increasinglJ , the magnetic
flux in the neighboring cells tend to overlap, andF→0 as
lJ→`. In the strong screening limit,lJ→0 and F
→F0/2.

Next, we consider the consequence of introducing an
ternal fluxon in AFJJA.19 In the 0-JJA, a fluxon correspond
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to a 2p kink in the phase profilef(x) and the magnetic field
(}Df/Dx) is spatially localized on the length scalelJ . Fig-
ure 2~a! shows the steady-state profiles of 2pF i /F0 andf i
in AFJJA in the presence of a 2p fluxon. The self-induced
magnetic field of the AF ground state has been subtrac
from 2pF i /F0. We find that a 2p fluxon is unstable in the
AFJJA andfractionalizes into two spatially separated flux
ons, each carrying half the quantum of flux. Also, each ofthe
fractional fluxons is ap kink in f i . The magnetic field
around the fractional fluxon decays as exp(2x/lef f), where
le f f'2lJ . This should be compared with the 2p fluxon in
the 0-JJA@Fig. 2~b!# wherele f f'lJ . The increase inle f f in
AFJJA is a consequence of the magnetic flux in the
ground state.

It is possible to vary the magnitude of the magnetic flux
each fraction by changingi c* 5I c

p/I c
0 , where I c

p and I c
0 are

the critical currents of thep and 0 junctions, respectively.20

Figure 3~a! shows the spatial profile of the fractional fluxon
for i c* 50.8 andlJ51.0. The phase change across the fr
tional fluxons isnot p but is dependent on the value ofi c* .
The total phase change across both the fractions is alw
2p, as required by the flux conservation. Figure 3~b! shows
the magnitude of the integrated flux 2p(FT /F0) in each
fractional fluxon as a function ofi c* for lJ51.0. The frac-
tionalization occurs fori cl* , i c* , i cu* , where i cl* and i cu* are
the two critical values. The slopedFT /dic* at the critical
valuesi cl* and i cu* appears to diverge, suggesting a transiti
between the fractionalized state and the single-fluxon st

FIG. 2. ~a! The magnetic flux 2pF i /F0 and the average phas
profile along the array in~a! AFJJA and~b! 0-JJA, in the presence
of a 2p fluxon. The background AF ground state has been s
tracted from 2pF i /F0 in ~a!. The schematic in inset~a! shows how
the fractional fluxons~thick arrows! interpolate between the two
degenerate ground state ofF i ’s.
5-2



s

FRACTIONALIZATION OF A FLUX QUANTUM IN A . . . PHYSICAL REVIEW B 68, 104505 ~2003!
FIG. 3. ~a! The spatial profile of the fractionalized external fluxon fori c* 50.8 andlJ51.0. The magnitude of flux in the two fraction
are not equal.~b! The integrated total flux 2pFT /F0 in the two fractional fluxons~represented by dashed and dotted lines! as a function of
i c* 5I c

p/I c
0 . Also shown is the maximum flux 2pFm /F0 at the center of the two fractional fluxonsFa andFb ~represented by symbols!.
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In experiments, the magnitude of the flux at the center of
fluxon Fm can be measured more easily. Figure 3~b! shows
the behavior ofFm( i c* ).

In Fig. 4, we show the numerically obtained parame
spacelJ-i c* . We have assumed thati c* can be varied inde-
pendent oflJ . The region of fractional fluxons is bounde
by i cl* (lJ) and i cu* (lJ). It is easy to understand the absen
of fractional fluxons in the limiti c* →0 since the array be
comes a 0-JJA~with lattice constant twice the original array!
which allows only 2p fluxons. In the opposite limiti c* →`
such thatI c

0→0 andI c
p is finite, there are twop junctions in

each cell and the array can be shown to be equivalent to
0-JJA, and the fractionalization is again not expected.
obtaining the parameter space in Fig. 4,I c

0 is assumed to be
finite and fixed which leads to fractionalization forlJ,0.7
even asi c* →`.

