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The temperature dependence of the thermoelectric power~TEP! of metallic systems with cerium and ytter-
bium ions exhibits characteristic features which we explain by the Coqblin-Schrieffer model~CSM!. We
specify a given system by the degeneracy and splitting of the crystal-field~CF! levels, the strength of the
exchange and potential scattering, and the number off electrons orf holes; for cerium and ytterbium ions we
assumenf<1 andnf

hole<1, respectively. The Kondo temperatureTK is then generated by the ‘‘poor man’s
scaling’’; it separates a local-moment~LM ! from a Fermi-liquid~FL! regime. In the LM regime (T>TK) we
calculate the TEP by a renormalized perturbation expansion, in which the exchange couplingJ is also renor-
malized by the poor man’s scaling. This gives the TEP with a large peak at high temperatures and a sign change
at Tx.aTK , where for parameters used in this paper we havea between roughly 2.5 and 10. Fornf.1 and
large CF splitting, we find a broad temperature rangeTK!T<Tx , in which the TEP of the CSM is negative.
In the FL regime (T<TK) we neglect the excited CF states, reduce the CSM to an effective spin-degenerate
exchange model, map it on an effective spin-degenerate Anderson model, and calculate the TEP by an expan-
sion in terms ofU}1/J. For cerium ions (nf<1) we obtain in this way the TEP which follows forT!TK a
linear FL law, attains at aboutTK/2 a positive maximum, and changes sign aboveTK . The results pertaining to
ytterbium ions (nf

hole<1) are obtained by reflecting thenf<1 curves on the temperature axis. The overall
results obtained for the CSM in such a way explain the essential features of the temperature, pressure, and
doping dependence of the TEP in cerium and ytterbium systems. Unfortunately, neither our high-temperature
nor the low-temperature expansion provide the details or locate the minimum of the negative TEP which we
find in the transition region between the FL and LM regimes.

DOI: 10.1103/PhysRevB.68.104432 PACS number~s!: 71.27.1a, 71.28.1d, 72.15.Qm, 72.15.Jf
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I. INTRODUCTION

The thermoelectric properties of intermetallic compoun
with Ce and Yb ions with onef electron orf hole show many
interesting features1–47which are not found in normal metal
or semiconductors. At sufficiently high temperatures the th
moelectric power~TEP! has very often a positive peak i
cerium systems and a negative one in ytterbium systems.
number of cases, the TEP assumes giant values and mu
recent interest in heavy-fermion thermoelectricity is due
the belief that some of the new systems, with the th
mopower larger than 150mV/K, might be useful for appli-
cation in the liquid nitrogen range.48 At low temperatures the
TEP can be quite complicated and, considered as a func
of temperature,S(T), it often exhibits a nonmonotonic be
havior and a sign change. However, systems with sim
thermopowers exhibit similarities in other thermodynam
and transport properties as well, and the shape ofS(T) can
be used to classify Ce and Yb intermetallics and alloys i
well-defined groups.35,36

The anomalous thermoelectric properties of Ce and
intermetallics have stimulated a lot of theoretical work, b
0163-1829/2003/68~10!/104432~11!/$20.00 68 1044
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the interpretation of the experimental data is s
controversial.49–60 Here, we show that the experimental r
sults can be qualitatively understood in terms of the Coqb
Schrieffer model61 ~CSM! which describes the dynamics o
conduction electrons due to the exchange and potential s
tering on incoherent 4f 1 states of Ce or the 4f 13 states of Yb.
We take into account the splitting of thef states due to the
crystalline electric field~CF! but consider only the simples
case of two CF levels with the energy separationD and the
degeneracy of the ground and excited CF levels given bm
andM, respectively. The number off electrons orf holes is
restricted tonf<1 for Ce ions and tonf

hole<1 for Yb ions.
The CSM seems to capture the main features of the ther
electric power data of most Ce- and Yb-based systems, e
though the coherent scattering of conduction electrons on
f ions is neglected and the loss of electrical resistance
stoichiometric compounds at low temperatures is not
counted for. Using the ‘‘poor man’s scaling’’62–66it is easy to
show that the CSM is characterized by the Kondo tempe
ture TK , such that forT.TK the system is in the weak
coupling, local-moment~LM ! regime and forT,TK it is in
the strong-coupling regime. The scaling also shows64,65 that
©2003 The American Physical Society32-1
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the CF splitting greatly reducesTK with respect to the Kondo
temperature of an (m1M )-fold degenerate CSM,TK

H .
The CSM is an approximation to a more general sing

impurity Anderson model~SIAM!, from which it is derived
by the Schrieffer-Wolff~SW! transformation.63,67This elimi-
nates the hybridization between the conduction states and
f states, and generates the exchange and potential scat
of the CSM. The low-energy excitations and the transp
and thermodynamic properties of both models should be
same. In order to keepnf<1 andnf

hole<1, as required for
Ce and Yb systems, respectively, the on-site Coulomb co
lation of the SIAM should be very large. Furthermore, t
SIAM with less than onef electron~or less than onef hole!
distributed overm1M states is far away from the electron
hole symmetry. Thus, the SW transformation generates
CSM with an antiferromagnetic exchange coupling and
potential scattering term which is negative for Ce and po
tive for Yb ions.66 Since the asymmetry of the underlyin
SIAM increases as the system moves further away from
electron-hole symmetry, the magnitudes of both the
change and potential scattering terms increase asnf ~or
nf

hole) decrease from 1. These considerations allow us
treat the effects of pressure or chemical pressure on the
of Ce and Yb systems by the CSM.

At high temperaturesT.TK , the TEP is calculated by th
third-order renormalized perturbation expansion69 ~RPT!, in
which the exchange couplingJ is renormalized by the poo
man’s scaling. At low temperaturesT<TK , the CSM has a
crossover to the strong-coupling regime and direct th
mopower calculations become quite difficult. However, t
simplifications arise close to the ground state, which
known to be a Fermi liquid~FL!.66,68 For large CF splitting
and kBT<kBTK!D, the excited CF states of the CSM ca
be neglected and the ensuingm-fold degenerate Kondo
model becomes equivalent to anm-fold degenerate SIAM
with SU(m) symmetry and large on-site Coulomb repulsi
U}1/J between f electrons of the opposite spin.67 The
strong-coupling features of the CSM and SIAM are t
same, provided we choose the parameters in such a way
the Kondo scale of both models is the same. The FL pro
ties are then obtained by the modified perturbation theo70

~MPT! which interpolates between the weak-coupli
result71–73 and the exact atomic limit of the SIAM.

