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Optical symmetries and anisotropic transport in high-Tc superconductors
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Department of Physics, University of Waterloo, Waterloo, Ontario, Canada N2L 3G1
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A simple symmetry analysis of in-plane and out-of-plane transport in a family of high-temperature super-
conductors is presented. It is shown that generalized scaling relations exist between the low-frequency elec-
tronic Raman response and the low-frequency in-plane and out-of-plane conductivities in both normal and
superconducting states of the cuprates. Specifically, for both normal and superconducting states, the tempera-
ture dependence of the low-frequencyB1g Raman slope scales with thec-axis conductivity, while theB2g

Raman slope scales with the in-plane conductivity. Comparison with experiments in the normal states of
Bi-2212 and Y-123 implies that the nodal transport is largely doping independent and metallic, while transport
near the Brillouin Zone axes is governed by a quantum critical point near dopingp;0.22 holes per CuO2
plaquette. Important differences for La-214 are discussed. It is also shown that thec-axis conductivity rise for
T!Tc is a consequence of partial conservation of in-plane momentum for out-of-plane transport.
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I. INTRODUCTION

The strong anisotropy of in-plane (ab) and out-of-plane
~c! transport in the cuprate systems revealed by an
resolved photoemission spectroscopy~ARPES!, NMR, resis-
tivity, Hall, Raman, and optical conductivity measureme
is as unresolved and longstanding a problem as supercon
tivity itself.1–8 As a function of hole doping per CuO2
plaquettep theab-plane resistivityrab(T) @Fig. 1~a!# shows
a metallic temperature dependence (dr/dt.0) for a wide
range of doping while thec-axis resistivityrc(T) @Fig. 1~b!#
varies asTr with an exponentr that changes from 2 to22 as
p decreases. The resistivity ratiorc(T)/rab(T) is large and
becomes increasingly temperature dependent in all~hole-
doped! cuprate systems forp below .0.22 at low
temperatures.2–8

It was pointed out early on that thec-axis properties pro-
vided an useful spectral tool to examine in-plane cha
dynamics.9 As a result, many approaches have been put
ward to address the nature of in-plane versus out-of-pl
transport in terms of anisotropy of the in-plane quasipart
~qp! self-energiesS(k,T), c-axis hoppingt'(k), impurity
assisted hopping, interband transitions, or deconfinemen
electrons.9–21 Recently the issue of spectral weight transfe
in optical conductivity measurements brought about by
perconductivity has attracted a great deal of attention.7–10

The mechanism by which three-dimensional~3D! supercon-
ducting phase coherence sets in is of continued interest
debate which has been guided in a large part by the meas
ments of thec-axis transport properties.

The issue is still largely unsettled basically due to t
open question of whether electron hopping in the out-
plane direction is coherent.6–11 If there were an at least par
tial conservation of the in-plane momentum for qp tunnel
along thec-axis, local density approximation~LDA ! ~Ref.
22! would indeed predict an interrelation betweenc-axis
transport and the qp scattering rate close to (p,0) in the
Brillouin zone~BZ!. What would be extremely useful woul
be a transport measurement beside conductivity which m
0163-1829/2003/68~9!/094503~15!/$20.00 68 0945
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directly test whether transport in the plane is intimately ti
to out-of-plane transport.

A behavior similar to the resistivity anisotropy is reflecte
in electronic Raman-scattering measurements when com
ing the temperature dependence of the low-energy c
tinuum measured inB1g polarization orientations, which
project out charge fluctuations near the BZ axes, toB2g con-
figurations, which probe charge fluctuations along the
diagonals. Hacklet al.23 and Blumberg and Klein24 have
pointed out the close connection betweenB2g Raman and in
theab-plane conductivity. Opelet al.25 and Venturiniet al.26

compared the Raman relaxation rate in each channel, defi
as the inverse of the slope of the low-energy Raman respo
G1,2

R 5 lim
V→0

@]xg,g9 (V,T)/]V#21. For both YBa2Cu3O72d

FIG. 1. Experimental results for Bi-2212 forrab(T) @panel~a!#,
rc(T) @panel ~b!#, the Raman-derivedB2g ,B1g qp relaxation rate
G2,1

R @panel~c!, panel~d!#, respectively. The solid lines, circles co
respond to underdoped samples (p50.10) with Tc;57 K; dotted
lines, squares correspond to optimally doped samples (p50.15)
with Tc;92 K; dashed lines, diamonds correspond to slightly ov
doped samples (p50.19) with Tc;82 K; and the dotted-dashe
lines, triangles correspond to overdoped samples (p50.23) with
Tc;52 K. All resistivities were measured in Ref. 4, except for t
overdoped (Tc552 K) sample which was measured in Ref. 5. T
Raman qp relaxation rates are taken from Ref. 25.
©2003 The American Physical Society03-1
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~Y-123! and Bi2Sr2CaCu2O81d ~Bi-2212!, it was found that
for B2g symmetry,G2

R @Fig. 1~c!# approximately scales with
rab(T) over a wide doping range, while forB1g , G1

R @Fig.
1~d!# was found to cross over from metallic to insulator b
havior forp less than;0.22. This crossover occurs at high
dopings than that usually attributed to the formation o
pseudogap,8 and has recently been interpreted as evide
for an underlying quantum critical point lying nearpc

.0.22 of an unconventional metal-insulator transiti
~MIT !.26

At low frequencies for underdoped systems,sc(T) for
Y-123 and YBa2Cu4O8 ~Y-124! decreases rapidly with de
creasing temperature.27 From this a pseudogap has been
ferred and well documented. A much weaker spectral we
reduction is seen for La22xSrxCuO4 ~La-214!.28 Contrary to
the out-of-plane conductivity, it is widely believed that the
is no direct indication of a pseudogap insab .29 The apparent
discrepancy between the weak dependence with temper
of the ab-plane optical sum rule compared to the rapid d
crease at low temperature of the integratedc-axis conductiv-
ity may be related to the anisotropy oft' .