The simulation results discussed above can also be un
stood analytically. Consider the case ofi c* 51. Define

f2m115um and f2m5vm , ~3!

where m50,(N/2)21. Thus, um and vm are the gauge-
invariant phase differences across thep and 0 junctions, re-
spectively. In the absence of any external fluxon,um andvm

FIG. 4. The parameter spacelJ-i c* . The circles are the numeri
cally obtained values whereas the full lines are the analytical re
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are invariant on translation by the lattice vector along
array. Hence, substitutingum5u and vm5v, Eq. ~2! be-
comes

sinu5sinv52lJ
2~u2v !. ~4!

There are two trivial solutions of Eq.~4!: u5v50 and u
5v5p. The nontrivial solution of Eq.~4! is given by

u5p2v and sinv52lJ
2~p22v !. ~5!

For a given value oflJ , the quantitiesv andu can be cal-
culated graphically from Eq.~5!. It can be easily verified tha
the nontrivial solution is the ground state for any finitelJ .
The magnetic flux in the cell is given byF56(u
2v)F0/2p, where the1 and2 signs are for the cell to the
left and the right of thep junction, respectively. Thus, the
magnetic flux alternates in sign along the array. The val
of u, v, anduFu obtained from Eq.~5! are in excellent agree
ment with the numerically obtained values. In the stro
screening limitlJ→0, u5p andv50, and the flux in each
cell attains the maximum valueF0/2. In the limit lJ→`,
the solution of Eq.~5! is u5v5p/2 which is degenerate to
the trivial solutions of Eq.~4!, and the ground state contain
no spontaneous magnetic flux.

To understand the fractionalization of a 2p fluxon, we
note that the AF ground-state solution of Eq.~4! is twofold
degenerate. Iff5$u,v% obtained from Eq.~5! is one solu-
tion, the other solution is obtained by translatingf by one
lattice constant. Thus, the other solution isf85$u8,v8%,
where u85v1p and v85u1p. The degeneracy of the
ground state has an important implication: the element
excitation for the array is a kink~or domain wall! in f i
which interpolates between the two degenerate ground s
f and f8. It can be easily verified that the phase chan
across the ‘‘kink’’ isp and corresponds to an additional flu
F0/2 in the array. In the presence of a 2p fluxon, the energy
minimization leads to twop kinks which are separated b
the degenerate ground states. This is shown schematica
the inset of Fig. 2~a!. Fractionalization of a 2p fluxon in
AFJJA is thus a consequence of the degeneracy of
ground state. A similar phenomenon is observedlt.
5-3
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polyacetylene21 and certain field theories22,23 where frac-
tional topological excitations occur and are related to
ground-state degeneracy.

Equations~4! and ~5! can be extended for the casei c*
Þ1. We find that the AF ground state is stable and flux
fractionalization occurs fori c* .1 when lJ,lJu51/A2@1
2(1/i c* )#21/2 and for i c* ,1 when lJ,lJl5(1/A2)@ i c* /(1
2 i c* )#1/2. This is plotted in Fig. 4 and is in good agreeme
with the numerically obtained behavior ofi cu* (lJ) and
i cl* (lJ). Further details of the analytical calculations will b
given elsewhere.

Next, we study the dynamical properties of the AFJJ
We restrict the analysis to the casei c* 51.0 and in the ab-
sence of any external fluxon. TheV-I curve is obtained by
sweepingg in small steps, and calculatingV5a^df/dt& in
the steady state (V is in units of RnI c). Recall that for the
0-JJA, all junctions switch from the superconducting state
the normal state simultaneously atg51. In the AFJJA, the
magnetic flux in the ground state alters this behavior sign
cantly.

