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Coexistence ofd,2_,2>-wave superconductivity and antiferromagnetism induced by a staggered field
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The two-dimensionai-J model in a staggered field is studied by exact diagonalization of small clusters. For
the low-hole-density region and a realistic value Jéf, it is found that the presence of a staggered field
strengthens the attraction between two holes. With increasing field,the.-wave superconducting correla-
tions are enhanced while the extendedave ones hardly change. This implies that coexistence of the
dy2_y2-wave superconducting order and the commensurate antiferromagnetic order occurs in a staggered field.
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[. INTRODUCTION eter to induce the AF order, it may arise naturally if three-
dimensional interplane interactions are treated in a mean-
In high-T. cuprates, the antiferromagnetically orderedfield theory. We employ exact diagonalization for thx 4,
phase and the superconducting phase were separately of8x /18, y20x 20, and\/26x /26 clusters with periodic
served in the plane of doping concentration andboundary conditions. Our results demonstrate that a stag-
temperaturé:? Thus antiferromagnetism and superconductiv-gered field actually enhances the pairing of two holes and the
ity may be thought as competing with each other. Howeverd,._,.-wave superconductivity.
some of the recent experiments suggest a possibility of their
coexistence, although it is still controversiaf Il. MODEL
Elastic neutron-scattering experiments in ¥Ba;O,
with y=6.5 and 6.6 show that magnetic intensity emerges We consider the following Hamiltonian given by
near room temperature at the momentum) in units of
the reciprocal-lattice parametet’ The intensity increases
continuously with decreasing temperature. Remarkably, an
upturn of the intensity is observed at a superconducting tran-
sition temperature. This suggests coexistence of supercon-
ductivity and the commensurate antiferromagnéfié€) or- _hE Siz"+h2 SJZ (1)
der. Moreover, nuclear quadrupole resonance measurements
have revealed the presence of magnetic moments in the swhere(i,j) is the nearest neighbor. The constrained fermion
perconducting state on KgCu -Ba,CaClsOs 5..8The ob-  gperatorc;, is given bycr,=ci,(1—n-_,), which means
served magnetic moments in these materials are oftefat double occupancy at each site is excluded. The last two
regarded as a consequence of the formation of dhe erms are due to the presence of a staggered field whose
density wave ordet.However, this interpretation leaves a magnitude is denoted by, A and B represent the two sub-
difficulty since the d-density wave order SUPPresses |aitices on a square lattice. We refer to this model as the
superconductivity’ Thus we should also consider an alter- t-J-h model. In this work we fixJ/t=0.4 which is consid-
native scenario that the magnetic moments are due to thgeq a5 a réalistic value, and varit as.a parameter.
ordered Cu spins.
So far, the possible coexistence of antiferromagnetism and
d-wave superconductivity in the two-dimension@D) t-J Ill. NUMERICAL RESULTS
model has been discussed at low hole doping, in a variational \we first discuss the hole correlation function given by

approacl"n1 and quantum Monte Carlo calculatiotsThe o . > > - .
possibility of the coexisten¢gposes a fundamental question Chod") = (1N) 2 (nn(i)ny(i+1)). HereN'is the number of

on interplay between antiferromagnetism ahdave super- attice sitesny(i)=1-n;, and(---) denotes the expecta-
conductivity. Before answering whether the coexistence aclion value in the zero-momentum ground state. In the left
tually takes place in cuprate superconductors, we would liké@n€! of Fig. 1 we show the distance dependencegi(r)
to clarify whether those two orders can coexist in stronglywith r=|r| for the hole densitiedN,,/N=2/18=0.111 and
correlated electron systems. To clarify the matter, it would be#/18=0.222. For two holes antdi=0, the most dominant
useful to study the hole pairing and superconductivity in acorrelations are at= V2, namely, when the holes stay at the
staggered field, which forces the system to have the AF omext-nearest neighbot§!’ As h/t increases, correlations at
der. Indeed, for the 1@-J model in a staggered field, the the nearest neighbors € 1) become stronger than those at
superconducting correlation was found to be the most domir= /2, and contribution at longer distances is suppressed.
nant forJ/t~0.4.141° For four holes, correlations at=1 are enhanced while ones