Raman scattering has been widely used to address
pseudogap. Recently, the presence of a pseudogap has
derived fromc-axis A1g Raman measurements in Y-124.30 A
much weaker signature of a pseudogap is seen in theB2g

channel in Y-123 and Bi-2212.25,31 In optimal and overdoped
systems, pair-breaking features appear only when super
ducting coherence is established. Their location at differ
energies for different symmetry channels has been w
documented and interpreted in terms of Cooper pairs ha
dx22y2 symmetry and well-defined low-energy q
excitations.32,33 While theB2g pair-breaking feature appea
at and scales withTc for all dopings considered, close
to optimal doping and for underdoped systems, lo
frequencyB1g spectral weight is lost at low temperatures a
the pair-breaking peak becomes difficult to distinguish fro
the background.25,30–38This loss of spectral weight with tem
perature is very similar to the behavior seen in Kondo a
mixed-valent insulators and is indicative of gapp
excitations.39

In the superconducting state, the temperature depend
of the ab-plane low-frequency~or regular part of the dc!
conductivity40,41 typically shows a peak around 35 K whic
is material dependent and has been attributed to the r
collapse of the qp inelastic-scattering rate belowTc and the
rise of the qp elastic scattering rate for lowT.42–45A similar
peak seen in in-plane thermal-conductivity measureme
was found to be sensitive to annealing conditions.46 The
c-axis low-frequency conductivity in YBa2Cu3O6.95 mean-
while does not show a peak in this region, but has an up
at temperatures below 25 K. The origin of the upturn is c
rently not understood.47,14 The c-axis thermal conductivity
was found to show a very weak peak also sensitive to
nealing conditions.46 Much less is known about the temper
ture dependence of Raman scattering in the static limit in
superconducting state, although some theoretical treatm
have appeared.33,48 One would like to test whether feature
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shown in conductivity measurements are found in Ram
scattering measurements and vice versa.

Shastry and Shraiman have noted the close similarity
tween the conductivity and the Raman response and h
suggested that a scaling relation exists between the
which follow the same temperature and frequen
dependence,49

Vs8~V,T!5Ax9~V,T!, ~1!

with A a constant independent of frequency and temperat
This Shastry-Shraiman~SS! relation holds if the qp self-
energyS is independent ofk and has been shown to be exa
for both Falicov-Kimball50 and Hubbard51 models in the
limit of large dimensions where the self-energy and ver
corrections are local. Generally though anyk dependence of
S and/or the irreducible Raman or current vertices inva
dates the SS scaling relation making it inappropriate
strongly anisotropic systems such as the cuprates.

However, an approximate scaling relation may hold
certain cases and one purpose of this paper is to point
some of the connections between the conductivity and
man response for strongly anisotropic systems and de
generalized scaling relations. In particular we will, based
symmetry arguments, determine that a variant of the SS
lation can be formulated to show that scaling relations e
for all temperatures separately betweensab and 1/G2

R and
betweensc and 1/G1

R as a consequence of the momentu
dependence oft'(k), in-plane self-energyS(k), and a
dx22y2 energy gapD(k). Comparison with the available dat
on Y-123 and B-2212 in the normal state suggests that q
located near the BZ axes or ‘‘hot spots’’ become gapp
above optimal doping26 while the qp’s located along the BZ
diagonals or ‘‘cold spots’’ are largely doping independe
and remain metallic. Thus thec-axis transport is partially
influenced by a correlation gap near (p,0) because of partia
conservation of the in-plane momentum inc-axis transport
and not completely byc-axis diffusion. There are importan
differences, however, with La-214. Various models for
scattering as a function of doping are discussed, and
found that generally no single model can adequately cap
the complex nature of electron dynamics over a wide ra
of doping. Features of the theory in the superconducting s
qualitatively describe the behavior seen in thec-axis conduc-
tivity, but there are important questions left unanswered.
conclusion, experimental evidence in both normal and su
conducting states suggests that the in-plane momentum
least partially conserved inc-axis transport over a very wide
doping range.

The plan of the paper is as follows. Sections II and
present the formalism used and the results for the temp
ture dependence of the low-frequency in-plane and out
plane conductivity and Raman response in the normal
superconducting states, respectively, for the common mo
where t' vanishes along the BZ diagonals, summarized
the Appendix. The results are summarized and open po
are discussed in Sec. IV.
3-2
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II. NORMAL STATE

A. Formalism

The quantum chemistry of the tetragonal Cu-O syst
yields an out-of-plane hopping which is modulated by t
in-plane momentumt'(k)5t'

0 @cos(kxa)2cos(kya)#2, as re-
viewed in the Appendix. This form for the hopping has be
widely used to study the penetration depth,13 c-axis
conductivity,7,14,15 and bilayer splitting22 in ARPES.1 We
note that inclusion of the Cu-O chains or O displaceme
would lower the symmetry with the consequence that
out-of-plane hopping would no longer vanish along the
diagonals which could only be noticeable at very low te
peratures.

In linear-response theory, expressions for the regular
of the conductivity and Raman response in the absenc
vertex corrections are given as~here and throughout we se
kB5\51)

S Vsa,b8 ~V!

xg,g9 ~V!
D 5E dx

p
@ f ~x!2 f ~x1V!#

3(
k

S j k
a j k

b

gk
2 D Gk

R~x!Gk
A~x1V!. ~2!

Heref is the Fermi function,GR,A are the retarded, advance
Green’s functions, respectively,j k

a5e]ek /]ka is the current
vertex for directiona given in terms of the band dispersio
ek and electron chargee, andgk is the Raman vertex set b
choosing the incoming and outgoing light polarization ve
tors.

The inclusion of vertex corrections is crucial for satisf
ing Ward identities for the conductivity and particle-numb
conservation for the charge-density response. They con
scattering lifetimes into transport lifetimes, and also add
additional source of momentum and temperature depend
to the corresponding response functions. Vertex correct
have recently been considered in fluctuation exchange
proximation~FLEX! treatments of the Hubbard model52 and
a spin-fermion model53 where it was shown that theB1g
Raman irreducible vertex is highly renormalized near
(p,0) regions of the BZ. In addition, vertex corrections ha
been calculated exactly in the limit of large dimensions
the Falicov-Kimball model, where it was shown they a
important in theA1g channel to properly lead to gauge in
variance and particle-number conservation but do not c
tribute to other channels.50 Generally, vertex corrections hav
not yet been generically or systematically investigated
two-dimensions and we thus neglect them since we are
terested in exploring simple symmetry properties of the v
ous experimental probes.

The current vertices are simplyj k
x5vx sin(kxa), and

j k
z5vz@cos(kxa)2cos(kya)#2, where vx;t and vz;t'

0 have
only a mild momentum dependence. In the limit where
incident and scattered photon energies are small comp
to the bandwidth the Raman vertex is given as the curva
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of the band: ga,b5]2e(k)/]ka]kb .54 The vertices are
thus determined from the above band structure asgk
5b1@cos(kxa)2cos(kya)#,b2sin(kxa)sin(kya) for B1g ,B2g ori-
entations, respectively, while forc-axis A1g Raman gk
5azzcos(kzc)@cos(kxa)2cos(kya)#2. The prefactorsb1;t,b2

;t8, and azz;t'
0 can also be assumed to be only mild

frequency dependent corresponding to off-resonant sca
ing and therefore are only multiplicative constants. Since
energy range considered is very small in comparison to
electronic bandwidths involved, the assumption thatb1,2 and
azz be constant is robust under all realistic circumstances

As can be seen by the weighting of the vertices, we m
expect similar behavior for theB2g Raman and in-plane con
ductivity, and theB1g , c-axis A1g Raman, and the out-of
plane conductivity as well. The former two quantities ass
weight around the Fermi surface~FS! to the diagonals while
the latter three assign weight along the zone axes.

