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Influence of screening on the superconductive transition temperature
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We extend the Morel-Anderson model, originally developed to account for the superconductive transition
temperature,Tc , of the elements, so that it accounts for the complete phase line forTc of disordered systems
over the full range of metallic behavior, from the pure metal to the extinction of the metallic state at the
metal-insulator transition. The cornerstone of this model is the calculation of the BCS interaction potential,V,
and the single-particle density of states,N, using the Landau theory for interacting fermions evaluated with a
screened Coulomb interaction potential. Thus, an interpolation is established between Fermi liquid behavior
and the critical regime where disorder and Coulomb interactions define the metal-insulator transition. Experi-
mental values forTc , N, and V were compared with these predictions and the agreement was excellent.
Furthermore, since the model is expressed entirely in terms of parameters that may be calculated or measured,
it has predictive powers that may prove useful in the search for high-Tc materials.
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I. INTRODUCTION

Superconductivity is a rather ubiquitous phenomenon
appears in 27 of the elements in bulk form and at amb
pressure~see Table I!, in literally thousands of alloys,1 in
several organic conductors,2 in many conducting oxides~in-
cluding the highTc materials!,3 in a few semiconductors,4

and in C60.5

The most prominent characteristic that distinguishes
superconductor from another is the superconductive tra
tion temperature,Tc . It was recognized early on—indeed b
the very discoverer of the phenomenon, H. K. Onnes—t
there were practical ramifications of superconductivity. F
example, Onnes inferred that one characteristic of the su
conducting state, the ability to carry current without lo
could be used to generate magnetic fields. He also app
ated the fact that a higher value ofTc would reduce the
burden and expense of providing the requisite cryogenic
vironment. Thus the ‘‘search for high-Tc superconductivity’’
began with Onnes in 1911 and continues unabated toda

Eventually all of the elements were examined for t
presence of superconductivity. A summary of the results
presented in Table I. The entries indicate clearly that elem
tal superconductivity is a decidedly low-temperature p
nomenon: The highestTc ~for Nb! is only 9.3 K. Thus the
search for higher-Tc superconductivity inevitably widened t
include alloys of the formA12xBx , wherex is the concen-
tration of B atoms in the host lattice ofA atoms~shorthand
notation,A-B!. The purpose of the alloying was to increa
Tc above that of the host. The following observations may
distilled from these extensive studies.

~1! For many systems, as the disorder was increased
doping, radiation damage, and other means, or as the ca
concentration was decreased, the electrical conductivits
decreased until the system became insulating, i.e.,s(T
→0)50. This point is identified as the metal-insulator tra
sition ~MIT !.
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~2! The measured values ofTc as a function ofx define
the phase lineTc(x) that separates the normal and superc
ducting phases. WhenTc(x) was measured for systems wit
a MIT, the behavior fell into one of two categories: eith
there was no enhancement above that of the host andTc

gradually decreased until it disappeared at the MIT, orTc

increased above the host to a maximum and then decre
until it vanished at the MIT.

~3! Figure 1, which showsTc as a function of the distanc
from the MIT for nine systems, indicates that the behavio
actually continuous between these two limits. Irradiat
Nb3Sn is an example of the former limit, whereas the
maining eight curves are arranged to illustrate the beha
as the enhancement becomes progressively larger.

The search for enhanced superconductivity has been
is still carried out for the most part without the benefit a
guidance of a firm theoretical framework. Instead, vario
empirical correlations~such asTc versus electron-to-atom
ratio6 e/a or versus the residual resistance ratio7! have been
noted and used with moderate success. Alternatively, b
theory can be used to estimateTc on a case-by-case basi
The purpose of this article is to present a simple model
Tc that is applicable for the whole conductivity range fro
the pure metal to the MIT. This model is an extension of t
approach of Morel and Anderson8 ~MA !, in which Tc for
many of the elements was calculated within the framew
of the Eliashberg formulation of superconductivity using
screened Coulomb potential for the interaction between
electrons. The extension presented here, dubbed the exte
Morel-Anderson~EMA! model, is based on the recent obse
vation by Osofskyet al.9 that screening also plays a cruci
role in metals near the MIT. In that first examination, seve
systems, such as WSi shown in Fig. 1, whereTc for the pure
metal is nearly zero, were successfully described by the
version of the EMA model. In this article we generalize t
model using the Eliashberg formulation in a way that enco
passes the remaining cases shown in Fig. 1, whereTc for the
©2003 The American Physical Society05-1
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TABLE I. Properties of the superconducting elements.

g QD Tc N0 kTF qc V0exp V(0)
Element ~mJ mol21 K22) ~K! ~K! ~states eV21) (Å21) l m* (Å21) ~eV! ~eV!

Al 1.36 4230 1.20 0.28 0.50 0.34 0.17 0.69 1.20 1.
Be 0.16 1,480 0.02 0.03 0.17 0.26 0.17 0.28 7.98 10
Cd 0.67 252 0.56 0.14 0.35 0.34 0.17 0.49 2.39 3
Ga 0.60 317 1.09 0.12 0.33 0.35 0.17 0.45 2.75 4
Hf 2.40 256 0.09 0.50 0.66 0.30 0.17 1.02 0.59 0.
Hg 2.20 75 4.15 0.46 0.63 0.52 0.15 0.61 1.11 2.
In 1.70 109 3.40 0.36 0.56 0.46 0.16 0.60 1.28 2.
Ir 3.15 425 0.10 0.66 0.76 0.29 0.17 1.18 0.44 0.
La 10.10 142 4.90 2.14 1.36 0.47 0.16 1.45 0.22 0
Mo 2.10 459 0.92 0.44 0.62 0.33 0.17 0.87 0.75 1.
Nb 7.66 277 9.26 1.62 1.19 0.46 0.16 1.27 0.28 0.
Os 2.35 500 0.66 0.49 0.65 0.32 0.17 0.94 0.65 0
Pb 3.14 102 7.23 0.66 0.76 0.55 0.14 0.68 0.82 1
Re 2.40 415 1.70 0.50 0.66 0.35 0.17 0.89 0.69 1
Rh 4.60 480 ~370mK! 0.98 0.92 0.22 0.15 1.73 0.22 0.2
Ru 3.30 600 0.51 0.70 0.78 0.31 0.17 1.15 0.45 0
Sn 1.78 196 3.72 0.37 0.57 0.43 0.16 0.66 1.14 2
Ta 5.84 258 4.48 1.24 1.04 0.42 0.16 1.22 0.33 0
Tc 4.06 351 7.77 0.86 0.86 0.44 0.16 0.97 0.51 0.
Th 4.69 170 1.37 0.99 0.93 0.38 0.17 1.19 0.38 0.
Ti 3.41 426 0.39 0.72 0.79 0.31 0.17 1.17 0.43 0.
Tl 2.83 88 2.36 0.60 0.72 0.45 0.16 0.79 0.75 1.
U 10.90 200 1.10 2.31 1.42 0.36 0.17 1.87 0.15 0.
V 9.04 399 5.38 1.92 1.29 0.40 0.16 1.56 0.21 0.
W 1.22 388 0.014 0.25 0.47 0.27 0.17 0.78 1.04 1.
Zn 0.64 316 0.875 0.13 0.34 0.34 0.17 0.47 2.54 3
Zr 2.91 289 0.520 0.61 0.73 0.33 0.17 1.03 0.54 0.
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pure metal is not zero. Furthermore, in this article we do
ment the remarkable success of the EMA model
accounting for a broad range of experimental data.