Using these perturbation expansions, the high-tempera
one in terms ofJ and the low-temperature one in terms ofU,
we find the TEP which can have pronounced peaks at h
and low temperatures due to an interplay between the Ko
effect and CF splitting. We also find that the TEP can beco
negative at the crossover between the LM and FL regim
but our calculations cannot provide the actual shape ofS(T)
in the transition region, and the overall behavior of the T
can only be inferred from an interpolation between the lo
and high-temperature results.

The paper is organized as follows. First we describe
experimental data. Then we discuss the high-tempera
TEP of the CSM obtained by the RPT and the lo
temperature TEP of the SIAM obtained by the MPT. Fina
we use our results to discuss the experimental data.
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II. DESCRIPTION OF THE EXPERIMENTAL DATA

The experimental results of cerium and ytterbium int
metallics exhibit some characteristic features which sepa
them into distinct groups.35,36 First of all, the TEP curves of
Kondo compounds with Ce ions have a large positive pea
a sufficiently high temperature, which corresponds to a fr
tion of the CF splitting. The low-temperature behavior of C
Kondo systems is more complicated, and one often find
negative minimum and an additional positive peak at s
lower temperatures. Typical shapes are illustrated by Fig
where the TEP of CeCu2Si2,13 measured at various pres
sures, is shown as a function of temperature. The TEP cu
of Yb systems exhibit at high temperatures a large nega
peak, which mirrors the Ce curves, as one would expect
system with f holes. In what follows we provide a mor
detailed description of the TEP due to the Ce and Yb Kon
ions.

The first type of thermopower curve@type ~a!# is charac-
terized by a broad positive high-temperature peak betw
100 K and 200 K and by a deep negative minimum at low
temperatures. TEP like that is observed in CexLa12x ,4

CeCu2Si2,6,8,13 CeCu2Ge2,15,32,36 CePd2Si2,12,36 CePdAl,47

FIG. 1. The thermopower of CeCu2Si2 plotted as a function of
temperature for various pressures~Ref. 13!. The inset shows the
low-temperature data~Ref. 8! at ambient pressure and small ma
netic field, which suppresses the superconducting transition an
veals the positive TEP peak. Type~a! behavior is seen at zero pres
sure, type~b! between 14 kbar and 23 kbar, and type~c! at 30 kbar
and above.
2-2
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CePdIn,25 CePtSn,25 CePb3,15 Ce(Pb12xSnx)3,23

CeRh22xNixSi2 for smallx,24 and CeNi2Sn2.35 Most of these
systems order magnetically or become superconductin
lowest temperatures.

The second type~b! for the thermopower is similar to typ
~a!, except that at very low temperatures the thermopo
changes sign again and exhibits an additional positive p
A typical example is provided by CeAl3.1,8,14 The first ex-
perimental results1 gave a pronounced positive maximum
roughly 60 K, which was accounted for by the CSM with C
effects.50 Then, more recent experiments8,14 gave a change o
sign at roughly 8 K, a weak negative minimum at roughly
K, another change of sign at roughly 0.4 K, and a sm
positive maximum at roughly 0.1 K. These features can
be explained by the unrenormalized third-order perturba
expansion of the CSM,50 but do follow from the calculations
presented here. The type~b! for the TEP is found in severa
dilute Ce alloys, like CexLa12xAl3,1,31 CexLa12xNi,18 and
CexLa12xPd2Si2,33 in stoichiometric compounds, like
CeAl3, CePdSn,25,35,43CePdGe, and CePtGe,44 as well as in
some concentrated Ce alloys, like CexLa12xCu2Si2.7 In some
cases the positive low-temperature peak is canceled by
perconducting or magnetic transitions. For example,
CeCu2Si2,8 the positive low-temperature upturn is seen on
in an external magnetic field which suppresses the super
ducting transition. Experimental evidence is now accumu
ing that the slopeS(T)/T is indeed positive in most Ce
heavy fermions if the measurements are performed at
enough temperature and with sufficient accuracy.43,44,47

Finally, the third type~c! describes the TEP which is a
ways positive but has a small peak at low temperatures a
large one at high temperatures. The TEP does not chang
sign between these two peaks, as it does in type~b! systems.
This behavior is observed in many cerium Kondo syste
like Cex(La12zYz)12xAl2,3 CexLa12xCu6 for small x,17 and
CexLa12xRu2Si2,19 in Ce-rich compounds like
Ce(Pb12zSnz),

23 CeRu2Si2,20 and Ce(CuxAu12z)6 for small
x,26 and also in CexLa12xNi0.8Pt0.2,34 CexLa12xCu2Si2,37,45

and CexY12xCu2Si2.46 In some cases, the high-temperatu
peak is very broad and only a shoulder remains on its lo
temperature side, as in Ce(In12xSnx)3 and Ce12xLaxIn3 for
smallx,10 CeCu6 and CexLa12xCu6 for largex,17 CeInCu2,28

CeCu3Ga2 , CeCu3Al2,30 CeNiIn and CePtIn,25 and
CeNiGe.44 We classify a behavior like that as type~d!.