In correlated electron systems the density of states~DOS!
plays a strong role in determining transport properties.
Mott insulators, charge transport occurs via excitatio
across a Mott gap from the lower to upper Hubbard ban
while in metallic systems the DOS near the Fermi level pla
the dominant role in low-frequency transport. The nature
how the DOS evolves across a MIT has been an issue
intense study for a large number of years as few exact res
are available. However, in the limit of large dimensions d
namical mean-field theory has a great deal of insight
some model Hamiltonians.55 Away from half filling the Hub-
bard model and the Falicov-Kimball both possess meta
ground states. The DOS has a typical three-peak struct
the separated upper and lower Hubbard bands and a qp
at the Fermi level emerging from the Abrikosov-Suhl res
nance in the related impurity problem. As the system
proaches half filling and/or for larger values ofU at fixed
filling, the qp DOS generally diminishes and vanishes in
Mott insulating phase as spectral weight is transferred i
the Hubbard bands. Capturing this transfer in models in
alistic dimensions is one of the most important and diffic
problems in condensed-matter physics.

We thus consider charge transport in correlated syst
having coherent qp’s as well as large energy incoher
charge excitations related to the Hubbard bands. We mo
coherent qp’s near the FS by a phenomenolog
momentum-, frequency-, and temperature-dependent
energy derivable, in principle, from a renormalizable effe

tive low-energy theory: Gcoh,k
R,A (v)5Zk(v,T)/@v2 ēk

6 iGk(v,T)#. Here ē is the renormalized band structur
Zk(v,T)5@12]Sk8(v,T)/]v#21 is the qp residue, and
Gk(v,T) is the momentum-, frequency-, and temperatu
dependent qp scattering rate. The full Green’s function a
includes an incoherent partGinc accounting for larger energy
excitations such as those involving the lower and upper H
bard bands. In what follows we focus on low-frequen
transport in metallic phases and neglectGinc and singulari-
ties of the self-energy indicative of an incipient phase tra
sition.
3-3
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Converting the momentum sum to an integral over
infinite band, we obtain in the limit of low frequencies

S sa,b8 ~V→0,T!

]xg,g9 ~V→0,T!/]V
D 522NFE dx

] f ~x!

]x

3K S j k
a j k

b

gk
2 D Zk

2~x,T!Gk~x,T!

V21@2Gk~x,T!#2L ,

~3!

whereNF is the density of states per spin at the Fermi le
and^•••& denotes performing an average over the FS. It
be immediately seen that the SS relation Eq.~1! follows if G
is independent of momentum, as it is in local theories.55,50,51

In what follows we neglect specific features on and off t
FS~such as van Hove! and approximate the 2D FS as a circ
and expand thec-axis dispersion for smallt'

0 to obtain

xx conductivity, j x5vF sin~f!,

zz conductivity, j z5vz cos2~2f!,

B1g Raman, gB1g
5b1 cos~2f!,

B2g Raman, gB2g
5b2 sin~2f!,

zz A1g Raman, gA1g,zz
5azzcos2~2f!. ~4!

We note that thec-axis conductivity and]xA1g,zz
9 /]V are

given by the same expressions, in accordance with the
scattering rate not having akz dependence. Therefore w
confirm the SS relation for thec-axis A1g Raman andc-axis
conductivity, respectively,

lim
V→0

Vszz8 ~T!}xA1g,zz
9 ~V,T!, ~5!

independent of the form forGk .
At low temperatures we find from Eq.~3!,

S sa,b8 ~T!

]xg,g9 ~T!/]V
D 5NFK S j k

a j k
b

gk
2 D Zk

2~T!

2Gk~T!L , ~6!

showing the interplay of anisotropies of the scattering r
and the vertices governing the response functions.

The simple expressions fors and ]x9/]V allow for a
straightforward comparison of models for the qp scatter
rate. We choose a generic model which describes strong
tering weighted largely along the BZ axes plus
temperature-dependent scattering rate taken to be uni
around the FS,

Gk~T!5Gh~T!cos2~2f!1Gc~T!. ~7!

This form for the qp scattering rate has been widely e
ployed in a number of models differing in the representatio
of Gh andGc constrained only to possess the full symme
of the lattice (A1g).16–19 Further parametrizations of the an
isotropy do not lead to appreciable differences. For theB2g
Raman as well as the in-plane conductivity, the vertic
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weight out regions of the FS where the scattering rate
small, along the FS diagonals or cold spots. However,
B1g andc-axisA1g Raman and the out-of-plane conductivi
assign no weight to the diagonals and thus will be gover
by the scattering at the hot spots.

Neglecting thek dependence of the qp residueZk5Z, the
resulting integrals can be easily performed to give

sxx8 ~T!5vF
2 NFZ2

2Gc~T!

1

A11Gh~T!/Gc~T!
, ~8!

szz8 ~T!5vz
2 NFZ2

2Gh~T! H 1

2
2

Gc~T!

Gh~T!

3S 12
1

A11Gh~T!/Gc~T!
D J , ~9!

]xB1g
9 ~T!

]V
5b1

2 NFZ2

2Gh~T! H 12
1

A11Gh~T!/Gc~T!
J , ~10!

]xB2g
9 ~T!

]V
5b2

2 NFZ2

2Gh~T!

1

A11Gh~T!/Gc~T!
$1

2A11Gh~T!/Gc~T!1Gh~T!/Gc~T!%.

~11!

These results for theab plane andc-axis conductivity have
been derived several times, most recently in Refs. 14 and
However, here it can be seen that there is a direct connec
between conductivities and Raman response functions.
clear that the function form for the scattering rate determi
the temperature dependence of all four response functi
and that the SS relation Eq.~1! does not hold in general.

Early on, ARPES measurements yieldedGc!Gh from
smeared spectral functions seen near the BZ axes comp
to the BZ diagonals.1 However, recent ARPES measuremen
indicated that bilayer splitting may have led to an overe
mation ofGh ,1,56but still the limitGc!Gh is a useful limit to
explore. In this limit the response functions are

sxx8 ~T!5vF
2 NFZ2

2AGc~T!Gh~T!
, ~12!

szz8 ~T!5vz
2 NFZ2

4Gh~T!
, ~13!

]xB1g
9 ~T!

]V
5b1

2 NFZ2

2Gh~T!
, ~14!

]xB2g
9 ~T!