In this paper, we investigate the 2B model on a square at the largest distance hardly change. This means that the
lattice in a staggered field coupled to electron spins. Whilgresence of a staggered field makes the interaction between
the staggered field is introduced here as an artificial paramwo holes attractive but the hole pairs are well separated.
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FIG. 1. Left: Equal-time hole correlations as a function of dis-
tance in the 2Dt-J-h model with N=18, J/t=0.4, and various
values ofh/t. Crosses, circles, triangles, and squares are the data FIG. 3. Equal-time superconducting correlations as a function of
for h/t=0.0,0.4,1.0, and 2.0, respectively. Right: Root-mean-distance in the 2¢-J-h model with N=18, J/t=0.4, andh/t
square separation of the hole pair as a functioh/of J/t=0.4. =0.0,0.4,1.0, and 2.0. The symbols are the same as in the left panel

of Fig. 1.

In order to analyze the obtained data in the two-hole
case, we calculate the root-mean-square separation @ah intensive quantity, the binding energy is severely affected
the hole pait®'® defined asr,,=+(r? where (r2) by finite-size effects® Figure 2b) shows the size depen-
=2((¢6)|r_7|ZCho|e(F)/EF(¢6)Chole(F)- Here || takes the dence of the binding energy forvariou_s v_alue:hﬂf. In fact,
shortest distance between two holes on the lattice with per@lithough ath=0 (and J/t=0.4) the binding energy foN
odic boundary conditions. The right panel of Fig. 1 shows=26 take_s negative values, an extra_pol_aﬂo_n from the data
the h/t-dependence df,c. It is clear that the separation of rather indicates the absence of hole binding in the thermody-
the hole pair becomes smaller with increasing staggerefamic 1"22“- This has been already discussed in earlier
field. For largerh/t, the value ofr . is less affected by Studied“?*for N<=32. On the other hand, for larglrt, we
finite-size effects. The present result suggests that the stafjnd the size dependence to be substantially smaller. It seems
gered field does help binding of two holes, and that the holéhat the binding energy remains negative with increading
binding survives in the thermodynamic limit at least for ain the presence of a staggered field. Therefore there is a

sufficiently largeh/t. possibility that the two holes in the bulk limit tend to be
A tendency of hole binding can be obtained also from thePound even by a small field. In particular, for a large
binding energy, which is given BY (h/t=1.0) the weak size dependence of the negative binding
energy strongly suggests the hole pairing in the bulk limit.
Eg=Eo(Np=2)+Eg(Ny=0)—2Ey(N,=1). 2 The pairing of holes is also consistent with the enhanced

HereEy(N,) d H g with hol superconducting correlation discussed below. We calculate
ereEy(N;) denotes the ground-state energy oles . - ; iverchyr
in N sites. A negative value d&g indicates the presence of t_he equalﬂtlArr;e?SlZpeLcorJduzcgzn‘lg (r:lorrglat:ons g'n./e X
hole binding. In Fig. 23) we show the dependence of the _(1/N)§i<. a(')_ o(iH1)). ) The singlet pairing opera-
binding energy on the staggered fiéldThe binding energy tor A, (i) is defined asA,(i)=(12)3f(€)(criciye,
is negative in the whole range oft and has a peak &/t ~ —cj ci.:;), where e is (+1,0) and (0+1). For the
~0.8,1.2, 1.2, and 0.8 foN=16,18, 20, and 26, respec- extendeds-wave pairing symmetry¢=s), we putfy(e)=
tively. The obtained results apparently imply that hole PaIr, 1 4t all . For the dye_,2 symmetry @=d), we put

ing is suppressed by a small staggered field. However, bein]g (e) 1 at: (+1,0) andf (Q) 1atc (0.+1)
dl€)= e=(IT1, dl €)= — €= = .