The organization of the remainder of this article is
follows: In Sec. II, a coordinate is introduced that measu
the distance from the MIT and the three ranges of meta
behavior are identified and placed upon this axis. The M
model will be reviewed for the elements in Sec. III A, whi
its extension to disordered metals is given in Sec. III B. T
model for disordered metals is compared with data for s
eral systems drawn from the literature in Sec. IV. Analy
and interpretation of the results appear in Sec. V. Section
reports the conclusions. Appendix A provides the detai
calculations that lead to the results discussed in Sec. II
while Appendix B provides the analogous support for S
III B. In Appendix C, the results from Appendixes A and
are combined into a single model that spans the full meta
range. Appendix D indicates how the EMA model can a
count for several, decades old, unexplained correlations
tween superconductivity and measured quantities.

II. RANGE OF METALLIC BEHAVIOR

On the metallic side of the MIT, transport behavior can
divided into three regimes that correspond to three differ
conductivity ranges. The first begins at the pure~very clean!
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limit where the appropriate description of physical behav
is given in terms of an uncorrelated Fermi liquid, compris
of long-lived, weakly interacting carriers~quasiparticles! oc-
cupying well-defined energy and momentum states. This
scription still remains valid for imperfections at low an
moderate concentrations, for moderate electron-electron
teractions, or for small depletions of the carrier concent
tion. We refer to this latter region as the correlated Fer
liquid region, and we identify the complete range, uncor
lated and correlated, as the Fermi liquid region~FLR!. In this
region physical laws for transport are given by kinetic theo
for quasiparticles governed by Boltzmann transport.

As the disorder or the interaction strength between ca
ers is further increased or the carrier concentration is
creased, however, the concept of a Fermi liquid becom
increasingly inaccurate. Consequently, many of the conc
and concomitant equations representing the behavior of
normal and superconducting states are rendered invalid.
identify this region as the ‘‘precritical region’’~PCR! where
fluctuations begin to become important. Finally, when t
disorder is sufficiently large to induce fluctuations on
length scale comparable with the thermal diffusion leng
the system enters the ‘‘critical’’ region~CR!, very analogous
to critical opalescence encountered in other phase transiti
In this region, fluctuations are so large that the quasipart
5-2



nted in the
b

INFLUENCE OF SCREENING ON THE . . . PHYSICAL REVIEW B 68, 094505 ~2003!
FIG. 1. The superconductive transition temperature,Tc , as a function of distance,ar , from the metal-insulator transition (ar 50) for
nine alloy systems. The data points are shown as solid circles, and the solid curves represent fits to the data using a model prese
text. The fitting parameter,a, whose magnitude quantifies the extent of theTc enhancement, is given in parentheses for each system: N3Sn
~0.01!, Nb-Ti ~0.69!, V-Ti ~1.5!, Ta-Ti ~2.5!, Mo-Ti ~6.!, Mo-Ge ~15!, Re-Mo ~11!, Mo-Si ~17!, and W-Si~24.1!.
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concept is totally without validity, and physical properti
are instead rigorously described by scaling laws.

The first step in building a description ofTc over the full
range of metallic behavior is to introduce a coordinate t
defines the ‘‘distance’’ from the MIT. The appropriate choi
is the inverse of the correlation length, 1/j,10 which in turn is
defined in terms of a measured quantityp. For instance,p
may be the carrier concentration,n, or the doping concentra
tion, x, or s300 K, the value of the conductivity at 300 K~see
Osofsky et al.11!. By definition, 1/j;@(p2pc)/pc#, where
pc is the value ofp at the MIT. The expression for 1/j may
be written more precisely as

1

j
5S a

a D 1/nS p2pc

pc
D 1/n

5S ar

a D 1/n

, ~1!

wherea is a microscopic parameter comparable to the lat
parameter,a is a constant to be determined, and the criti
exponent,n, has been shown to be approximately 1 for ma
systems12 ~to be discussed in more detail later!. Furthermore,
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pc may be determined by an experimental technique~see
Ref. 9! so that r is completely defined by experimenta
measured quantities. We may also expressj in terms ofkFl ,
the parameter often used to quantify disorder. That is, if
identity the MIT by the conditionkFl 5p, thenkFl 5r 1p
applies as the MIT is approached.

Having defined the proper coordinate, the three regi
may be arranged in a logical order and the range of e
more precisely defined. The following discussion proceed
ascendingr, beginning at the origin.

a. The critical region (CR).Here r;0 and the thermal
diffusion length at a given temperature is less thanj. The
two mechanisms most commonly thought to produce
MIT are often discussed as mutually exclusive phenomen
is indisputable that, on one hand, disorder alone can ind
the MIT in a system of noninteracting fermions~the Ander-
son mechanism!.13 However, since fermions also carry ele
trical charge, there is always a Coulomb interaction, and
the fermions may not be considered completely free after
5-3
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Alternatively, electron interactions alone can lead to a M
~the Mott transition!.14 However, since disorder is general
also present in real systems in the vicinity of the MIT, a pu
Mott transition is generally not observed, either. For the
reasons it is advisable to abandon discussions phrased si
in either of these two distinct concepts and proceedab initio
with a more realistic model, in which both effects, disord
and Coulomb interactions, are considered on equal footi

Belitz and Kirkpatrick15 have reviewed theoretical effort
to carry out such a plan. A general scaling theory of the M
has emerged, accompanied by renormalization group ca
lations for the various universality classes. The conclusio
that there are at least eight universality classes for di
dered, interacting fermions. These include systems with
of four symmetry-breaking mechanisms~magnetic impuri-
ties, magnetic field, spin-orbit coupling, or none!, each with
either short-range~SR! or long-range~LR! interactions. In all
cases, various physical quantities obey universal sca
equations as a function ofj. Thus, in particular,

s5saS a

aj D n(d22)

, ~2a!

N~0!5NaS a

aj D d

, ~2b!

wheren andd are specified for each class andd is the sample
dimension. For example, for a three-dimensional, spin-o
coupled system with a Coulomb interaction, the prediction
that n51 andd52. When, however, experiments were ca
ried out on three systems for which these conditions sho
definitely hold @MoxGe12x ~Ref. 16!, NbxSi12x ~Ref. 17!,
and Si12xAux ~Ref. 18!#, the evidence was very clear th
n51 andd51.

This discrepancy for the value ofd is worth discussing in
some detail. It could be due to an inadequacy of the theor
to a problem with the experiments. Another, more proba
cause must be considered: that the experiments were n
the critical region. The range of the CR is quite small, sin
the thermal diffusion length is generally greater thanj. In
conventional phase transitions, where the CR is also v
small, the CR is accessible to experiment only by virtue
the fact thatj is defined in terms of temperature, i.e.,j
}@(T2Tc)/Tc#

1/n, which may be controlled nearTc with
very high precision. For the MIT case, however, the CR
controlled by a variable that is hard to measure and con
close to the critical value. It is therefore very likely th
most, if not all, of these measurements were taken un
conditions placing them in a region wherej,L, the precriti-
cal region~PCR!, rather than in the CR. Thus we discuss t
PCR next.

b. The pre-critical region (PCR).Here j,L and 0,r
,r 0. Strictly speaking, the scaling laws defined above,
universal critical exponents and the accompanying rules
lating the critical exponents, apply only to the CR. Sinc
however, the fluctuations gradually decrease~rather than dis-
appear abruptly! as the system transitions from the CR to t
Fermi liquid limit, we expect that some vestige of the scali
laws should persist in the latter region. It appears pruden
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adopt a nonrigorous, but reasonable position, that sca
laws still are valid for the PCR, but with ‘‘preasymptotic
critical exponents that are no longer governed by the the
developed for the CR. Indeed, it has been found possibl
extend the scaling laws from the CR into the PCR in
approximate way by supposing that there are logarithm
corrections to scaling in the PCR.19 Another approach is to
solve the renormalization group flow equations of the M
for the different ranges ofL or j.20 The PCR merges with the
FLR at a valuer 0, defined below.