]V
5b2

2 NFZ2

2AGh~T!Gc~T!
. ~15!

This directly shows the similarity between theB1g Raman
slope and thec-axis conductivity, andB2g Raman slope and
the in-plane conductivity, regardless of the functional fo
3-4
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chosen for two contributions to the qp scattering rate. T
in this model consistent with experiments, a variant of the
relation for the cuprates may be expressed as

lim
V→0

Vsxx8 ~T!}xB2g
9 ~V,T!,

lim
V→0

Vszz8 ~T!}xB1g
9 ~V,T!. ~16!

This demonstrates how out-of-plane transport can be dire
inferred from in-plane optical transport measurements. F
ther, this confirms the behavior shown in Fig. 1, indicati
that the in-plane momentum must be at least partially c
served for transport perpendicular to the CuO2 planes. More-
over, with Eq.~5! this indicates that thec-axis A1g Raman
should scale withB1g Raman,

lim
V→0

xA1g,zz
9 ~V,T!}xB1g

9 ~V,T!. ~17!

Equations~16! and~17! are the central results of this sectio
When and how might the scaling relations Eqs.~16! and

~17! break down? Clearly these scaling relations result fr
the momentum dependence of the respective response
ces, and since they are dictated solely on symmetry grou
changes in how one represents the momentum dependen
the vertices can only lead to qualitative effects. Howev
there are a number of important factors to consider. First,
inclusion ofGinc will change the scaling relations if there
appreciable spectral weight near the FS, but if we rest
ourselves to metallic systems and low frequencies, then th
changes are expected to be small. They might, howeve
large for a system lying near a quantum critical point and
scaling relations may be violated. Next, relating thec-axis
conductivity to theA1g c axis andB1g Raman requires tha
thec-axis coherent hopping vanishes along the BZ diagon
Deviations would come from incoherent diffusive hoppin
or more complex coherent hopping paths such as via
Cu-O chains in Y-123, and would result in a mixing in th
scaling properties for in-plane conductivity andB2g Raman
transport. Lastly, vertex corrections can appreciably alter
scaling relations. Ward identities can be useful for the c
ductivity to show that vertex corrections vanish for
momentum-dependent self-energy, but no Ward identities
ist for Raman with crossed polarization vectors. For e
ample, vertex corrections may renormalize even-parity m
mentum charge vertices~Raman! but not odd-parity curren
vertices~conductivity!. If these scaling relations are found
hold, they would imply that vertex corrections at low fr
quencies andc-axis hopping along the BZ diagonals ma
play only a very minor role in determining low-frequenc
transport.

B. Transport models

The scaling relations of Eq.~16! can be seen from Fig. 1
to be qualitatively obeyed. We now consider several mod
for Gh(T) and Gc(T) to explore the scaling relations Eq
~12!–~15! to address the role of anisotropic qp scattering.
all models,Gh(T) and Gc(T) are generally constrained b
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the estimated width of the spectral function measured
momentum- or energy-dispersion curves in ARP
experiments.1 In both a cold spot16 and a hot spot model,17

Gc(T) describes weakly renormalized qp scattering prima
along the FS diagonals generally of the form

Gc~T!5G imp1T2/T0 , ~18!

whereG imp represents elastic impurity scattering andT0 is
the energy scale of a renormalized Fermi liquid. The imp
rity scattering may be chosen to reproduce the extrapola
T50 resistivity andT0 is a parameter to be chosen to fit
crossover fromT2 to T in the resistivity. In the hot spo
model,17,57 Gh(T)5AGhsT represents scattering with ex
change of antiferromagnetic reciprocal lattice momentumQ
which has been widely employed to determine the opti
conductivity, in-plane and Hall resistivity in relation t
ARPES. However similar behavior is also obtained for sc
tering in systems lying near a charge ordering instability58 or
near a FS Pomeranchuk instability.59 In the cold spot
model,16 Gh(T) is taken to be a constantGhs presumed to
arise from strongdx22y2 pairing fluctuations, and has bee
employed in several works to describe in-plane and out
plane optical conductivity and magnetotransport.10,15,16,18

However, the microscopic origin ofGhs is unclear in this
model. In the marginal Fermi liquid~MFL! model most re-
cently described in Ref. 19,Gc(T);T andGh(T);const due
to impurity scattering in correlated systems whereby stro
correlation near a pointlike scatterer induce real-space ex
sions of the impurity potential.60

Following Ref. 25, the ‘‘Raman-scattering rate’’Gm
R(T)

for each channel is defined as the inverse of the Raman s
Gm

R(T)5@]xm9 (V→0,T)/]V#21 in order to obtain informa-
tion on the single-particle scattering rate on regions of the
selected by polarization orientationsm51,2 for B1g,2g , re-
spectively. In the hot spot model we obtainG1

R;T1/2 and
G2

R;T5/4, respectively, while in the cold spot model we o
tain G1

R;const andG2
R;T, respectively. The MFL mode

yields G1
R;const andG2

R;AT, respectively. None of the
models considered have presented analytic forms for
scattering rate as a function of doping, and presumably
all modelsGh would be expected to be small in overdop
systems.

It is often useful to look at the ‘‘scattering ratio
G1

R(T)/G2
R(T);rc(T)/rab(T);T2m. The models discusse

give m51/2,3/4, and 1 for MFL, hot, and cold spot mode
respectively. These preceding exponents are summarize
Table I. As can be seen from Fig. 1, all of these models

TABLE I. Summary of the low-temperature dependence of
inverse conductivities, the Raman relaxation ratesGm

R , and the scat-
tering ratio defined in the text.

Response MFL Hot spot Cold spot

G2
R(T),sxx

21(T) T1/2 T5/4 T
G1

R(T),szz
21(T) Constant T1/2 Constant

G1
R/G2

R ,sxx /szz T21/2 T23/4 T21
3-5
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qualitativelydescribe the experimental results for overdop
systems, but important deviations occur for optimal and
derdoped systems. The hot spot model yields a stronger
perature dependence, however, than that seen for theB1g
Raman andc-axis conductivity.

C. Pseudogap

The upturn of bothG1(T) andrc(T) at low temperatures
for optimal and underdoped systems is indicative of gap
qp’s and connected to an anisotropic pseudogap largest
the BZ axis.8 A major issue61 is whether the pseudogap
caused by pairing without long-range phase coherence or
to loss of well-defined qp’s at the FS related to the format
of a precursor Mott gap, or spin-density, and/or char
density wave states, for example.