The high-pressure studies of the TEP of cerium co
pounds also reveal some typical features, which are show
Fig. 1 for the case of CeCu2Si2.13 Similar effects are found
in other compounds, like CeCu2Ge2,32,36 CePd2Si2,36 or
CeAl3.21 Pressure reduces the large negative lo
temperature peak and gives rise to a positive peak at low
temperatures. This low-temperature peak is separated
the large positive high-temperature peak by a tempera
interval in which the TEP is first negative~for smaller pres-
sure! and then positive~for higher pressure!. Finally, at very
high pressure~not shown in Fig. 1! only a positive high-
temperature peak with a more or less pronounced shou
remains. Thus, the TEP transforms under pressure from
~a! to type ~b! and finally to type~c! or ~d!.
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Doping affects the shape of the TEP in a similar way
pressure. An increase of Ce concentration, leading to the
duction of the lattice constant, transforms theS(T) of
CexLa12xPd2Si2 ~Ref. 33! from type~a! to type~b!. In dilute
CexLa12xCu2.05Si2 ~Ref. 45! an increase of Ce enhances t
low-temperature peak and brings it closer to the huge hi
temperature peak. In CexLa12xCu6 ~Ref. 17! one finds for
x,0.5 two peaks separated by a well-resolved minimu
while for x.0.9 only a single hump with a shoulder on th
low-temperature side remains.34 In Ce(CuxAl12x)2 and
Ce(NixAl12x)2 ~Ref. 22! the copper or nickel substitution
reduces the lattice constant, and we observeS(T) changing
from type ~a! to type ~c! as x is increased from zero up to
20%. Similarly, Ce(Pb12xSnx)3 ~Ref. 23! changes from type
~a! to type~c! asx is increased. On the other hand, replaci
Y ions by larger Ce ions in dilute CexY12xCu2Si2 ~Ref. 46!
expands the lattice and transformsS(T) from a single-peak
@type ~d!# to a two-peak structure@type ~c!#. A behavior like
that is consistent with the ‘‘chemical pressure effects,’’
though doping might involve a charge transfer or change
character of the ground state and is more complex than
the hydrostatic pressure.74

Next, we discuss briefly the case of the ytterbium int
metallics, which exhibit, generally, a large negative TE
peak at high temperatures. A thermopower with a single p
is found in systems like YbAl3,2 YbAgCu4 ,27 Yb2Cu7,30 or
YbCu2Si2,42 which mirrors the type~d! behavior of Ce sys-
tems. The nonmonotonic low-temperature behavior is fou
in Yb systems as well. A TEP with a large negative pe
followed by a positive peak at lower temperatures and
some cases by an additional negative peak at lowest temp
tures, is found in YbSi,42 Yb(NixCu12x)2Si2 for large x,39

YbAu2 and YbAu3,38 YbPtIn,41 and Yb2Rh3Al9.40 A behav-
ior like that mirrors the type~a! and ~b! behavior of Ce
systems. The nonmonotonic low-temperature behavior w
out a sign change is found in Yb2Ir3Al9,40 YbPdCu4,27 or
Yb(NixCu12x)2Si2 for small x,39 which mirrors the type~c!
behavior of Ce systems. As regards the effects of pres
and doping in Yb systems, the reduction of atomic volum
stabilizes the magnetic 4f 13 configuration and reduces th
Kondo temperature. Thus, it is not surprising that apply
pressure to YbSi~Ref. 42! or substituting Cu for Ni in
Yb(NixCu12x)2Si2 ~Ref. 39! ~positive chemical pressure!
produces similar effects as negative pressure or La dopin
CeCu6.

In summary, the experimental data show that, regard
of the concentration of magnetic ions, the TEP of Ce and
intermetallics assumes a few characteristic shapes. The p
in the thermoelectric power of dilute alloys correlate, in ge
eral, with the logarithms in the electrical resistance45,46 and
with the transition between various magnetic regimes t
one sees in the magnetic susceptibility data.75,76We take that
as an indication that the TEP is due to the exchange sca
ing of conduction electrons on the 4f states of Ce or Yb ions
and show that the temperature, pressure, and doping de
dence of the data can be accounted for by the CSM.

III. HIGH-TEMPERATURE THEORETICAL MODEL

The high-temperature properties of metallic systems w
rare-earth ions are described by the Coqblin-Schrie
2-3
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Hamiltonian61 with the CF splitting,69

HCS5(
n

Enan
†an1(

k
(

n
ekckn

† ckn

2J0(
k,k8

(
n,n8

ck8n8
† ckn~an

†an82dn,n8^nn&!

1(
k,k8

(
n

~V02J0^nn&!ck8n
† ckn , ~1!

where all the symbols have their usual meaning.69 The first
term describes the CF-split 4f 1 state of Ce ions or 4f 13 state
of Yb ions, the second term describes the conduction ban
width 2D0 and a constant density of statesr051/(2D0), the
third term defines the pure~nondiagonal! exchange scattering
between 4f 1 states and band electrons, and the last term
the total~diagonal! potential scattering. The summation ov
n is over all the CF states, andJ0 and V0 are the coupling
constants, which are assumed to ben independent. For sim
plicity, we represent the 4f 1 electron of Ce~the 4f 13 hole of
Yb! by the lowestJ5 5

2 (J5 7
2 ) spin-orbit state and conside

a cubic CF splitting with the ground-state level atEm and an
excited state atEM . The energy separation between t
ground and excited states isEM2Em5D, and they are
m-fold and M-fold degenerate, respectively. The electr
number operators commute withHCS, because the mode
neglects the quantum mixing of ionic configurations w
different numbers of electrons; i.e., the average value onf
cannot be changed except by thermal fluctuations. The C
provides an accurate description of random magnetic im
rities and is most appropriate for dilute alloys. It also appl
to concentrated Ce and Yb systems at temperatures such
the scattering of conduction electrons on the rare-earth
is incoherent. Surprisingly, the CSM seems also to acco
for the low-temperature TEP of stoichiometric compound