c. The Fermi liquid region (FLR).Here j! l TF and r 0
,r ,`. As r is increased beyondr 0, the system gradually
leaves the PCR and enters the lower~impure! end of the
FLR. Here the quasiparticles interact strongly as a correla
Fermi liquid, which henceforth will be called the stron
limit. The superconducting properties in this subregion~see
Appendix B! are quite different from the more familiar be
havior of weakly interacting fermions~henceforth called the
weak limit!. This latter subregion, where classical Land
Fermi liquid theory applies, defines the upper~pure! region
of the Fermi liquid. The properties of superconductivity
the weak limit are discussed in Appendix A.

d. Summary: the complete metallic region.Here 0,r
,`. Thus the coordinate axis,r, extends from 0 to infinity
and is broken up into three regions. The CR extends for o
a short distance fromr 50 for macroscopic samples and thu
occupies only a small fraction of ther axis. As r increases,
the system transforms smoothly from the CR to first t
PCR, then to the strongly interacting, correlated subregion
the FLR, and finally to the weakly interacting, uncorrelat
subregion of the FLR. There are no sharp boundaries~i.e.,
abrupt changes in behavior! between these regions, and the
are no precise theoretical definitions for the boundaries. N
ertheless, we can estimate the location of the most impor
boundary, atr 0, which separates the PCR and the FLR.
turns out thatr 0 is rather small@see discussion of Fig. 3~b!,
Sec. IV#, so the FLR extends over a surprisingly large regi
of the total coordinate axis. In Appendix C we develop
model that accounts for the complete phase diagramTc(r )
over the full metallic range (0,r ,`) using functions for
the quantities appearing in the expression forTc , which span
the full range.

III. MODELS FOR Tc

Accounting for superconductivity for the full metalli
range is problematic because the conventional picture
long-lived quaisparticles assumed by the BCS theory or
the Eliashberg model becomes increasingly inaccurate as
MIT is approached. Thus, any model for superconductiv
in this region faces this fundamental challenge. Neverthel
scaling theories have been used to model the phase
Tc(x), separating the normal and superconducting phase
low-Tc superconductor~LTS! materials. Some could only ex
plain the observed depression inTc for largex, and could not
account for the observed increase inTc for small x.21,22Two
theories predictTc(x) curves that mimic the shape of th
whole phase diagram~including enhancement!. The first is
developed for systems with a low Fermi energyEF , and is
5-4
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thus restricted to the C60 and the high-Tc superconductor
~HTS! systems.23 The second is also restricted to HTS sy
tems.24 Furthermore, when the specific heat results were
tained for several superconducting systems,N was found to
depend systematically onx. Accordingly, the calculated val
ues ofV also depended onx. AlthoughN(x) andV(x) were
determined for several alloy systems, Nb-Mo~Ref. 25! and
Ti-Zr ~Ref. 26!, to name but two, their functional form wa
not adequately accounted for by theory. See the recent o
view by Sadovskii27 for details of these efforts. Along with
these difficulties, very often the theories, derived for one
the regions, were extended without justification to anot
region where their applicability is very likely inappropriate

Accordingly, we chose an alternative strategy. We dev
oped single functions forN and V that matched the known
functions for the FLR and that also satisfied the bound
condition atr 50 ~the MIT!. So constructed, these function
‘‘bridge’’ the gap in the PCR. We start the development
these functions by reviewing the theory for the Fermi liqu
region.

A. Tc for the Fermi liquid region in the weak limit

Morel and Anderson calculated theTc values for the ele-
ments using the McMillan solution of the Eliashberg equ
tions for Tc ~see Appendix A!. That is,

Tc50.85QDexpF 21.04~11l!

l2m* ~110.62l!
G , ~3!

where

l5N0F 4pe2

kTF
2 1~2kF!2G5N0V0 , ~4a!

m5 lnF11
~2kF!2

kTF
2 G52 ln l, ~4b!

m* 5
m

11m ln~EF /kBQD!
, ~4c!

and whereN0 is the single-particle density of states,kF the
Fermi wave vector, andQD the Debye temperature. Equa
tions ~4a! and~4b! were obtained by performing integration
over a spherical Fermi surface of the Fourier transform o
screened, Coulomb electrostatic potential. That is, ifV(x)
5(e2/x)exp(2kTFx)5(e2/x)exp(2x/lTF), then the Fourier
transformV(q,kTF) is given by

V~q,kTF!5
4pe2

q2e~q,kTF!
.

4pe2

kTF
2 1q2

. ~5!

These integrations were carried out to a maximum valueqc ,
which Morel and Anderson set equal to 2kF . Here l TF
51/kTF is the Thomas-Fermi screening length ande the di-
electric function. We note that a reduction inkTF reduces the
dielectric constant and enhancesV and thusTc . Enhanced
transition temperatures, albeit not as dramatic as these
09450
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scribed here, have been observed in thin film normal me
superconductor bilayers and normal metal/insulat
superconductor trilayers that have been also attributed
reduced dielectric constant.28,29

Using these expressions forl andm* , Morel and Ander-
son generated a table for several of the elements, compa
the predicted values ofl0 with ‘‘experimental’’ valuesl0

obtained by inverting the McMillan formula and calculatin
l0 from experimental values ofTc and QD . In general the
agreement was rather good.

In order to establish the basis for the treatment of dis
dered metals given in the next section, we update and
phrase the MA work here. Instead of usingl0, however, we
factor it into N0 andV0. A more comprehensive version o
the Morel-Anderson table, which includes all the sup
conductive elements, is given here as Table I. Includ
are measured values for the Sommerfeld constantg, QD ,
and Tc . From these measured quantities were calcula
N050.212g5(4pe2)21kTF

2 . The determination ofl and
m* came from the following analysis: Using the defin
tions given above, we established the identity~for small
l! l2m*5l2@2ln l/~125 lnl!#51/ln(Tc/0.855QD). The
right-hand side of this equation was evaluated from exp
mental data for each element, and then the value ofl was
found that satisfied this identity. Thenm andm* were calcu-
lated from Eqs.~4b! and ~4c! using the value forl. These
data are presented in Table I. The interaction pot
tial was then calculated using the definition,V0 expt
5@1/ln(Tc/0.855QD)1m* #@1/N0#. We determined experi-
mental values for qc by using the definition,V0 expt

5(4pe2)/(kTF
2 1qc

2). The results of this calculation are als
presented as a column in Table I.

It is quite illustrative to plotV0 expt versuskTF for all the
elements to test the conformity of this quantity with the an
lytic form of the screened Coulomb potential. As Fig. 2~a!
clearly shows, the data forV0 expt ~plotted points! are well
represented as a function ofkTF by Eq. ~5! ~the solid line!.
Concerning the identity of the phonon cutoff, we tested t
possible correlations forqc : qc52kF , suggested by More
and Anderson and by Pines,30 andqc

250.6qD
2 , suggested by

de Gennes,31 whereqD
2 5(3/4p)2/34p2/a0

2 anda0 is the lat-
tice constant for a cubic metal. Evaluating these express
gives the simple result,qca053.02. To test both correlations
the data for the calculated values ofqc were plotted versus
the appropriate ordinate. The correlation defined by MA w
slightly stronger than the other two, and this is the one p
sented in Fig. 2~b!.