In the former case, the superconducting gap amplit
closes atT* while strong phase fluctuations force the sup
fluid density to appear atTc .62 In more exotic phases emerg
ing from Z2 gauge theories, electrons fractionalize aw
from the BZ diagonals, spinons become deconfined, and
lons condense and become gapped.63 In these scenarios on
might expect a feature in the spectra appearing at a h
energies which merges into the superconducting featur
Tc . It is not immediately clear whether this occurs in Ram
data due to the nature of the 600 cm21 peak.38

In the spin and/or charge precursor scenario, anisotro
spin-density wave and/or charge-density wave fluctuati
strongly affect the integrity of qp excitations near the B
axes.58,57 Strong electron and Umklapp scattering, due to
nearness of a nesting condition can drive FS topolog
changes near the hot spots which preserve64 or lower65 the
symmetry of the FS.

It is clear that the pseudogap is a manifestation of str
correlations regardless of which scenario is considered. T
we take a simple approach and relate the pseudogap
correlation gap as a precursor to the Mott insulating ph
characterized by the development ofGinc. The gapping can
thus be crudely understood as the loss of well-defined q
located near the (p,0) and symmetry related regions of th
FS, implying that the coherent part of the Green’s funct
diminishes away from the BZ diagonal.

Therefore in what follows the role of anisotropy in the q
residueZ is explored in a simple effort to model the effect
a loss of qp transport for the hot qp’s with decreasingp.
Taking Zk(T)5Zhe2(Eg /T)cos2(2f) as a phenomenologica
model of angular dependent gapping of qp’s with an ene
scaleEg , the integrals are straightforward and the result c
be expressed analytically in terms of a degenerate hyper
metric function of two variables:

sxx8 ~T!,]xB2g
9 ~T!/]V

szz8 ~T!,]xB1g
9 ~T!/]V

;
NF

2Gc~T!

3H F1S 1

2
,1,2,2

Gh

Gc~T!
,2

Eg

T D ,

F1S 3

2
,1,2,2

Gh

Gc~T!
,2

Eg

T D .

~19!
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For almost all temperatures, the function can be accura
described as the previous results, Eqs.~12!–~15!, with the
sole exception thatszz8 (T), Eq. ~13!, and]xB1g

9 (T)/]V, Eq.

~15!, are multiplied bye22Eg /T. Thus we note that if qp’s
located near the BZ axis become gapped or lose their spe
weight at the Fermi level, theB1g Raman slope andc-axis
conductivity will show activated behavior while theB2g Ra-
man slope and the in-plane conductivity would continue
show metallic behavior. This is qualitatively the situatio
found for doping levels belowpc;0.22 in all the cuprates.

D. Comparison with experiments

The data for the Raman derived scattering ratio for
2212 are shown in Fig. 2. The data are derived from
measurements shown in Fig. 1. The ratio derived from
measurements on three differently doped samples of Y-
are shown in Fig. 3. For Bi-2212 the ratio slightly increas
(m,0) with temperature for appreciably overdoped sy
tems, in agreement with the results obtained for La-21468

For decreasing dopingp in both Bi-2212 and Y-123, the ex
ponentm is positive and increases as the hot qp’s beco
gapped and the cold qp’s do not appreciably change.

FIG. 2. A log-log plot of the Raman derived ‘‘scattering ratios
G1

R/G2
R ~defined in the text! for Bi-2212 in Ref. 25 for underdoped

~circles, m50.36), optimally doped~squares,m50.76), slightly
overdoped~diamonds,m50.614), and appreciably overdoped~tri-
angles,m520.13) samples shown in Fig. 1, respectively. The e
ponentm is determined from a least-squares fit toT2m.

FIG. 3. A log-log plot of the data obtained in Ref. 25 for th
Raman derived ‘‘scattering ratios’’G1

R/G2
R ~defined in the text! for

YBa2Cu3O6.5 ~circles, m51), YBa2Cu3O6.93 ~squares,m50.71),
and YBa2Cu3O6.98 ~diamonds,m50.57), respectively.
3-6
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large variation of the data from the underdoped Bi-22
sample is due to the small intensity at low frequencies fr
which the slope is derived. Apart from this sample, howev
a power-law fit adequately describes the data for both c
pounds. Near optimum doping both MFL and cold sp
model give reasonable agreement for the scattering r
while on the underdoped side the cold spot model gives
exponent of 1 in agreement with the data on Y-123 and
rough agreement with the data on Bi-2212. An exponen
dependence on temperature has been used in Ref. 4 fo
resistivity ratio to determine the magnitude of a pseudog
for example. We note that the Raman measurements are
yet of sufficient precision to determineEg from a fit since a
straight line fit works well as shown in Fig. 2. The curvatu
may be obscured by the small signals measured at low
quencies, however. More accurate data would be very us

Recent ARPES measurements have revealed that th
self-energy may not be as anisotropic as determined ea
due to the more accurate detection of bilayer splitting n
the BZ axes.56 In addition, a more quantitative investigatio
of the qp self-energy derived from recent ARPES measu
ments on overdoped and optimally doped Bi-2212~Ref. 66!
has been used to argue that agreement with the magn
and temperature dependence of in-plane resistivity meas
ments on similar compounds can only be obtained if
transport scattering rate has no contributions fromGhs and is
given solely by an MFT dependence19 on all regions of the
BZ. A similar conclusion has been reached regarding
self-energy and optical conductivity.67 It is, however, impor-
tant to note that the magnitude of the derived resistiv
agrees with experiment to within a factor less than 2
temperatures between 100 and 300 K. A more or less iso
pic qp self-energy cannot be reconciled with the Raman d
unless vertex corrections are brought into play. This work
currently in progress.

It is important to point out that the results obtained
La-214 are qualitatively different from Y-123 and Bi-2212
underdoped systems.68 For La1.9Sr0.1CuO4, a clear Fermi-
liquid-like peak develops at low frequenciesin the B1g chan-
nel which sharpens as temperature is lowered so
]x9(T)/dV falls with decreasing temperature, similar to t
behavior of the B2g channel in Y-123 and Bi-2212. These
features appear more or less continuously with doping. H
ever, the peak in theB2g channel seems to mimic theB2g
response in Y-123 and Bi-2212. We note that this is con
tent with ARPES in which a more smeared spectral funct
is seen for (p/2,p/2) rather than (p,0) crossings.69 Recently
strong far-infrared peaks have been observed inab-plane op-
tical response70 in La22xSrxCuO4 for x50.0520.19 which
follow a dependence onx consistent with a coexistence o
charge stripes and antiferromagnetic domains.62 Similar
strong far-infrared peaks have also been observed
Bi2Sr2CuO6 ~Bi-2201! ~Ref. 71! and interpreted58 in terms of
instabilities of a Fermi liquid to charge ordering. While th
interpretation is still open to questions, both of these ob
vations can be reconciled with Raman-scattering meas
ments if the stripes were aligned solely along the Cu-O b
directions. Whether the stripes are conducting or insulat
and whether they are static or dynamically fluctuating,
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B2g Raman response would have a polarization compon
perpendicular to the stripes and thus would project onto
coherent qp transport channels while theB1g would have a
finite projection of both the incident and scattering polariz
tion light vectors along a sector of coherent, conducting
citations consistent with observations. These simple sym
try considerations would change if the stripes were thou
to be fluctuating in various different orientations or rotat
by 45°, as evidence suggests they might for more und
doped samples. More data and further calculations are es
tially needed to clarify this point. It is an important and op
issue to understand why this occurs for a wide range of d
ing in La-214 and not Y-123 and Bi-2212.