The high-temperature heat and charge transport is
scribed by the Boltzmann equation and the scattering rate
the transport relaxation time is evaluated up to the third or
in the scattering potential.50,55,69All the computational de-
tails can be found in the papers by Cornut and Coqblin69 and
Bhattacharjee and Coqblin50 ~BC!. These calculations are ex
pected to be reliable in the LM regime, and the qualitat
features of the thermopower obtained in this way can
summarized as follows. ForkBT.D, the thermopower is
small and behaves as 1/T. As temperature decreases, t
thermopower increases up to a large~positive or negative!
value at aboutkBTmax.D/3. The sign and slope ofSdepend
on the relative size ofJ0 andV0, and for the parameters i
the physical range one easily finds the peak value of th
mopower above 50mV/K. Thus, the BC theory captures th
essential high-temperature features of Ce and Yb interme
lics. However, forkBT!D, the TEP decreases monoton
cally towards the zero-temperature value, which shows
the unrenormalized third-order perturbation theory becom
unreliable at rather high temperatures and cannot desc
the change of sign of the TEP belowTmax. The perturbation
expansion can be extended to lower temperatures by inc
ing the higher-order diagrams or by summing the wh
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classes of diagrams and renormalizing the coupling c
stants. Here we use the RPT in which the exchange coup
J is renormalized by the poor man’s scaling.62–66

The scaling equations of the CSM are generated by red
ing the conduction-electron cutoff in Eq.~1! from D0 to D
and simultaneously rescaling the coupling constant for
spin-flip scattering,J(D), so as to keep the low-energy ex
citations of the total system unchanged.62 The solution, valid
up to the second order in renormalized couplings, reads64

expS 1

r0JD5S kBTK

D D mS kBTK1D

D1D D M

, ~2!

whereTK is the Kondo temperature, defined for a givenD by
the initial conditionsJ5J0 , D5D0, andr051/(2D0). The
relationship betweenTK and J0(D0) defined by Eq.~2! is
sufficient for a qualitative description of the correlation fun
tions in a restricted temperature range~say, between 300 K
and 1 K! but is not accurate enough for a quantitative ana
sis of the low-energy properties in terms of the bare mo
parameters.

The scaling theory can be used to renormalize the per
bation expansion for the thermopower. First, we reduce
conduction-electron half-bandwidth fromD0 to D5kBT and
find the effective couplingsJ(T). Next, we notice that the
reduction of the bandwidth does not change the form of
Hamiltonian and that the form of the response functions
tained by the perturbation expansion in terms of the effec
coupling constants remains invariant with respect to scal
Thus, to find the thermopower by the RPT we substit
J(T) as given by Eq.~2!, with D5kBT, in the BC expres-
sions. Other transport and thermodynamic quantities
found in an analogous way.75 Strictly speaking, we have dif-
ferent scaling laws aboveD, where the f state is
(m1M )-fold degenerate, and belowD, where it is only
m-fold degenerate, but Eq.~2! seems to provide a reasonab
description of the coupling constant renormalization in t
LM regime. The range of validity of the RPT is defined b
the conditionr0uJ(T)u,1; i.e., an expansion in terms of th
renormalizedJ(T) will break down for temperatures suffi
ciently close toTK . The RPT based on somewhat differe
scaling laws or a different choice of the cutoff procedu
gives somewhat different TEP curves but the qualitative f
tures remain the same. Note that the CF splitting reduces
effective degeneracy of thef states, which leads@see Eq.~2!#
to an exponential reduction ofTK and extends the range o
validity of the perturbation theory to lower temperatures.

The thermopower for the doublet-quartet CF schemem
52, M54) is given by the expression50

S5
kB

ueu
SD

RD
G1~D,0!, ~3!

whereSD andRD are dimensionless quantities given by B
as
2-4
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SD516~r0J!2F ~2^nm&r0J14^nM&r0J!tanhS D

2kBTD
2r0~Ṽm1J^nm&1ṼM1J^nM&!~^nm&2^nM&!G

~4!

and

RD52r0
2F Ṽm

2 12J2^nm&S 12
^nm&

2 D G14r0
2F ṼM

2 14J2^nM&

3S 12
^nM&

4 D G116~r0J!2S ^nm&

11eD/kBT
1

^nM&

11e2D/kBTD .

~5!

Here

G1~D,0!5
D

kBT F11
D

2pkBT
Im c8S i

D

2pkBTD G ~6!

andc8(x) is the derivative of the psi~digamma! function.77

The occupancy of the CF states is

^nm&5
1/2

112e2D/kBT
, ^nM&5

~1/2!e2D/kBT

112e2D/kBT
, ~7!

and the effective potential scattering on the CF doublet
quartet is

Ṽm5V02J0^nm&, ṼM5V02J0^nM&, ~8!

respectively. The renormalized exchange interactionJ is tem-
perature dependent due to the flow towards the stro
coupling fixed point~in the renormalization-group sense!,
while the effective potential scattering, defined by Eq.~8! in
terms of V0 and J0, is temperature dependent due to t
thermal occupation of CF levels.

The thermoelectric power obtained forD051 eV and for
several values ofD, TK , andV0 is shown in Figs. 2–4. The

FIG. 2. The thermopower plotted as a function of temperat
for r0V0520.35,D5350 K, and four different values ofTK : dot-
ted curve, TK52 K; dashed curve,TK55 K; solid curve, TK

58 K; dot-dashed curve,TK511 K.
10443
d

g-

effect of TK on S(T) is shown in Fig. 2 forD5350 K and
r0V0520.35. For this negativeV0 and relatively large
value ofr0uV0u, the high-temperature thermopower is po
tive and, like in the BC theory,S(T) attains the maximum
value atTmax which is a fraction ofD. The value ofTmax is
about the same for all the curves, butS(T) at Tmax is bigger
for largerTK . We also see a novel feature with respect to
unrenormalized BC expansion. The thermopower obtai
by the RPT changes sign at low enough temperatures and
value of the crossing temperatureTx correlates clearly with
TK .

The effect of D on S(T) is shown in Fig. 3 forTK
58 K and r0V0520.35 on a reduced temperature sca
T/TK . An increase ofD shiftsTmax/TK to higher values but
the relationship does not seem to be a simple one. The v
of Tx , obtained here for fixed values ofV0 andTK , is almost
independent ofD. However, Eq.~2! shows that for fixed
values ofJ0 and D0, the TK itself is reduced whenD in-
creases.

e FIG. 3. The thermopower plotted as a function of reduced te
peratureT/TK for TK58 K, r0V0520.35, and four values of CF
splitting: dotted curve,D550 K; dashed curve,D5200 K; solid
curve,D5350 K; dot-dashed curve,D5500 K.