B. Tc for the Fermi liquid region in the strong limit

We now turn to the strong-interaction part of the FL
where there is an adequate theory for superconductivity
order to propose functional forms forV(x) and N(x), and
thus Tc , we consider screening. Since the carriers beco
more correlated as the MIT is approached, they become
capable of responding to applied fields, resulting in increa
screening lengths. We propose then that the basic equa
for the screened Coulomb interaction continues to apply,
5-5
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that the Thomas-Fermi screening length is replaced by
variablej, and thatks51/j. In support of this idea, note tha
in the pure limitks is the inverse of the screening length a
is given by the Thomas-Fermi expression,kTF

2

54pe2(]n/]m)54pe2N0. As the MIT is approached, bot
theory32,33and experiments34,35have shown that]n/]m is no
longer constant (N0) but decreases until it vanishes at t
MIT. Alternatively then, the screening length diverges as
MIT is approached. In Appendix B we develop an expli
expression forks , which serves to‘‘bridge’’ the two regions
Thus

ks
254pe2~]n/]m!;

kTF
2

11~a/ar !2
. ~6!

So defined, the screening lengthl s51/ks has the correct lim-
its: l s diverges whenr→0 ~the MIT!, andl s5 l TF in the pure
limit ( r→`). Accordingly, the screened potential is an e
trapolation ofV0,

V~r !5
4pe2

ks
21qc

2
. ~7!

V(r ) for an alloy system thus starts out at the valueV0,
which is characteristic of the pure host metal, and is anal
cally continued via the expression forr as the doping is
increased. The curve forV(r ) in some sense recapitulates t
curve given in Fig. 2~a! for the elements, but the difference
that r may be varied continuously and over a greater ran

FIG. 2. ~a! The experimentally determined BCS interaction p
tential, V0 expt for all the superconducting elements~solid circles!
~as given in Table I! and the alloy/disordered superconductors~open
circles! ~as given in Table II! as a function of the Thomas-Ferm
vector,kTF . The solid line represents a fit of a screened Coulo
potential ~see text!. ~b! The phonon cutoff momentum,qc , as a
function of the Fermi wave vector,kF . The solid curve represents
linear fit of qc to kF .
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The density of states is also changed by proximity to
MIT. In Appendix B we present an expression forN for
strongly interacting fermions, and in Appendix C we devel
the following bridging function, which smoothly interpolate
between the MIT and the FLR:

N~ar !5N0@12exp~2ar !#d

5N0H 12expF2aS s

sc
21D G J d

, ~8!

where it is seen thata5Na /N0 by using Eqs.~1! and~8! ~in
its limiting form near the MIT!.

C. Tc for the full metallic range

Thus we have bridged the region from the pure limit
the MIT by defining appropriate functions of a coordina
defined in terms of the correlation length. The expression
Tc is given by the McMillan expression, where, for the sam
reasons given for the elements,m*;0.15. Hence,

Tc50.85QDexpF 21.04~11l!

l20.15~110.62l!G , ~9a!

l5N0@12exp~2ar !#dS 4pe2

ks
21qc

2D , ~9b!

ks
254pe2~]n/]m!;

kTF
2

11~a/ar !2
. ~9c!

We make several observations about this function. T
EMA model has the proper limiting behavior. In the pu
limit, i.e., for larger, Eq. ~9a! reduces appropriately toTc0
50.85QDexp(21/N0V0). Indeed, for all the materials ana
lyzed in this article, this equation gave the same values
the fitted parameters~to within 1%! as did Eq.~9a!. Second,
it disappears at the MIT (r 50).

The equation forTc in the EMA model is a generalization
of one developed earlier by the authors~M.O. and R.J.S.! in
which screening was incorporated into a jellium model
disordered superconductors. The previous model used
definition N;N0ar , which diverges at largear . However
V;1/(ar )2, so l;0 for largear , which meansTc;0 in
the pure limit. Thus, our previous model could only descr
those superconducting systems that satisfy the condi
Tc050. The EMA model, however, uses Eq.~7! for V and
Eq. ~8! for N, which have a finite limit (l0 for large r ) and
thus permit the modeling of systems with either finite or ze
Tc0. Stated simply, the EMA model contains the previo
model as a special case. To check the equivalence of the
models for the caseTc050, we refitted the same data fo
low-Tc materials ~Ref. 9! and oxide metals including the
cuprates36 with the EMA model. The fits of either model ar
equally good, although the fitting parameters are defin
somewhat differently. One purpose of this article is to de
onstrate how well the EMA model fits data for systems

b
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which Tc0 is not zero, and thus many of the new data sets
be presented and analyzed in this article fall into the categ
of a finite Tc0.

The system of Eqs.~9! has only three fitting parameter
sc , a, anda. Fitting N(ar ) requires the parametersN0 , sc ,
a, andd, but the value ofN0 is known, however, from the
Sommerfeld constant, and other experiments show
d51,12 thereby reducing the number of unknown paramet
in the expression forN to two. FittingTc introduces the third
parameter,a. The other two parameters appearing in the
pression forTc ( l TF andqc) have been evaluated for the ho
~Table I! and are known. The expression forTc thus contains
two types of parameters. Those for the host metal (N0 , d,
l TF , and qc) are known from other experiments or fro
calculation. The remaining parameters (sc , a, anda!, how-
ever, must be obtained from fitting experimental data, a
they characterize the behavior of the system near the M
The first of these parameters (sc) identifies the location of
the MIT on the conductivity axis, the second~a! defines the
scale of the coordinate that measures the distance from
MIT, and the last parameter~a! sets the scale of the screenin
length. Thus theTc for the disordered system evolves fro
the pure state, chiefly via the changes induced in the scr
ing length by the disorder.

An interesting property of a system is the maximu
value,Tc max, thatTc can attain. Empirically we find that th
maximum occurs forar;3, in which case

Tc max50.85QDexpF 21

0.95N0@4pe2/~ksm
2 1qc

2!#2m* G ,

~10a!

with

ksm
2 5

1

l TF
2 1~a/3!2

. ~10b!

IV. EXPERIMENTAL DATA AND COMPARISON
WITH THE EMA MODEL

We are interested in analyzing systems for which bothTc
and N data were determined so thatV could be calculated
and compared with the prediction. That is, at a minimum,
needTc as a function ofs ~or of x if the relation betweens
and x has been established!. Furthermore, data for eitherg
and/ordHc2 /dT are needed to independently define the d
sity of states. An additional requirement was that both set
data should cover enough of the range from good condu
to the MIT to provide sufficient data for adequate fitting
the appropriate equations. Finally, since the model now co
accommodate any value forTc0, there was no restriction on
its value. A search of the literature with these requireme
led us to choose the following alloy systems.

Nb-Ti. Data for the Nb12xTix system were taken from
four sources: the first set37 ~bulk samples prepared in equ
librium! covered the range 0,x,0.58; the second set38

~thin film samples! ranged from 0.58,x,0.87, the third
set39 ~wires! covered the range 0.60,x,0.76, and the las
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set40 ~rapidly quenched bulk samples! covered the range
from 0.65,x,0.99. We found that the conductivity versusx
presented in the first two references was very consisten
that x for all the sources was readily converted into a co
mon s axis. For Nb-Ti, the slope of the upper critical ma
netic fieldHc2 nearTc was calculated for the data sets fro
the first three data sets using the equation (dHc2 /dT)uT5Tc

5Hc2(0)/0.69Tc . Several slopes were measured directly
the last reference, and their values agree very well with
calculated slopes obtained from the first three. Some of
samples have normal inclusions of Ti to promote stron
flux pinning for magnet applications. However, these regio
are small enough to be effectively mixed by the proxim
effect, and properties comparable to the equivalent homo
neous, single-phase alloy are observed in experiments~see
Ref. 37 and references therein!.