Figure 5 shows theV-I curve for N530 andlJ51. a
50.1 for the rest of the discussion below.24 The important
feature of theV-I curve is the appearance of a plateau inV
above a depinning currentgc . The transition to the norma
state occurs at a higher currentgn . By analyzing the spa-
tiotemporal dynamics of fluxons on the voltage plateau,
find that the interpenetrating lattice of the fluxF and the
antiflux 2F move in the opposite directions, which appea
as a stationary wave of breathing flux-antiflux pairs.25 This is
evident from the 2D space-time plot of 2pF i /F0 which is
shown for a section of the array in the inset of Fig. 5.F/F0
in each cell oscillates between the positive and the nega
values, and is in antiphase with the neighboring cells. Th
at any instant of time, the total flux in the array is zero
expected from the ground state. We also find that forlJ
.1, a linear flux flow regime appears before the plate
whereas for smalllJ , V shows a sharp step as shown in t

FIG. 5. The full V-I curve of the AFJJA. The direction of th
current ramp is indicated by the arrow. Upper inset: theV-I curves
for different values oflJ ~theV branch with increasingg is shown!.
Left inset: the 2D space-time plot of 2pF i /F0 in six cells of the
array forg50.3, where the maximum value is 2.2~black! and the
minimum value is -2.2~white!.
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inset of Fig. 5. ThelJ dependence of the width of the vol
age plateau (Dg)s5gn2gc is shown in Fig. 6~a!. (Dg)s is
nonmonotonic and is maximum forlJ'2. Below a cutoff
lJ* '0.45, the plateau inV disappears andgc5gn .

The origin of the plateau~or step! in V can be understood
from the fluxon dynamics. In a 0-JJA, the motion of a sing
2p fluxon leads to the emission of small-amplitude line
waves~plasma waves! due to the discreteness of the arra
The resonances between these linear waves and the per
motion of the fluxon causes a series of plateaus inV.17 Ex-
tending this to the case of AFJJA, the plateau inV-I curve
can be attributed to the phase locking between the mov
fluxon lattice and the linear waves emitted by the array. T
frequencyvs of the linear waves can be calculated from E
~2!. In the absence of any external fluxon, the symmetry
the ground state allows only waves with the wave vectok
52p/(2a) to be coupled resonantly to the moving fluxo
lattice ~herea is the lattice constant!. Thus, all 0 junctions
andp junctions oscillate with the same amplitude and pha
Linearizing Eq.~2! for the p and the 0 junctions usingu
5u0exp(ivst) andv5v0exp(ivst), respectively,

2vs
2u2u52lJ

2~v2u!,

2vs
2v1v52lJ

2~u2v !. ~6!

For simplicity, we have useda5g50. Adding the above
equations gives the relation betweenu and v, u5v(1
2vs

2)/(11vs
2). Substituting foru in the second equation

leads to

~12vs
2!~11vs

2!14lJ
2vs

250. ~7!

The above quadratic equation invs
2 can be solved to obtain

the frequency of the linear waves,

vs~lJ!5A2lJ
21~114lJ

4!1/2. ~8!

FIG. 6. ~a! The lJ dependence of the width of the voltage pl
teau (Dg)s . ~b! Resonance frequencyvs(lJ) and ~c! the voltage
Vs(lJ). ~d! The depinning currentgc . The open symbols are from
the simulation whereas the bold lines in~b!–~d! are the analytical
results described in the text.
5-4
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vs is in units of the plasma frequencyvP . The condition for
phase locking of the linear waves with the moving flux
lattice then becomesvsT52p, whereT is the time period
corresponding to the motion of the fluxon lattice. From t
simulation,T ~and hencevs) on the plateau can be obtaine
from the time evolution of the magnetic fluxF i(t) in a cell.
In Fig. 6~b!, vs calculated analytically is compared with th
obtained from the simulation for increasinglJ . A reasonable
agreement is observed over a range oflJ . The discrepancy
appears aslJ approacheslJ* , below which the plateau inV
is not observed. The voltageVs on the plateau is given by
Vs5avs . This is shown in Fig. 6~c! and is in good agree
ment with the simulation.

Finally, the dependence ofgc on the screening strength
shown in Fig. 6~d!. A finite gc in JJA is attributed to the
pinning potential created at the center of the cell.26 For
AFJJA, the pinning potential or the energy barrier can
defined asDE5EM2EA , where EM is the energy of the
array with the fluxon lattice placed on the junctions andEA is
the ground-state energy. Equating the pinning force 2DE to
the Lorentz force required to overcome the energy bar
gives the depinning currentgc ~per junction!,

gc5
1

p S 2 cos~v !2
1

2
lJ

2~p22v !2D . ~9!
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