. Figure 3 shows the distance dependenc€fr) andC(r)
(b) for the hole densities 0.111 and 0.222 in 18 sites. pr
r 1 =0.2, with increasing field, thd,._.-wave superconduct-
ing correlations are enhanced at all distances witl. In
% contrast, the extendesiwave ones hardly change, especially
at long distances. This implies that the presence of a stag-
gered field helps thd,2_,.-wave superconductivity.
Calculation of the pair spectral functitit® should pro-
vide another evidence for ttag._2-wave pairing enhanced
by a staggered field. The pair spectral function is given by

004 0.08
1/N

FIG. 2. (a) Binding energy as a function d@f/t in the 2Dt-J-h
model with J/t=0.4. (b) Size dependence of the binding energy.
Crosses, pluses, circles, and triangles are the data hfor
=0.0,0.2,0.4, and 1.0, respectivelyt=0.4. X6[w—Ep(Np=2)+Eo(Ny=0)+pu], (3

Pa<w>=; (W n(Np=2)[ AW (N, =0))|?
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FIG. 4. Left: Pair spectral function with,2_,.-wave symmetry 0 1 2 3 4
in the 2Dt-J-h model with 18 sites])/t=0.4, and various values of h/t
h/t. The delta functiongvertical bar$ are broadened by a Lorent-
zian with a width of 0.1 (solid curve$. Right: Spectral weighZ ,, FIG. 5. Clustering energy as a function loft in the 2Dt-J-h
as a function oh/t in the 2Dt-J-h model withJ/t=0.4. model withJ/t=0.4.

- The staggered field should induce a finite magnetic mo-
tot__ < - _ — _ —
where A'=37A,()/VN, m=Eo(Nn=2)—Eo(Nn=0),  ment on each site, and consequently the commensurate AF
and|¥,(Ny)) denotes an eigenstate with ene§y(Nn) in  |ong-range order. In Fig. 6 we show the result on the
the N,-hole system. The left panel of Fig. 4 shows the ; ; ; > .

. staggered-spin correlations given b@¢,,(r)=(1/N)Z;
w-dependence dPy(w) for various values oh/t. The over- N 1)rx+ry<5%5% - with F:(r e Indeecsjp”'z(he correlatiéns
all feature approximated by a Lorentzian is insensitive to the( i/ T x iyl o

seem to remain finite in the long-distance limit fot>0, as

system size at eadi't. The peak ato=0 (i.e., the coherent . R
y P ( expected. An important point is théth the d,2_,2-wave

peak grows with increasindp/t, which means that the pair- . p )
ing becomes strong. The contribution for-0, which seems superconducting correlatlon_s and the staggered-spin ones are
' thanced by a staggered field. Therefore we expect the si-

to be a continuum spectrum, is relatively suppressed, but :
multaneous presence of tg_2-wave superconducting or-

peak with secondary dominant intensity appears. Concernin ; .
this peak forh/t=2.0, the values of energy and residue Yer and the commensurate AF order in a certain rangptof

are (w/t,Z)=(395,026&(396,0273), and (395,0265) IV. PERTURBATION FROM LARGE- h/t LIMIT

for N=16,18, and 20, respectively. The weak size depen-

dence of both values ab andz indicates that the secondary ~ Why does the presence of a staggered field help the pair-
peak may be a delta-function contribution rather than a parg formation? This may be understood from the lange-

of continuum spectrum in the bulk limit. limit. In order to treat analytically, we consider thel,-h
We estimate the spectral weight defined®@$ model where the isotropic Heisenberg tet#n in Eg. (1) is
replaced by the Ising terml{), following Refs. 14 and 15.
(¥ o(Ny=2)| AL ¥ (N, =0))|? For h/t>1, we can regard the single—particle ho.pping term
oh= - - — (4)  (t) as a perturbative one. In the Hilbert space with all spins
(Wo(Np=0)[(A¢)"A§|Wo(Ny=0)) along the direction of the staggered field, the second-order

which corresponds to the coherent peakPg{w) at w=0 perturbation leads to the effective Hamiltonian given by

Note thatZ,;, is between 0 and 1 because the denominator offetr= PHerP Where
Eq. (4) is equal to the integration ¢ 4(w) overw. The right
panel of Fig. 4 showZ,, as a function oh/t. The weight is
monotonically increasing function ¢f/t. Again, the size de-
pendence 0, is weak for a largén/t. Therefore we expect
that the coherent peak survives in the thermodynamic limit
for a sufficiently largeh/t.