Nb3Sn and V3Si. Data were obtained as a function o
radiation damage by Ghosh and Strongin.41 The thin film
samples, prepared bye-beam coevaporation onto a heat
single-crystal sapphire substrate, were exposed toa11 ra-
diation and thenTc , resistivity r0, and (dHc2 /dT)uTc

were

measured as a function of dosage.
W-Si. Data forTc , r0, and (dHc2 /dT)uTc

were measured

for W-Si alloys by Bondet al.42 and by Kondo.43

Mo-Ge and Mo-Si. Data for Tc , r0, and (dHc2 /dT)uTc

were measured for Mo-Ge and Mo-Si thin-film alloys b
Kubo.44

Ti and Mo alloys. Tc , was measured versusx for Nb-Mo
alloys by Heinet al.,25 while g from specific heat andTc
were determined versusx by Morin and Maita.45 Tc , r0, and
(dHc2 /dT)uTc

measurements for V-Ti, Ta-Ti, and Mo-Ti a
loys were described in the compendium by Collings.46 Data
on Tc , r0, andHc2(0) for TaTi and MoTi were also given in
the work of Berlincourt and Hake.47

An example of the first step in the data analysis carr
out for each system is shown in Fig. 3~a!. Here the experi-
mentally determined density of states for Nb-Ti is plott
versuss as well as the curve fitted by Eq.~8!. In this manner,
values for the parametersN0 , a, sc , andd were obtained.
This procedure was repeated for seven other systems w
there were sufficient data to perform the fit. The values of
fitted parameters are presented in Table II. Data for th
systems were suitable to use the four-parameter equation~8!.
The average value and standard deviation ford for these
three systems were found to bed50.9960.02. The remain-
ing, less extensive, five sets were fitted to Eq.~8! with d51.
Other data in the literature forN(s) are more sparse an
therefored could not be defined as precisely~see Ref. 9!.
Nevertheless, an analysis of the behavior ofN(r ) near the
MIT for four other systems led to the conclusion thatd51.06
60.09. Furthermore, the valued51 was determined from
measurements of the density of states of NbxSi12x near the
MIT using tunneling.12

Oncesc was defined,r was determined by Eq.~1!, and
N(s) could be reexpressed in terms ofar . The ratio,
N(ar )/N0, for the eight systems is shown in Fig. 3~b!. The
solid curve represents the curve fitted to the average of
5-7
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R. J. SOULEN, Jr., M. S. OSOFSKY, AND L. D. COOLEY PHYSICAL REVIEW B68, 094505 ~2003!
eight systems. What is striking about this figure is th
N(ar )/N0 is a universal function ofar that is represented
by Eq.~8!. Furthermore,N determined from specific heat~g!
is identical to that calculated from (dHc2 /dT)uTc

since some
of the data were obtained from one of these quantities w
the remainder were obtained from the other quantity. T
the equivalence of the two definitions as well as the unive
shape indicate a very strong confirmation of the calculat
of N based on the Landau theory given in Appendix B. It
clear that near the MIT, the slope is linear inr, and that for
larger values ofr, the density of states becomes nonline
and ultimately approaches the pure limit,N0, whenar;4.
The deviation ofN from linearity provides a crude estima
of ar 0, which defines the boundary between the PCR a
the FLR. From the inset to Fig. 4~b!, we see that this bound
ary occurs atar 0;0.4. Inspection of theTc(ar ) curves,
shown for example in Fig. 1, indicates that practically t

FIG. 3. ~a! Plot of the density of statesN for Nb-Ti ~solid
circles! as a function of the electrical conductivity,s. Note that at
larges, the density of states approaches the normal-state valueN0.
~b! The ratio,N/N0, for eight systems as a function ofar . The
solid curve shows the fit to the average of all eight sets using
analytic representation,N5N0@12exp(2ar)#. Inset: N/N0 for
small ar .
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whole Tc(ar ) curve falls in the region defined byar .0.4
and thus nearly the whole curve falls in the FLR.

The behavior ofTc(ar ) was subsequently analyzed b
fitting Eq. ~9!, with d51, to the data. This fitting was carrie
out for all nine of the systems defined above, whose beha
illustrates the full range ofTc enhancement. These results a
shown in Fig. 1. The numerous points~shown as solid dots in
the figures!, particularly for the Nb-Ti system, precisely de
fine the function forTc(r ) over its complete range—from th
MIT to the pure limit. The solid curves in each figure repr
sent the fit of Eq.~9! to the data. The parametersl TF , qc ,
anda were varied and their fitted values appear in Table
For comparison, the values for the first two parameters
the host metal also included in the same table. The ag
ment is quite good.

From the experimental values ofTc(ar ) andN(ar ), val-
ues ofV(ar ) were calculated by inverting Eq.~9a!. These
data as well as theoretical fits using Eqs.~9b! and~9c! ~solid
lines! are shown in Fig. 4. Note thatV(ar ) for each system
starts at a value ofV05(4pe2)/(kTF

2 1qc
2) in the pure limit

~large r ) and increases to a valueV(0)5(4pe2)/(qc
2) at

ar 50, which is seen to be the unscreened potential.
definition, V(0) is greater thanV0 . V(0) often exceeds 2
eV.The fits to the data are quite good and thus the veracit
using a screened Coulomb potential to model enhanced
perconductivity in alloys is confirmed. Note that, unlike th
Tc(ar ) curves, which showed a definite trend with the p
rametera, there is no particular trend apparent forV(ar ). A
second point to note is that the amplitudes of the interac
potential are well defined and specific.

Using Eqs.~10!, we generatedTc max curves for several
hosts. The results are shown in Figs. 5~a!–5~d!. The first
panel showsTc(ar ) asa is varied for a superconductor wit
Tc0;8 K. Tc(ar ) for different values ofa and for different
superconductors is shown in Fig. 1. Figure 5~b! showsTc max

for several hosts as a function ofa. For the limit a50, V
5V0, and thus Tc max5Tc0. For the limit a→`, V
5V(0), andTc max5Tc(0). It is clear that the curves look
very similar, although they differ in the vertical offset an
scaling of the vertical axis. In Fig. 5~c!, a comparison is
made between the predicted values ofTc max for the host,
Mo, and values ofTc max found for the following alloys:
Mo-Nb, Mo-Si, Mo-Ge, Mo-Ti, and Mo-Re. Furthermore,
scan of all the Mo alloys in the literature~with unknowna)
shows that there is no alloy whoseTc exceeds 14 K, a value
that is close to the maximum predicted@10 K, Fig. 5~c!#. The
agreement for Mo systems is thus quite reasonable. Unfo
nately, the data in the literature are insufficient to test th
predictions for other alloy systems. We do note, howev
that Eq. ~10a! predicts thatTc max for Pb should attain a
value of 35 K, whereas the maximumTc reported for any Pb
alloy is only 11 K. One possible explanation is that, for som
~unknown! reasona never exceeds 1 for this system. Final
it is possible to plotTc max/Tc0 for all the systems and com
pare those data with predictions. This is done in Fig. 5~d!,
and again, the agreement is good.

From the fitted values ofa anda, the quantityl s may be

e
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TABLE II. Parameters obtained from fitting data forN by Eq. ~8!.