FIG. 4. The thermopower plotted as a function of reduced te
peratureT/TK , for r0J0520.035, D5350 K ~giving TK58 K),
and four values of potential scattering: dotted curve,r0V0

520.15; dashed curve,r0V0520.20; solid curve, r0V0

520.35; dot-dashed curve,r0V0520.50.
2-5
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The effect ofV0 is shown in Fig. 4, whereS(T) obtained
for D5350 K andTK58 K is plotted on the reduced tem
perature scale.~Other values ofTK lead to a similar behav
ior.! For negativeV0 the TEP has a positive maximum whic
becomes smaller and moves to higher temperatures aV0
approaches zero. For small enoughr0uV0u the TEP develops
a negative peak and forr0V0>0 this negative peak become
very large~not shown here!. Note that for smalluV0u we have
Tx@TK ; i.e., the TEP changes sign at temperatures wh
the third-order RPT is still valid. For large enoughuV0u,
however, a large value ofuJ(T)u would be needed to revers
the sign ofS(T) andTx would have to approachTK , so that
the sign change cannot take place within the region of va
ity of the RPT.

The qualitative features of the thermopower described
Eq. ~3! and shown in Figs. 2–4 follow straightforwardl
from the asymptotic expansion of the elementary functio
in Eqs. ~3!–~6! and can be summarized as follows. At hig
temperatures, wherer0J(T) is a slowly varying function,
S(T) reduces to the BC expression,50 and we find a huge
TEP maximum which is typical of the LM regime. At low
temperatures a new feature emerges: forkBT!D, where
^nm&. 1

2 and ^nM&.0, Eqs.~4! and ~8! give approximately
SD}@J(T)2 4

3 (V02 1
4 J0)#. Thus, the TEP can change a

temperature approachesTK and, for the ground-state double
Tx is given by the solution ofJ(T)2 4

3 V050.
The RPT breaks down for temperatures close toTK ,

where uJ(T)u is too large for the higher-order terms in th
expansion to be neglected. For large values ofr0uV0u, this
occurs atT.Tx but for smallr0uV0u the RPT remains valid
much belowTx , whereS(T) is negative. SinceS(T) must
vanish atT50, the resultS(Tx)50 hints at an additiona
low-temperature minimum or maximum. These low
temperature features, however, have to be calculated by
methods which are appropriate for the strong-coupling lim

IV. LOW-TEMPERATURE THEORETICAL MODEL

The ground state of the CSM is a Fermi liquid with th
local moment screened by the conduction states, and d
calculations of low-temperature thermoelectric properties
difficult. However, for large CF splitting the thermopow
can be obtained in a simpler way, because the scatterin
conduction electrons on the excited CF states becomes
ligibly small and thef moment behaves as an effective do
blet with the Kondo scaleTK . Thus, for T<TK , the CS
model can be approximated by a spin-1

2 Kondo model, pro-
vided the anisotropy of the actual spin-orbit state is
glected. The low-energy properties of such a Kondo mo
coincide with the properties of a spin-1

2 Anderson model
with large f -f correlation. Thus, the properties of Ce or Y
systems belowTK can be described by the SIAM in whic
the f ions fluctuate between zero- and one-electron confi
rations or between zero- and one-hole configurations, res
tively. The equivalence of the two models is easily est
lished by the SW transformation.

The Kondo limit of the SIAM is characterized by a sing
energy scale, and if one chooses this scale to coincide
the Kondo temperatureTK of the full CSM, the low-
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temperature properties of the CSM can be obtained from
Hamiltonian

HA5(
l ,s

e fals
† als1(

k,s
ekcks

† cks1 (
k,l ,s

S Vk

AN
cks

† als1H.c.D
1U(

l
al↑

† al↑al↓
† al↓ , ~9!

where l labels the random impurity sites,s labels the spin
states,e f is the ‘‘unrenormalized’’~‘‘bare’’ ! position of the
effective CF ground state,Vk is the hybridization matrix el-
ement, andU is the f -f on-site Coulomb repulsion. We con
sider a conduction band with a semielliptical density of sta
rc(e) of half-width W and perform the calculations fo
nc(T) conduction electrons per site and the concentrationci
of impurity ions, occupied bynf(T) f electrons per impurity
site. The chemical potentialm is adjusted so as to conserv
the total number of particles,ntot5nc(T)1cinf(T)5const;
nc(T) andnf(T) are temperature dependent. The hybridiz
tion between conduction electrons andf electrons is de-
scribed by the complex function

G~z!5
1

N (
k

uVku2

z2~ek2m!
, ~10!

which is theU50 self-energy off electrons due to hybrid-
ization. If Vk is of the form Vk5V(ek), as is usually as-
sumed,G(z) can be written in terms of the~unperturbed!
conduction-electron density of states as

G~z!5E
2`

`

de
uV~e!u2rc~e!

z2~e2m!
. ~11!

Close to half-filling, the properties of the model depend
the parameteru5U/pG, whereG5puVu2/(2W) is the rel-
evant energy scale for localized electrons in the absenc
U. Since the doubly occupiedf states should be excluded, th
thermoelectric properties have to be calculated for large
ues ofu.

The TEP of the SIAM is given by the expression48

S5
kB

ueuT

E dES 2
d f

dED ~E2m!L~E!

E dES 2
d f

dEDL~E!

, ~12!

where f (E)5(eE/kBT11)21 is the Fermi function,L(E) is
the static limit of the frequency-dependent conductivity, he
given by

1

L~v!
57

2G

p
Im Gf~v6 i01!, ~13!

and Gf(z) is the f-electron Green’s function defined by th
Dyson equation

Gf~z!5
1

z2~e f2m!2G~z!2Unf /22S̃~z!
. ~14!
2-6
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Here, nf5nf↑1nf↓ is the renormalized number off elec-
trons,

nf52E
2`

`

dv f ~v!F7
1

p
Im Gf~v6 i01!G , ~15!

Unf /2 is the frequency-independent part of thef-electron
self-energy, andS̃(z) is its frequency-dependent part, whic
has to be calculated for large values ofu.