We note that only limited experimental information exis
concerningc-axis Raman measurements due to the surf
problems, but recently Quiltyet al.have shown that the low
frequencyc-axis Raman spectral weight in YBa2Cu4O8 de-
pletes as temperatures are lowered.30 In conjunction with the
spectral weight depletion at low temperatures seen inB1g
measurements on the same compound,35 the admittedly lim-
ited experimental evidence is also consistent withA1g,zz and
B1g scaling. More data would of course be useful to che
this further. In this regard, it should be mentioned that th
is recent evidence that thec-axis Raman may shed light on
Raman activec-axis plasmon.72

III. SUPERCONDUCTING STATE

A. Formalism

We now consider how anisotropic transport in the norm
state may be reflected in the superconducting state. In
ticular, we would like to address whether the variant of t
SS relation presented in Eq.~16! holds in the superconduct
ing state.

In the absence of vertex corrections, the expressions
the Raman response and the optical conductivity in the st
limit are given in terms of the Nambu Green’s functions a

S sa,b8 ~T!

]xg,g9 ~T!/]V
D 52(

k
S j k

a j k
b

gk
2 D E dx

p

] f ~x!

]x
$G09~k,x!2

1G39~k,x!26G19~k,x!2%. ~20!

Here Ĝ(k,v)51/ṽt̂02 ẽ(k) t̂32D̃(k) t̂15G0(k,v) t̂0

1G1(k,v) t̂11G3(k,v) t̂3 with the renormalized quantitie
determined from the Pauli components of the self-energy
ṽ5v2S0(k,ṽ),ẽ(k)5e(k)1S3(k,ṽ), and D̃(k)5D(k)
1S1(k,ṽ).

It is well known that vertex corrections appreciably alt
universal results for transport properties and the Wiedema
Franz law ford-wave superconductors.73–75In addition, they
are crucially important for describing the back flow need
to restore gauge invariance in the superconducting state
appreciably alter the fully symmetricA1g response over a
wide range of frequencies.76 Again we neglect them to ex
ploit simple symmetry considerations. Therefore we on
3-7
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T. P. DEVEREAUX PHYSICAL REVIEW B68, 094503 ~2003!
considersxx ,szz and theB1g andB2g Raman response. Th
reader is referred to Refs. 73–76 where these issues
been addressed at length.

The self-energy is usually broken into an inelastic ter
such as due to phonons or spin-fluctuations, and an ela

term due to scattering from impurities:Ŝ5Ŝ inelastic

1Ŝelastic.77 Since the integrand in Eq.~20! is weighted out

for small frequencies and sinceS1,39 (k,ṽ) coming from in-
elastic scattering are odd functions of frequency wh

S09(k,ṽ) is even, we only retainS0. If one considerss-wave
impurity scattering in the Born or unitary limit, thenS1,3

elastic

can be neglected as well. However, generally in other lim
and in particular if the impurity potential is anisotropic as
should be in correlated systems, one must keep these t
as well.73,74,77

In the following subsection the role of disorder in dete
mining the asymptotic low-temperature limit of the resu
functions is considered, and then in Sec. III C, inelastic sc
tering from spin fluctuations is used to determine the f
temperature dependence belowTc .

B. Disorder

We first consider scattering from pointlike impurities
determine the low-temperature limit of the response fu
tions in the superconducting state. Fors-wave impurity
scattering ṽ5v2Gḡ0 /(c22ḡ0

2), with ḡ051/i ^ṽ/
Aṽ22D2(k)&, G5ni /pNF , ni the density of impurities,
and c the phase shift.42 The self-energy is determined sel
consistently for temperatures belowT* ;ni due to the for-
mation of a bound-state impurity band at the Fermi level.
this limit, the solution may be expanded for small freque
cies asṽ5av1 ig01 ibv2, with a,b, and g0 determined
from the impurity concentration and magnitude of the ph
shift.43 Performing the standard integrals in Eq.~20! yields in
the limit of low temperaturesT!T* ,

S sa,b8 ~T!T* !

]xg,g9 ~T!T* !/]V
D 52NFE dx

] f (x)

]x H g0
2I 3/2,0

xg,g ,sa,b

1x2F 2bg0I 3/2,0
xg,g ,sa,b1I 5/2,0

xg,g ,sa,b

3S 15

2
a2g0

223bg0
3D

2
15

2
a2g0

4I 7/2,0
x,s

2
5

2
a2g0

2cx,sI 7/2,1
xg,g ,sa,bG J , ~21!

with the functions
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I n,m
xg,g5K g2~k!Dm~k!

@g21D2~k!#nL ,

I n,m
sa,b5K va~k!vb~k!Dm~k!

@g21D2~k!#n L , ~22!

and the constantcx,s52,0 for the Raman response and co
ductivity, respectively, due to the different coherence facto
Equations~21! and~22! reduce to those found in Ref. 78 fo
the case of theab plane conductivity. The functionsI n,m

x,s are
straightforward to compute for a cylindrical FS andD(k)
5D0cos(2f). For resonant impurity scattering (c50), a
51/2,b521/8g0, andg0 is determined self-consistently vi
g05ApGD0/2 ln(4D0 /g0).

43 Equations~21! and ~22! then
yield

sxx8 ~T!T* !5
ne2

mpD0
F11

p2

12

T2

g0
2G , ~23!

szz8 ~T!T* !5
ne2

mpD0
2

vz
2

vF
2

g0
2

D0
2 F12

p2

12

T2

g0
2G , ~24!

]xB2g
9

]V
~T!T* !5

2NF

pD0
b2

2F11
p2

36

T2

g0
2G , ~25!