N0 host N0 dN0 sc dsc

Material ~states eV21) ~states eV21) ~states eV21) @(V cm)21# @(V cm)21# a da

Nb-Ti 1.62 1.62 0.10 3 500 1000 0.35 0.0
W-Si 0.26 0.25 a 500b

Nb3Sn 2.00 0.90 0.01 22 000 1000 0.03 0.0

V-Ti 1.92 1.90 0.10 4 800 500 0.37 0.0
Ta-Ti 1.24 1.20 0.10 9 200 1000 1.80 0.1

Re-Mo 0.50 0.51 0.01 4.4c 0.50c 0.30 0.03
Mo-Nb 0.45 0.45 a

Mo-Si 0.45 0.44 a 3 000 1000 3.10 0.04
Mo-Ge 0.45 0.44 a 5 800 850 6.10 0.06
Mo-Ti 0.45 0.44 a 5 800 500 6.10 0.60

aThis parameter was not varied during the fit, but fixed at the calculated value.
bThe value forsc for W-Si was obtained by a different method~see Ref. 9!. Thus there are no values fora
andda.

cThese parameters are forxc anddxc , since the density of states was only given as a function of con
tration,x.
fo
d
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v-
the
(0
evaluated for each system. A sample is shown in Fig. 6
four of them. Note thatl s has the appropriate limits an
furthermore thatl s only changes by a factor of 3 as ea
system traverses the distance from pure metal to insula
Thus, it is demonstrated that the screening length has a
reasonable behavior asar spans the range from good co
09450
r

or.
ry

ductor to insulator. Indeed, the point of Figs. 3, 4, and 6 is
demonstrate that all the physical quantities vary over v
reasonable ranges asTc undergoes the very dramatic beha
ior shown in Fig. 1. Furthermore, as these figures show,
significant changes occur over a well-defined region
,ar ,4) in the vicinity of the MIT.
-

a

r
l

FIG. 4. The experimentally de
termined interaction potential,V
versusar for eight of the systems
considered in this study. The dat
points ~solid circles! were calcu-
lated from measured values ofTc

and N using the McMillan equa-
tion for Tc . The solid curves are
fits of the analytic expression fo
the screened Coulomb potentia
~see text!.
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TABLE III. Parameters obtained from fitting data forTc using Eq.~9a!.

l TF host l TF fit dlTF qc host qc fit dqc a fit da
Material ~Å! ~Å! ~Å! ~Å! ~Å! ~Å! ~Å! ~Å! Tc max/Tc0

Nb-Ti 0.85 0.72 0.02 1.27 1.07 0.04 0.69 0.05 1.11
W-Si 2.10 1.70 a 0.78 0.75 a 24.1 1.5 333

Nb3Sn 0.76 0.89 0.02 0.79 1.09 0.04 0.01 0.005 1.00

V-Ti 0.77 0.75 0.03 1.56 1.61 0.02 1.50 0.05 1.38
Ta-Ti 0.96 1.03 0.05 1.22 1.30 0.01 2.50 0.1 2.50

Re-Mo 1.51 1.43 0.08 0.89 0.96 0.01 11.0 2.0 6.50
Mo-Nb 1.60 1.60 a 0.87 0.92 0.01 0.01 0.001 1.00
Mo-Si 1.60 1.60 a 0.87 0.95 0.05 17.0 5.0 6.00
Mo-Ge 1.60 1.62 0.07 0.87 0.92 a 15.0 2.0 6.00
Mo-Ti 1.60 1.60 a 0.87 0.92 0.01 6.00 1.0 4.00

aThis parameter was not varied during the fit, but fixed at, or near, the calculated value.
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V. INTERPRETATION AND DISCUSSION

A. EnhancedTc

EnhancedTc depends on two factors. The possible ran
of Tc max is determined by the range ofV0 and V(0); the
larger the difference between these two parame
@see Eq.~5! and Fig. 5#, the larger the possible value o
Tc max. Indeed, using the appropriate definitions,V(0)

FIG. 5. ~a! Calculation ofTc(ar) as a function of the enhance
ment parameter,a. Reading from the bottom to the top,a is 0, 0.7,
1.5, 2.5, and 6.0.~b! A calculation of the maximumTc for several
systems as a function of the enhancement parameter,a. Proceeding
from the lowest to the highest, they are W, Ti, Mo, V, Pb, and N
~c!. Calculated curve for the maximumTc of Mo alloys with five
data points from the following systems~reading left to right!: Mo-
Nb, Mo-Ti, Mo-Ge, Mo-Si, and Mo-Re.~d!. Tc max/Tc0 for all the
alloy systems studied here.
09450
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5V0@11(kTF /qc)
2#, so that the range is seen to increase wh

qc is small. The actual value ofTc max is determined by the
maximum value of the productNV, which has been amply
shown to occur atar;3. The corresponding value ofTc max
is given by Eqs.~9a! and ~9b!, which depend explicitly on
the phenomenological fitting parameter,a. In general,Tc max
increases asa @see Fig. 5~b!#. In view of the importance of
this parameter, it would strengthen the utility of the EM
model if the parametera could be related to a measurab
quantity.

In this section we will suggest that this parameter can
deduced from a known, measured quantity. Far from
MIT, the well-known kinetic expression for the conductivit
applies in three dimensions,

s5
ne2t

m
5S e2

3p2\
D ~kFl !kF . ~11!

.
FIG. 6. The screening length,l s , as a function ofar for four of

the systems studied here. Reading from the lowest to the high
the systems are: Nb-Ti, Ti-Ta, Mo-Ti, and W-Si. The curves rep
sent the bridging function@Eq. ~6!# proposed in the text.
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INFLUENCE OF SCREENING ON THE . . . PHYSICAL REVIEW B 68, 094505 ~2003!
Near the MIT this expression applies for the bare, unren
malized, conductivity; i.e., the conductivity at the micr
scopic length scale. This was the basis of the rationale
using s(300 K) in Eq. ~1! since the renormalization is cu
off on microscopic length scales at high energy.11 Now sc is
defined by the condition that the mean free path,l, becomes
very small and equal toa/a, which is on the order of the
lattice spacing, but not necessarily equal to it. At criticali
kFl;p, l;a/a, andkF;pa/a. Thus,

sc'S e2

3p2\
D S p2

a/a D'
8200

a/a
~V Å!21. ~12!

Hence, the parametera/a is related to a measurable quantit
To test this prediction, we plot in Fig. 7 values ofsc deter-
mined fromN(s) data versusa/a determined from fits of
Tc(ar ) for the same system. The correlation appears to h
although with moderate scatter. The slope is 8100, w
within 10% of the predicted value. This small discrepancy
not surprising sinces~300 K! only approximatessbare.11

B. Exceptions

The EMA model is not a‘‘theory of everything’’ for su
perconductivity. First, it applies only to systems exhibiting
MIT. Thus there are many exceptions. For instance, isoe
tronic transition-metal alloys, e.g., Nb-Ta,47 Nb-V,47 Ti-Zr,46

Ta-V,48 and Os-Ru,49 do possess phase lines,Tc(x), but since
there is no MIT, the EMA model clearly does not apply
these systems. Indeed, a model based upon the effect o
loying on l rather than upon the presence of an MIT, h
been developed by Weinkauf and Zittartz,50 which accounts
quite well for the phase lines of these materials.51 Second,
granular films@notably Al ~Ref. 52!# even have a MIT, but
the samples tend to be inhomogeneous, which makes an
known contribution to the conductivity axis and thus rend
the EMA model inapplicable. Films made from Pb~Ref. 53!
and Bi ~Ref. 54! also have a MIT, andTc(x) is fitted by the
EMA model. A systematic study of this promising area w
be reported elsewhere.

FIG. 7. Plot ofsc versus the inverse of the enhancement para
etera/a.
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VI. CONCLUSION

Using the Landau theory for interacting fermions,
which the quasiparticles interact via a screened Coulomb
tential, we derived expressions for the BCS interaction
tential, V, and the single-particle density of states,N, as a
function of distance from the metal-insulator transition. Th
N andV were incorporated into the McMillan expression
provide an explicit expression forTc . We systematically
compared these predictions with data available in the lite
ture for several superconducting systems: Mo-Ge, Mo-N
Mo-Si, Mo-Re, Mo-Ti, Ti-V, Ti-Ta, Nb-Ti, W-Si, and Nb3Sn.