An approximate solution is provided by the MP
expression70 which interpolates between the second-ord
weak-coupling self-energy and its exact atomic limit, a
which reads

S̃~z!5
S (2)~z!

12
~12nf /2!U1~e l2e0!

~nf /2!~12nf /2!U2
S (2)~z!

. ~16!

S (2)(z) is the analytic continuation of the second-order se
energy diagram,

S (2)~ ivn!52U2kBT(
nk

Gf
(0)~ ivn

1 ink!kBT(
vm

Gf
(0)~ ivm!Gf

(0)~ ivm1 ink!,

~17!

calculated on the imaginary axis with auxiliaryU50 unper-
turbed Green’s functions

Gf
(0)~z!5

1

z2~e02m!2G~z!
, ~18!

wherevn5(2n11)pkBT andnn52npkBT. The number of
particles in this auxiliary ‘‘virtual bound state’’ is

nf
052E

2`

`

dv f ~v!F7
1

p
Im Gf

(0)~v6 i01!G , ~19!

ande0 is determined by the conditionnf
05nf .

The f-electron spectral function obtained by the MPT
plotted in Fig. 5 as a function of frequency for several te
peratures. The calculations are performed forG50.045W,
U50.5W (u53.537), andntot50.88,ci50.1 ~which means
a 10% alloy!, andnf(0)50.8 ~so that the conduction band
close to half filling.! The ground state of this system is cha
acterized by an asymmetric Kondo resonance inr f(v), cen-
tered slightly above the chemical potential (v50); i.e., the
system is in the strong-coupling limit. The half-width of th
resonance definesTK , and for the data shown in Fig. 5 w
find kBTK50.0175W. Note that almost the same value ofTK
is defined by the temperature at whichr f(v50) drops to
one half of its zero-temperature value. The spectral pro
ties obtained by the MPT show all the expected stro
coupling features. In particular, the Kondo resonance
comes smaller at higher temperatures and aboveTK it
merges with the occupied single-particle states. T
f-electron occupation is also temperature dependent an
10443
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grows from nf(0)50.8 at T50 to aboutnf50.85 atTK .
The Kondo resonance obtained for other concentrationsf
ions and other values ofnf behaves in a similar way; for a
given value ofntot , the lowestTK is obtained fornf51.
However, ifnf is reduced below some value@nf(0)50.6 for
the parameters used in Fig. 5#, the Kondo resonance merge
with the left single-particle peak~‘‘wing’’ !, and the system is
a valence fluctuator~see the inset in Fig. 5!.

As regards the thermopower, we notice first that it va
ishes for systems with electron-hole symmetry (nf5nc51)
and that it remains very small fornf51 andnc'1. Close to
the ground state we find a linear temperature dependenc

lim
T→0

S~T!5
p2kB

3ueu
cotS p

2
nf D T

TK
, ~20!

where (p/2)nf5h0(eF), the resonant phase shift due to th
scattering of conduction electrons on thef state. The initial
growth of the TEP is very fast (p2kB/3ueu5284 mV/K) and
the initial sign coincides with the slope ofr f(v) at v50.
The shape ofS(T) at higher temperatures is determined
the nonlinear correction, but as long as the system is in
Fermi-liquid regime we expect a universal power-law beh
ior S(T)}(T/TK)@12B(nf)(T/TK)2#, where the coefficient
B(nf) can be obtained from Eq.~12! by the Sommerfeld
expansion. The sign of the TEP follows the slope ofr f(0)
even at elevated temperatures and Fig. 5 indicates, for Ko
ions with nf.1, a sign change at aboutT.TK .

The temperature dependence of the thermopower ca
lated for the sameG, U, ci , andntot as in Fig. 5 is shown in
Figs. 6 and 7 as a function ofT/TK , for various values of
nf(0). All curves in Figs. 6 and 7 have the initial~low-T)
slopes given by Eq.~20!. Thenf(0)51 result~not shown in
either Fig. 6 or Fig. 7! is negligibly small, becauserc(e) is
very flat aroundm for nc(0)50.8 andr f(v) is almost sym-
metric. We also note that the absolute value of the TEP at
maximum or minimum increases as eithernf(0) or nf

hole(0)

FIG. 5. Thef-electron spectral function for the SIAM with a
elliptical density of states, plotted as a function of frequency,
G50.045W, U50.5W, ntot50.88, and ci50.1, giving kBTK

50.0175W, at T50.03TK ~solid line!, 0.5TK , TK , 2TK , and 10TK

~dotted line!. The inset shows the evolution of the spectral functi
at T5531024W towards the empty orbital regime (nf indicated in
the figure, other parameters the same as above!.
2-7
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is decreased below 0.98. That is, systems with largeTK have
large TEP. The highest values are found for the valen
fluctuation systems. A very smallTK , on the other hand
leads to only a small TEP in the FL regime. All the MP
curves shown here are obtained forci50.1—i.e., for a 10%
alloy—but the same qualitative features are found for ot
concentrations, includingci51.

The curves in Fig. 6 give the TEP due to an ion whi
fluctuates between the 4f 0 and 4f 1 configurations. Those
obtained for 0.98>nf(0)>0.6 show a positive initial slope
a maximum aroundTK/2 and a change of sign betweenTK
and 2TK . However, fornf50.7 the negative values ofS(T)
are very small and restricted to a narrow temperature ra
Further reduction ofnf leads to the TEP which does no
change sign above the low-temperature peak, but still ex
its a nonmonotonic behavior, as shown by the curve fornf
50.6. Finally, fornf!1 the Kondo resonance does not a
pear at all and the TEP increases monotonously from ze

FIG. 6. The thermopower of the SIAM as a function of tempe
ture, measured in units ofTK , shown for various numbers off
electrons~indicated in the figure! and for the same values of othe
parameters as in Fig 5. The corresponding values ofTK are
kBTK /W50.011@for nf(0)50.98], 0.011, 0.012, 0.025, and 0.03
@for nf(0)50.6], respectively.