While our results suggest the enhancement of hole pairing
by a staggered field, it is possible that the attraction between
holes leads to phase separation. We calculate the clustering
energy given b§

[ch (1-n)Ss,

(6)

Ec=Eo(Ny=4)+Eo(Np=0)—2Ex(N,=2). 5

If this quantity is negative, the phase separation is expected F|G. 6. Equal-time staggered-spin correlations as a function of
to occur. The results foN=18 and 20 are shown in Fig. 5, distance in the 2Dt-J-h model with N=18, J/t=0.4, andh/t
which suggests that the regionsh/t<2 is not interrupted =0.0,0.4,1.0, and 2.0. The symbols are the same as in the left panel
by the phase separatiéh. of Fig. 1.
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(I) that a too large staggered field makes the hole pairs less
t mobile, which may be related to the phase separation at large
h/t discussed above. On the other hand, it does not mean that
1 a smaller/t is better for superconductivity, because the cal-
culation is based on the perturbation theoryt/in.

3

tloo! 310‘1:01 —’»1 100

(Ha) V. SUMMARY
We have investigated the binding energy and various cor-
l f l f ‘ t l f l 1 l f ‘ 1 l 1 l Ir:elatir(:n Ifuncr:iolnsdfor the 2D-_J md(;delci)néla ?]taggered fieldf.
3 or the low-hole-density region d{t=0.4, the presence o
1 00 l ? 1 O}O 1 - 1 l 00O 1 a staggered field strengthens the attraction between two holes
and helps thed,2_,2-wave superconductivity. This implies
‘ 1 l T ‘ ‘ T l T ‘ ‘ T l 1 ‘ that the comr;enysurate antiferromagnetic order and the

dy2_y2-wave superconductivity can coexist in a strongly cor-
(IIb) related electron system in two dimensions.
One may ask whether calculation of small clusters with

f l 1 l 1 l f l 1 l 1 l N~ 20 provides some conclusive statements in a model. In

fact, for the 2Dt-J model without a staggered field, binding
J T 1 —t> l 1 1 _t, ‘ 1 1 effects for N~20 can be different from those with much
) J T 4 J ) J larger size>?**%However, the presence of a staggered field
141

makes the coherence lendite., the size of a Cooper pair

‘ 1 ‘ 1 ‘ 1 ‘ 1 small, and therefore the data fir~ 20 is likely to reach the
FIG. 7. Typical processes of the second-o_rder perturbation in thggl:c él;nlkt)yf(?dr] eavi eu aﬁllcgeiggy dlea;)rgr? d::}i%ge.lr.ﬁﬂsﬁgﬁ’ catl)sncell\J”sion
t-J,-h model forh/t>1. (1) is the 1D case, whilélla) and(llb) are - . L .
the 2D case. The spin surrounded by a broken circle is against thréagardlr)g the coexistence of superconductivity and antiferro-
direction of the staggered field. The three sites surrounded by a bor)pagnetlsm Sh.OUId hold 3‘? Ie_ast near the boundary of the
correspond tdi,],7) in the second term of EG). phase separatiorh(t~2).* This would be o_f a conceptual

0 interest, although such a large staggered field seems unreal-
. L istic. An open question is whether the picture for such a large
Here (i,j) and(i,j,/) are the nearest neighbors, aRd  field connect continuously to that for smaller field. For a
=Mjca(l—ni)Mjcg(1—nj;). The second term in the realistic application of the present model, perhaps we need to
right-hand side of Eq(6) includes hopping of a hole which know the effect of a small staggered field, as the effective
occurs only if there is another hole in the neighboring site staggered field produced by the interlayer coupling would be
Namely, it gives hopping of a hole pair. This is generated intiny. Unfortunately, for a small staggered field, the size de-
the second-order processes shown in Fig. 7. In the 2D cagsendence is still large and we cannot draw a definite conclu-
the pair-hopping integrdi is given byt?/(h+3J,/2) where  sion from our present study based on small clusters. We hope
the denominator indicates the energy difference between theiture studies to clarify this question and its relation to the
initial state and the intermediate ofsee Fig. flla) and  experiments.

7(1Ib)]. We note that is replaced byt?/(h+J,/2) in the 1D
case[see Fig. 71)].141° ACKNOWLEDGMENTS
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