]xB1g
9

]V
~T!T* !5

2NF

pD0
b1

2
g0

2

D0
2

ln~4D0 /g0!F12
p2

12

T2

g0
2G ,

~26!

where n is the 2D electron density. Equation~23! for the
in-plane conductivity has been derived several times,43,73,78,79

and Eqs.~25! and ~26! for the Raman slope are identical t
those found in Ref. 48. The result for the out-of-plane co
ductivity for T50 is also in agreement with the result fro
Ref. 11, but the temperature dependent variation has not b
presented before. We note as in Refs. 33,43,48,73,78, an
that both the in-plane conductivity and theB2g Raman slope
are universal numbers for resonant scattering independe
the strength of the scattering, while both thec-axis conduc-
tivity and theB1g Raman slope depend ong0. The g0 de-
pendence does not appear in thec-axis conductivity if the
c-axis hopping is taken as a constant independent of di
tion around the FS.11,80 The temperature dependencies a
positivefor both the in-plane conductivity and theB2g slope,
but arenegative and identicalfor the out-of-plane conduc
tivity and theB1g slope, giving a peak at zeroT for the latter
pair. We note that this result is in agreement with the rise
thec-axis conductivity recently observed in YBa2Cu3O6.95 at
low temperatures.47

In the limit of higher temperaturesTc@T@T* where the
DOS does not have an impurity induced weight at the Fe
level and matches the DOS from the clean limit, the se
consistency is not required for the self-energy and Eq.~20!
can be rewritten as
3-8
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S sa,b8 ~T* !T!Tc!

]xg,g9 ~T* !T!Tc!/]V
D

522NFE dx
] f ~x!

]x
ImF 1

V2 i /t~x!G K S va~k!vb~k!

g2~k!
D

3ReF x

Ax22D~k!2G L ~27!

with 1/t(x)522S09(x). This is a generalization of the re
sults obtained in Refs. 13,14, and 43 to the case of Ra
and optical conductivities. We note that ford-wave supercon-
ductors in the resonant limit, the impurity scattering rate
pends strongly on frequency,

1/t~v→0!5
p2GD0

2v

1

ln2~4D0 /v!
, ~28!

as shown in Ref. 43, which yields

S sa,b8 ~T* !T!Tc!

]xg,g9 ~T* !T!Tc!/]V
D 52

4NF

p2

T2

GD0
E dzz2

ez

~ez11!2

3 ln2~4D0 /zT!Hsa,b ,xg,g~zT!

~29!

with the functions

Hsa,b~x!5ReK va~k!vb~k!

Ax22D~k!2L , ~30!

Hxg,g~x!5ReK g2~k!

Ax22D~k!2L . ~31!

Performing the integrals for smallx gives

Hxg,g~x!55
x2

2D0
3

, B1g ,

1

D0
, B2g ,

~32!

Hsa,b~x!55
1

2D0
, sxx ,

x2

4D0
3

, szz.

~33!

The remaining integrals in Eq.~29! can be easily performed

sa,b8 ~T* !T!Tc!55
2ne2

3mG S T

D0
D 2

ln2S 4D0

T D , sxx ,

14p2ne2vz
2

15mGvF
2 S T

D0
D 4

ln2S 4D0

T D , szz,

~34!
09450
an

-

]xg,g9 ~T* !T!Tc!

]V
55

4b2
2NF

3G S T

D0
D 2

ln2S 4D0

T D , B2g ,

14p2b1
2NF

15G S T

D0
D 4

ln2S 4D0

T D , B1g .

~35!
The expression for the in-plane conductivity was deriv

in Ref. 43 but to our knowledge the other terms are new.
note that the results forszz andsxx in this limit differ from
those obtain in Ref. 14, where a frequency independent s
tering time was used rather than that of Eq.~28!. As a con-
sequence they concluded thatsxx,zz(T)}nxx,zz(T) with
nxx,zz(T) the normal-fluid density which decreases uniform
with temperature in contrast to experiments.47 From that they
concluded that the scattering time must be anisotropic.
note that any frequency dependence of the scattering
would qualitatively change this conclusion.

The results of Eqs.~23! and~24! and~32! and~35! imply
that the SS relations in the normal state, Eq.~16!, hold in the
superconducting state. The exponent of the low-tempera
riseas well as the sign of the correctiondo obey the genera
scaling relation, following simply from the interplay o
anisotropies ofD(k) and the respective vertices.

Again these relations, Eqs.~23! and ~24! and ~32! and
~35!, would be expected to be violated for the same reas
discussed in the normal state in Sec. II. However, additio
considerations should be mentioned here as well. It is w
known that at low temperaturesT!T* theab-plane conduc-
tivity in Y-123 varies asTa with an exponenta<1 ~Ref. 41!
and notT2 predicted by Eq.~23!, and has been found gene
ally to be nonuniversal in the zeroT limit.81 While vertex
corrections can address nonuniversal numbers73 and scatter-
ing away from the unitary limit changesa from 1,44,81 sys-
tematic agreement has not been reached at low temperat
To address this discrepancy, recently Atkinson a
Hirschfeld82 have shown that a reducedab-plane conductiv-
ity emerges at low temperatures when real-space variat
of the order parameter in the neighborhood of the impurit
and impurity interference effects are considered in a se
classical Bogolubov–de Gennes framework. These effe
are not captured in the self-consistentT-matrix approach and
are thus beyond the scope of the present paper. It is
immediately clear how the changes insab(T) are manifest
in other response functions considered in this paper
how the derived scaling relations are affected. This work
in progress. Our approach should be valid at not too l
temperatures where deviations of the conductivity from
unitary limit results are found.

The response forT!Tc is calculated by numerically
solving Eq. ~20! and the corresponding self-consiste
equations to determine the self-energies. The results
sxx(T),]xB2g

9 (T)/]V, andszz(T),]xB1g
9 (T)/]V are shown

in Figs. 4 and 5, respectively, for resonant scattering a
different values of the impurity scattering strengthsG/D0.
Generally at higher temperaturesT.T* all quantities in-
crease rapidly with temperature, rising asT2 and T4 for
sxx ,]xB2g

/]V andszz,]xB1g
/]V, respectively. The rise o

thec-axis conductivity and theB1g Raman slope at low tem
3-9
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peratures shown in the insets of Fig. 5 are generally on
order of a few percent for the parameters shown. This he
rises for smaller values ofG but onsets at smaller temper
tures due to the concomitant reduction inT* . In particular,
the rise and the onset of thec-axis conductivity low-
temperature maximum for YBa2Cu3O6.95 ~Ref. 47! cannot be
adequately reproduced. There are as yet no Raman mea
ments to compare to, and thus it would be extremely us
to have data on a wide range of compounds and dop
levels as well as a systematic check of impurity doping
fects to test these results.

C. Spin fluctuations

The different rate of descent of the response functi
belowTc has an interesting consequence on the conducti

FIG. 4. Temperature dependence of the in-plane conducti
@panel~a!# and theB2g Raman slope@panel~b!# for resonant scat-
tering and different impurity scattering strengthsG/D0

50.004,0.008,0.016,0.024, and 0.04~solid, dotted, short-dashed
long-dashed, and dotted-dashed lines!, respectively, forD0 /Tc54.