FIG. 7. The thermopower of the SIAM as a function of tempe
ture, measured in units ofTK , shown for various numbers off
holes~indicated in the figure!. The corresponding values ofTK are
kBTK50.011 @for nf

hole(0)50.95], 0.013, 0.018, and 0.035@for
nf

hole(0)50.6], respectively.
10443
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The curves in Fig. 7 give the TEP due to an ion whi
fluctuates between the fullf shell and the one-f -hole configu-
ration; this corresponds to Yb ions. Figure 7 isnot a perfect
‘‘mirror image’’ of Fig. 6, since the system is not electron
hole symmetric due tonc(0)Þ1. TheS(T) curves obtained
for 0.98>nf

hole(0)>0.8 show a negative initial slope,
minimum aroundTK/2, and a change of sign betweenTK and
2TK . Further reduction ofnf

hole(0) leads to the TEP which
does not change sign at all, but still shows a nonmonoto
behavior@see the curve corresponding tonf

hole(0)50.6].
Finally, we comment on the validity of the MPT calcula

tions. We notice, first, that the zero-temperature MPT res
for the renormalizedf-particle number and the charge su
ceptibility agree with the Bethe ansatz solution, even
very large values ofu.70 The temperature dependence of t
Kondo resonance, calculated foru.1, agrees very well with
the numerical renormalization group~NRG! results,56,57 and
the Fermi-liquid laws given by the MPT are also nearly t
same.56,57 Thus, we believe that the TEP obtained by t
MPT is qualitatively correct even in the strong-couplin
limit, which is needed for the description of Ce and Yb sy
tems. The reason for the successful application of the pe
bation theory is that the strong-coupling behavior of t
SIAM sets in as soon asu>2, and the perturbational result
for the coefficients in the power-law expansion of the cor
lation functions~in terms ofT/TK) are not too far off of the
universal FL values. Clearly, the MPT cannot provide a c
rect expression forTK in terms of the parameters of th
model; this requires exact calculations. But the shape of
thermopower obtained in the FL regime by the MPT, plott
on the universalT/TK scale, should not be much differen
from the exact result. On the other hand, the MPT is
expected to be accurate aboveTK , since an expansion abov
the noninteracting FL ground state is not a very good star
point for describing the LM regime. However, we are n
concerned here with the high-temperature properties of
m-fold degenerate model which neglects the excited
states.

V. DISCUSSION OF THE THEORETICAL RESULTS AND
CONCLUSION

The experimental data presented in Sec. II have m
features in common with the low- and high-temperature
sults discussed in Secs. III and IV. In what follows we co
pare theory and experiment assumingnf<1, which is appro-
priate for cerium ions; the results pertaining to ytterbiu
ions (nf

hole<1) can be obtained by reflecting the ceriu
curves on the temperature axis.

At high temperatureskBTK,kBT!D, the thermopower is
calculated by the RPT, and we recall that the exchange
potential scattering, generated by the SW transformat
have the same sign for Ce ions but the opposite sign for
ions. Thus, we obtain the TEP of Ce systems with a la
positive peak centered at a temperatureTmax, which is typi-
cally a fraction ofD/kB . This peak is asymmetric and muc
steeper on the low- than on the high-temperature side
often seen in cerium systems above 100 K. The position
Tmax depends not only onTK andD, but on the strength of

-

-
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the effective potential scattering as well, which should
kept in mind when comparing the theory with the experime
tal data. The RPT also shows thatS(T) changes sign atTx

.aTK , where a.1 for large potential scattering anda
@1 in the opposite case. For the values of model parame
used in this paper we found 2.5<a<10; i.e., for r0uV0u
<0.2 a negative TEP is obtained well within the range
validity of the RPT. The sign change atTx and the ensuing
negative TEP of Ce ions are an important improvement w
respect to the earlier calculations based on an unrenor
ized perturbation expansion,50 which predicted a monotonic
decrease ofS(T) below Tmax and hence could not explai
the TEP of CeAl3 and many other Ce compounds. The si
change obtained here is due to the renormalization of
exchange constant and is an indication of the onset of
strong-coupling behavior. For the doublet-quartet CF sche
this occurs foruJ(T)u> 4

3 uV0u. We notice also that the value
of the exchange and potential scattering should be sm
for Ce ions with onef electron than for Ce ions with a re
ducedf count. Thus, the systems which havenf.1, low TK ,
and smallr0uV0u acquire a negative TEP much aboveTK ,
while in systems with significant potential scattering (nf
,1) the sign change does not occur at temperatures at w
the RPT is valid. This is consistent with the experimen
data, which show negative TEP for Ce ions in a stable m
netic configuration and with smallTK ~experimentally,Tx is
between several K and roughly 100 K, andTx@TK) and the
absence of the negative TEP for Ce ions with largeTK or in
the valence-fluctuating systems.

At low temperatureskBT<kBTK!D, the excited CF
states can be neglected and for the doublet-quartet sch
the CSM becomes equivalent to an effective spin-1

2 Ander-
son model. For Ce ions we requirenf<1; i.e., the effective
low-temperature model is not too far off of the electron-ho
symmetry. The FL properties of such a model are very w
described by the MPT, even for a large coupling, and we fi
that the TEP has an initial linear riseS(T)}T/TK , after
which it saturates and attains a positive maximum at ab
TK/2. For cerium Kondo ions, the TEP becomes nega
aboveTK . The size of the TEP maximum and the tempe
ture of the sign change increase asnf is reduced from 1 and
for nf,0.7 the TEP is large and always positive. On t
other hand, fornf.1 the positive values reached by the TE
are very small, as shown by Fig. 6. These results agree
recent measurements43,44,47 which show that the slope
S(T)/T is positive for most Ce heavy fermions if the me
surements are performed at low enough temperature
with sufficient accuracy. The TEP of Yb ions in the FL r
gime is obtained from a SIAM withnf

holes<1. We find a
similar pattern as for Ce ions but with the reversed sign.