Data for N(r ), obtained either from experimental dete
minations ofg or from (dHc2 /dT)uTc

, were successfully fit-
ted by the function given by Eq.~8! ~Fig. 3!. Experimental
values for V(r ), obtained by inverting the McMillanTc
equation and using measured values ofTc andN, were suc-
cessfully fitted by Eq.~5! ~Fig. 4!. Experimental data forTc
were then successfully fit by Eq.~9a! ~Fig. 1! for these sys-
tems. The dependence of the screening length for sev
systems~Fig. 6! emphasizes the fact that changes by onl
factor of 3 in order to induce the profound changes inV(r )
andTc . Other ramifications of this extension of the More
Anderson model, such as the maximumTc ~Fig. 5! and defi-
nition of one of the parameters~Fig. 7!, are demonstrated
The EMA model may also account for some correlatio
made early on in the history of superconductivity~Figs. 8
and 9!.

Thus the EMA model is quite robust, for it accounts e
tremely well for data taken over the complete range of m
tallic behavior for an alloy system, from the pure metal to t
MIT. Indeed, the EMA model successfully predicts the co
plete phase lineTc(r ) that separates the normal from th
superconductive phases. Furthermore, all the parameter
pearing in the equations derived by the model are given
terms of quantities that are measured independently. It is
a model that can be used to guide research in the searc
new superconducting materials. Nevertheless, it is a phen
enological model that assuredly applies in the pure limit,

-

FIG. 8. l/g versusg for the elements~open circles! ~as given in
Table I! and for several transition metal elements and alloys~solid
circles! @from ~Ref. 62!#. The solid curve is a fit to the combine
data sets by a screened Coulomb potential~see text!.
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R. J. SOULEN, Jr., M. S. OSOFSKY, AND L. D. COOLEY PHYSICAL REVIEW B68, 094505 ~2003!
whose applicability becomes increasingly suspect as the
tem approaches the MIT. How can we reconcile the succ
of the EMA model over the complete range with the diss
lution of the Fermi liquid framework near the MIT? We b
lieve that the EMA model is a‘‘roadmap,’’ which, by requi
ing its bridging functions to match Fermi liquid theory at o
extreme and scaling theory at the other, is successful.
hoped that its success will inspire an effort to carry out
calculation of N, V, and Tc using a proper microscopi
theory.
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APPENDIX A: CALCULATION OF Tc

FOR THE PURE LIMIT

The BCS theory55 was the first to successfully account f
the properties of pure superconductors, as well as for a
systemsA12xBx , as long as the doping concentration,x, is
small.56 It posits a bold approximation: that a constant int
action V0 may be substituted for the complex interacti
between two conduction electrons, which in reality is t
sum of an instantaneous Coulomb repulsion and an att
tive, time-dependent electron-phonon interaction. This in
action potentialV0 is left as a phenomenological parame
to be adjusted by fitting to experimental data.~We will adopt
the notation that a subscript 0 will refer to the pure materi!
Among the predictions of the BCS theory is an express
for the superconductive energy gap,D,

D5E
0

\vD
V0D~E!F 122 f ~E!

~E22D2!1/2GdE. ~A1!

FIG. 9. Tc as a function ofe/a for the 3d, 4d, and 5d elements
and alloys~dashed curve!. Fit using EMA model~solid curve!.
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From the requirement thatD50 at Tc , the BCS theory pre-
dicts the following equation forTc :

Tc50.85QDexpS 21

NV0
D , ~A2!

whereQD is the Debye temperature andN is the density of
states at the Fermi surface.

This expression is accurate only whenNV0 is small~weak
coupling!. The density of states is well defined by the theo
for free electrons, which states thatN53n/2EF , whereEF is
the Fermi energy. Furthermore,N may also be determined b
two independent experiments: from the specific heat, wh
N50.212g ~where g is the Sommerfeld constant! or from
the slope of the upper critical magnetic field atTc , where
N5@hp(dHc2 /dT)uTc

#/16r0e2,57 with r0 being the resistiv-

ity in the normal state. OnceTc and N are determined by
independent experiments, the BCS equation forTc can be
inverted and the experimental values forN and Tc used to
calculateV0. This has been done for several materials,
the results were not particularly interesting since the B
theory did not calculate a theoretical value for compariso

Several formulations of superconductivity followed th
BCS theory in whichV0 was replaced by more realistic po
tentials. Eliashberg58 developed the modern expression f
the gap equation that is given below in simplified form,

D~vn!5
pkBT

Z~vn! (
vn8

`

@lD~vn2vn8!

2m* Q~EF2vn8!#
D~vn8!

uvn8u
, ~A3!

where vn5(2n11)pkBT, D is the phonon Green’s func
tion, Z is the renormalization factor, andQ is the Heaviside
step function. This theory is characterized by two para
eters, l and m* . The first corresponds to the phono
mediated interaction. The second corresponds to the re
sive Coulomb interaction. They are defined by the equati

l52E g~V!F~V!

V
dV, ~A4a!

m52E V~V!dV, ~A4b!

whereg is the square of the electron-phonon matrix elem
andF(V) is the phonon density of states. McMillan59 solved
the gap equation numerically and thereby determined a se
empirical expression forTc :

Tc50.85QDexpF 21.04~11l!

l2m* ~110.62l!
G , ~A5!

wherem* is given by

m* 5
m

11m ln~EF /kBQD!
. ~A6!
5-12
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McMillan’s equation is accurate forl as large as 1.5. Note
that for smalll it reduces to the BCS expression ifNV0 is
identified asl2m* .

In order to use the McMillan expression to calculateTc
for any metal, however, more specific expressions forl and
m* are needed. One method involves incorporating the m
into a tunnel junction, carrying out tunneling measureme
and then deconvolving the data taken to extract the quan
gF, from whichl andm* may be calculated from the defin
ing integrals. Difficulties in fabricating good quality tunn
junctions have restricted application of this technique to
limited number of materials, however. An alternative path
to obtain theoretical estimates, which may be done, for
ample, using band theory. Unfortunately this approach is
particularly well suited for the region near the MIT. Guide
by the experience of Ref. 9, which identified screening as
crucial factor in determiningTc near the MIT, we follow the
model developed by Morel and Anderson, where the effec
screening is explicit. MA calculatedl andm* for most of the
elements, expressing them in terms of the screened Coul
potential that enters linearly into the expression form and
quadratically via the electron-phonon interaction forl. That
is, if the Coulomb electrostatic potential is screened spati
as V(x)5(e2/x)exp(2kTFx)5(e2/x)exp(2x/lTF), then the
Fourier transformV(q,kTF) is given by

V~q,kTF!5
4pe2

q2e~q,kTF!
5

4pe2

kTF
2 1q2

. ~A7!

Herel TF51/kTF is the Thomas-Fermi screening length ande
the dielectric function. Morel and Anderson then present
following calculation ofl:

l52E g~V!F~V!

V
dV52K g~V!

V L E F~V!dV

5
2N0

2

qc
2 E

0

qcS 4pe2

kTF
2 1q2D 2

qdq5
N0

qc
2 S 4pe2

kTF
2 1qc

2D 5N0V0 ,

~A8a!

m5
1

2p2vF
E

0

qc
V~q,kTF!qdq5 lnS 11

qc
2

kTF
2 D 52 ln~l!.

~A8b!

The steps followed by Morel and Anderson in their calcu
tion of l may be seen by reading Eq.~A8a! from line to line.
MA use the simple matrix elementg/V5(1/2N)@kTF

2 /(kTF
2

1q2)#2, which is independent ofV. Thus in line 2, this
quantity is pulled outside of the integral, but it still must b
averaged~angular brackets! over the angle between the ph
non and electron wave vectors. In line 3, ad function is used
for F(V). In line 4 the integration over the anglex
5sin(u/2)5(k82k)/2kF5q/2kF ~normal phonon process!
from 0 to xm is carried out.