If we use the same Kondo temperature in the LM and
regimes, and plotS(T) on a universalT/TK scale, we can
combine the LM data shown in Figs. 3 and 4 with the
data in Figs. 6 and 7, and estimate the overall shape ofS(T).
The quantitative analysis is difficult, however, because th
are additional parameters, besidesTK , which influence the
RPT and MPT results. On a qualitative level, we find that
thermopower of the CSM exhibits all the typical shapes35,36
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discussed in Sec. II. For Ce ions with a large CF splitting a
nf.1—i.e., for systems with smallTK and small potential
scattering—we obtain the TEP with a positive maximum
high temperature, which is due to the scattering on the fuf
multiplet, and a broad temperature interval in which the T
is negative. SinceTK is very small, the positive bump pre
dicted by the MPT in the FL regime is experimentally irre
evant, and the overall shape of the TEP is of the~a! type. For
higher values ofTK ~obtained fornf<1 and/or smaller val-
ues ofu) the positive low-temperature maximum becom
visible and the TEP exhibits two positive peaks separated
a negative minimum; i.e., TEP of type~b! is found. In this
part of the parameter space, the separation between the
positive peaks is still large but the temperature interval
which the TEP is negative is smaller than in type~a! systems.
We also remark that most type~a! and many type~b! systems
order magnetically at low temperatures, but in our calcu
tions the negative low-temperature TEP is related to
crossover from the LM regime to the FL regime; i.e., it is d
to the single-ion Kondo effect and not to the magnetic int
action between Ce ions, which is neglected. The type~c!
behavior is obtained for the CSM with large CF splitting a
nf,1, such thatS(T) has a large FL maximum and no sig
change aboveTK , as seen in Fig. 6 fornf50.6. These FL
results should be combined with the high-temperature res
obtained by the RPT for large potential scattering, i.e., w
the TEP which is positive forT>TK , as shown in Fig. 4 for
r0uV0u>0.5. The overall separation between the FL and L
peaks is now reduced and the crossover from the h
temperature LM regime to the low-temperature FL regim
occurs without a sign change ofS(T). This crossover is in-
dicated just by a shallow minimum or a shoulder on t
low-temperature side of the LM peak. Type~c! or ~d! behav-
ior can also arise if the CF splitting is reduced sufficient
which makes the characteristic temperature so large
S(T) increases monotonically up to room temperature.

The overall temperature dependence of the TEP in yt
bium systems is equally well explained by the CSM mod
with CF splitting. A good example is provided by YbNi2Si2
~Ref. 39! or Yb2Rh3Al9 ~Ref. 40!, which show a large nega
tive high-temperature peak of the TEP due to the excha
scattering on the CF-splitf multiplet and a negative FL pea
due to the scattering on the ground-state doublet or qua
The negative LM peak of Yb systems is often found at low
temperatures than in Ce systems and is usually centered
low 100 K.

The CSM model explains also the variation of the TE
due to pressure or chemical pressure. To discuss these e
we assume that pressure increases the hybridization an
shifts thef level with respect to the chemical potential, whic
enhancesTK and reducesnf of a given Ce ion. We also
assume that the potential scattering of the CSM, gener
by the SW transformation from an underlaying SIAM,
enhanced with respect to the zero-pressure values. We
find the renormalized exchange couplingJ(T), correspond-
ing to the enhancedTK , and calculate the TEP in the LM
regime using the RPT.78 This leads toS(T) which has the
maximum at higher temperatures and the sign change
lower temperatures, than at zero pressure. In the FL reg
2-9
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the MPT calculations79 for the sameTK—i.e., for reduced
nf—give the TEP which has an enhanced FL maximum a
has the onset of negative TEP shifted to higher tempera
~on an absolute scale!. For small enoughnf , the sign change
is absent altogether and the TEP is always positive. Put
these calculations together we find, for Ce Kondo ions, t
pressure enhances the low- and high-temperature TEP p
with respect to the zero-pressure values, shifts both peak
higher temperatures, and reduces the peak-to-peak se
tion. Thus, the CSM explains the emergence of a small p
tive peak and the reduction of the temperature interva
which the TEP is negative, which is often observed at m
erate pressure in Ce systems with large CF splitting
small TK . At higher pressure the exchange and poten
scattering should be further increased, such that the
does not become negative in the LM regime. Sincenf is also
reduced, the FL thermopower is always positive, and
crossover between the two regimes proceeds without a
change. The TEP exhibits now a two-peak structure bu
never negative. Eventually, at very high pressure, the
peaks merge, and a complete change from type~a! or ~b! to
~c! and ~d! occurs. This explains the evolution of the TE
found in pressure experiments on CeCu2Si2 ~Ref. 13! and
several other systems discussed in Sec. II. It also explains
doping dependence, if we assume that doping with sma
ions enhances hybridization and doping with larger ions
the opposite effect. The corresponding behavior of ytterbi
systems, like YbSi~Ref. 42! or YbNi2Si2 ~Ref. 39!, follows
along the same lines, provided we take into account
pressure increases the hybridization and brings the num
of f holes closer to 1, which stabilizes the magnetic 4f 13

configuration and reducesTK .
In summary, the overall behavior of the thermoelect

power of the Coqblin-Schrieffer model, with the crysta
field-split f states, agrees with the experimental data on
and Yb systems described in Sec. II. The model relates
temperature, pressure, and doping dependence of the
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75I. Aviani, M. Miljak, V. Zlatić, K.-D. Schotte, C. Geibel, and F
Steglich, Phys. Rev. B64, 184438~2001!.

76The magnetic susceptibility of CexY12xCu2Si2 above 100 K is
Curie-Weiss like ~Ref. 75!. It corresponds to a six-fold-
degenerate local moment which interacts weakly with the c
duction band. Below 20 K the susceptibility corresponds to
two-fold-degenerate local moment withTK<10 K. Below 10 K,
the susceptibility deviates from the Curie-Weiss form and
local-moment description breaks down.

77Handbook of Mathematical Functions, edited by M. Abramowittz
and I.A. Stegun~Dover, New York, 1965!.

78The second-order scaling equation~2! is not accurate enough to
provide the new value ofTK which would correspond toJ0

changed by pressure. To describe the pressure experiment
treatTK andV0 as independent variables.

79Here,nf is varied by changinge f but similar results are obtaine
if e f is kept constant andnf is changed by varying the hybrid
ization.
2-11