MA set the maximum phonon momentumqc equal to
2kF . MA also derived a different expression forl for pho-
non umklapp processes, which is believed to be more ap
priate for some of the elements. We found the introduction
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this complication led to poor fits toTc , so we used the ex
pression for normal phonon processes. Since the depend
of l on kTF is logarithmic, and ln(EF /kBQD) is approximately
5, m* is approximately constant for the pure metals at a va
of 0.15. Thus the influence of the screening onTc is felt
almost entirely via its effect onl.

APPENDIX B: CALCULATION OF Tc

FOR THE STRONGLY INTERACTING, DISORDERED
FERMI LIQUID

Here we use the description of a disordered Fermi liq
developed by Altschuler and Aranov.60 Since their seminal
work remains within the confines of Fermi liquid theory, w
assert that the McMillan expression forTc still applies. What
is needed, then, to predictTc are expressions forV and N.
The derivation ofN given by Altschuler and Aranov start
with the formal definition,61

N5N0 /~11dS/de!, ~B1!

whereS is the self-energy of the quasiparticles of energye.
The derivativedS/de is in turn defined by an integral tha
incorporates the quasiparticle interaction potentialV(q) ~the
screened Coulomb potential! and the inverse screenin
lengthks . Thus,

dS/de5E dq

~2p!3 F Dq2

e21~Dq2!2GV~q!
]n

]m

5E dq

~2p!3 F Dq2

e21~Dq2!2G S 4pe2

ks
21q2D ]n

]m
, ~B2!

whereD is the diffusion coefficient,ks is defined in terms of
]n/]m by the equation

ks
254pe2~]n/]m!, ~B3!

and the interaction potential is given by

V~q!5S 4pe2

ks
21q2D . ~B4!

Evaluation of this integral for the case where the energy i
the Fermi surface yields

dS/de5S 2e2

p\3/2D F AeF

ks
2D3/2G5S 2e5

p\3/2D F AeFks

~4ps!3/2G
5S 2e5

p\3/2D F AeFks

@4psc~r 11!#3/2G . ~B5!

Up to this point the derivation is accurate and based u
microscopic theory. However, the quantitiesN andV are de-
fined in terms ofks . In order to express the results in term
of the measurable coordinater, thenks needs to be expresse
in terms ofr.

Since we are not aware of a microscopic derivation
such a relation, we provide the following phenomenologi
5-13
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TABLE IV. N(r ), V(r ), andks(r ) for different regimes of metallic behavior.

CR PCR FLR~strong! FLR ~weak! Proposed bridging function
Quantity (ar→0) (ar &0.4) (ar *0.4) (ar→`) for complete range

N N0ar N0

(11gksr
23/2)

N0 N0@12exp(2ar)#

V 4pe2

qc
2

4pe2

ks
21qc

2

4pe2

kTF
2 1qc

2

4pe2

ks
21qc

2

ks
2 (ar /a)2

kTF
2

11(a/ar )2

kTF
2

kTF
2

11(a/ar )2
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argument. First, we know the limiting values ofks . That is,
near the MITks51/l s;r , while in the pure limitks5kTF .
Furthermore, from the Landau theory for Fermi liquids, w
know that ]n/]m5N0 /(11F), where F is related to the
interaction between the quasiparticles. A clue for the fu
tional dependence ofF in terms ofr comes from a study o
another physical system, where it was found thatF diverged
~and thusks→0) as the MIT was approached. The followin
expression forks satisfies all of the above requirements:

ks
254pe2~]n/]m!;

4pe2N0

11F
5

kTF
2

11~a/ar !2
. ~B6!

Substitution ofks into the expressions forV andN now ex-
presses them, and thusTc , in terms of r for the strongly
interacting Fermi liquid regime.

APPENDIX C: DEVELOPMENT OF EXPRESSIONS
FOR THE FULL METALLIC RANGE

In Appendix A we developed expressions forV, N, ks ,
and ultimatelyTc for the weakly interacting Fermi liquid
which were based upon the Morel-Anderson analysis. In A
pendix B we used the Altschuler-Aronov analysis to deve
different expressions for the same quantities for the stron
interacting Fermi liquid. These functions are given in Tab
IV. We were unable to find similar analyses for the PCR a
CR part of the metallic range. However, we know the beh
ior near the MIT from scaling theory and have also ente
them into this table. The information provided by scali
theory is invaluable in helping to define the boundary con
tion for these functions atr 50. From this information we
were able to construct asinglefunction forN, which is given
in the last column of Table IV, and which represents rat
accurately—over the full metallic range—all the separ
functions for N over their respective domains. Thus, th
function acts as a ‘‘bridging function,’’ which is based piec
meal on different theories. The expression forV given in the
last column is precise and represents the fact that
screened Coulomb potential is appropriate for all regim
The McMillan expression forTc was used with these func
tions to fit the phase diagramsTc(r ).

The expression forks is purely phenomenological and de
fined by the two boundary conditions atr 50 andr 5`. The
three regions for metallic behavior are arranged as a func
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of increasingr across this table, where the boundary betwe
the PCR and the FLR occurs forar 0;0.4.

APPENDIX D

The expression forTc presented here gives insight into
least three empirical correlations forTc which were pointed
out many years ago. The first was made by Bucheret al.62

They showed that the experimental values ofl for the 3d,
4d,and 5d transition-metal elements and alloys displayed
clear correlation withg ~see Fig. 32 of Ref. 63!, which is
reproduced here as Fig. 8. Indeed, the data points wer
quite well by theempirical equation

l/g5a/~11bg!. ~D1!

SinceN50.212g, it is clear thatl/g is actually identical to
the quantityV derivedherein. To verify this, we calculated
l/g for the elements from the data presented in Table I a
plotted it versusl along with the Bucher data in Fig. 8. It i
clear that the two data sets are identical when allowanc
made for scatter. We reexpressed the equation forl asl/g
5c/(d1g) to cast it into the same functional form asV0

5c/(d1kTF
2 ) used to fit the data shown for all the elemen

in Fig. 2~a!. The fit to the combined data, shown as the so
line in Fig. 8, is quite good.

The second comment also applies to transition metal
ments and alloys. Experiments have established that theTc
for the 3d, 4d, and 5d elements and alloys have the sam
striking, two-peaked dependence on the valence per a
e/a ~see for example, Fig. 30 of Ref. 63!. We display the
average ofTc for the three groups in Fig. 9,64 as shown by
the dashed line, where it is clear that two maxima appea
e/a;4.8 and 6.8, and that three minima appear ate/a
;3.7, 5.7 and 8.7. The measured values forl for the same
materials have a very similar behavior~see Fig. 29 of Ref.
63!, whereasQD andV0 are almost constant~Table VII and
Fig. 28, respectively, of Ref. 63!. The behavior shown in Fig
9 may be explained quite easily by the EMA model if th
three minima ing andTc are interpreted as being caused
three regions where the MIT occurs. Note that the mini
appear at values ofe/a that are about halfway between th
pure metal values ofe/a. This is precisely wherer would be
the largest for a classicAB alloy system@since resistivity
5-14
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varies65 as x(12x)], and thus where each MIT is locate
Now the conductivity of an alloy varies as the inverse squ
of the valence difference between the host and dop
metals,66 thus s;(e/a)22. Using the definition ofr given
by Eq. ~1!, then r 5@(e/a)c /(e/a)#221, where the critical
values (e/a)c occur at 3.7, 5.7 and 8.7. The dashed curve
Fig. ~8! was fitted by Eq.~10a! with this definition of r,
and the resulting fit is shown as the solid line. The EM
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