Here s05pNFe2vF
2/D0 and x̄95x9/NFb2

2 are the dimensionles
quantities shown.

FIG. 5. Temperature dependence of the out-of-plane condu
ity @panel ~a!# and theB1g Raman slope@panel ~b!# for resonant
scattering (c50) and different impurity scattering strengthsG/D0

50.004,0.008,0.016,0.024, and 0.04~solid, dotted, short-dashed
long-dashed, and dotted-dashed lines!, respectively, forD0 /Tc54.

Here s05pNFe2vz
2/D0 and x̄95x9/NFb1

2 are the dimensionles
quantities shown. Insets: low-temperature rise of bothszz and
]x9/]V ~normalized to their zero-temperature values! with decreas-
ing temperature.
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peak seen inab-plane measurements and the lack of pe
seen inc-axis measurements. Ref. 43 included inelastic sc
tering from spin fluctuations in random-phase approximat
~RPA! to reproduce theab-peak in the conductivity observe
in Refs. 40 and 41. In Refs. 14 and 43 it was shown that
~27! for the conductivities forTc@T@T* may be reex-
pressed in terms of the normal qp density which can be g
eralized as

sa,b~T!5
nqp

ab~T!e2

m
t̄ ~36!

with

nqp
a,b~T!5

1

vF
2E dvK ReFva~k!vb~k!v

Av22D~k!2 G L F2
] f

]vG
~37!

the projected normal quasiparticle density. The averaget̄ is
derived from the frequency-dependentt(v) and the super-
conducting DOSN(v) as

t̄5

E dvN~v!~2] f /]v!t~v!

E dvN~v!~2] f /]v!

. ~38!

Similarly one can reexpress the Raman slopes in the s
fashion,

]xg,g9 ~T!/]V5nqp
R,gg~T!t̄ ~39!

with

nqp
R,gg~T!5E dvK ReF g2~k!v

Av22D~k!2G L F2
] f

]vG ~40!

the Raman projected normal qp density. For adx22y2 gap,
from the results of Eqs.~28!–~31! the projected qp densitie
at low T vary asT for nqp

xx ,nqp
R,B2g and T3 for nqp

zz ,nqp
R,B1g ,

respectively. If the scattering timet were independent o
frequency, thennqp gives the full temperature dependen
and thussxx ,]xB2g

9 /]V would vary linearly with T and

szz,]xB1g
9 /]V would vary asT3. Reference 14 used thi

result for szz and argued thatT3 accurately fit the data for
T.40 K, but they could not explain the rise at lowT. How-
ever, the impurity scattering rate as well as the scattering
to inelastic collisions, such as spin fluctuations, depend
momentum and strongly depend on both temperature
frequency. The latter is crucially needed in order to expl
the peak in theab-plane conductivity.

References 42,43, and 74 utilized calculations of the
elastic scattering due to spin fluctuations in the 2D Hubb
model in the RPA forU52t to describe the dc and IR con
ductivities and the frequency dependent Raman respo
The lifetime calculated forU52t and D0 /Tc53 –4 ~Ref.
83! was found to give reasonable agreement with the tra
port lifetime determined from conductivity measurements
Y-123 ~Ref. 41! and gave reasonable agreement with

ty

v-
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ab-plane conductivity peak,43 ab-plane IR conductivity
response,42 and simultaneously theab-plane IR and theB1g
andB2g Raman responses in Bi-2212.74 We therefore use this
approach to calculate the temperature dependence of th
sponse functions for all temperatures belowTc .

In RPA, the self-energyS0 is given from the effective
potentialV as

V~q,iV!5
3

2

Ū2x0~q,iV!

12Ūx0~q,iV!
, ~41!

where Ū is a phenomenological parameter@we chooseŪ
52t]. x0(q,iV) is the noninteracting spin susceptibility,
in
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x0~q,iV!5(
k

H ak,k1q
1

2N

f ~Ek1q!2 f ~Ek!

iV2~Ek1q2Ek!
1

ak,k1q
2

4N

3F12 f ~Ek1q!2 f ~Ek!

iV1Ek1q1Ek

2
12 f ~Ek1q!2 f ~Ek!

iV2Ek1q2Ek
G J . ~42!

Here Ek
25ek

21Dk
2 and the coherence factors areak,k1q

6 51
6ek1qek1DkDk1q /Ek1qEk . This yields a self-energy
Ŝ~k,iv!52E dx

pN (
q

V9~q,x!

2Ek2q
FEk2qt̂01ek2qt̂31Dk2qt̂1

Ek2q1x2 iv
@n~x!1 f ~2Ek2q!#2

2Ek2qt̂01ek2qt̂31Dk2qt̂1

2Ek2q1x2 iv

3@n~x!1 f ~Ek2q!#G , ~43!
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with n the Bose factor.
The imaginary part of thet̂0 self-energyS09(k,v,T) nor-

malized to the hopping overlapt as a function of frequency
and temperature for different points in the BZ is shown
Fig. 6. Here we have used the band structureek as in Eq.
~A4! in the Appendix witht8/t50.45 and a fillingn50.88,
U52t, and a dx22y2 energy gap Dk5D0@cos(kxa)
2cos(kya)#/2 with D0 /t50.454Tc /t. The solid line and
dotted line shows the frequency dependence ofS9 at a tem-
peratureT50.5Tc for gap maximumk5(p/a,0) and gap
node (p/2a,p/2a), respectively, while the dashed and do
dashed lines correspond to the gap max and gap node p
at Tc . The differences for the gap maximum and gap no
points are not too strong and can be adequately fit wit
threshold behavior;@v23D(k)#3 plus a temperature de
pendent part which also depends on momentum. The i
shows the zero-frequency part ofS09 as a function of tem-
perature. Except for low temperatures where the nodal p
erties of the interaction govern the behavior, the momen
dependence of the self-energy is weak and can be adequ
modeled by a temperature dependent;T3 term plus a
frequency-dependent part;v3.

In an effort to address the temperature dependenc
these quantities, we employ a simple parameterized fit to
numerical results for 1/tk(v,T)522S09(k,v,T) determined
from Eq. ~43! and Fig. 8 and add that to the elastic cont
bution calculated in the preceding section. Assuming M
thiessen’s law to hold in this case neglects vertex correct
and the joint influence of disorder on the spin fluctuatio
and vice versa, but for weak disorder should be sufficien
capture the qualitative behavior of various quantities deri
on the FS.

The results for the four response functions derived fr
Eq. ~20! are shown in Figs. 7 and 8. Both the in-plane co
nts
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ductivity @Fig. 7~a!# and theB2g Raman slope@Fig. 7~b!#
possess a peak nearT;0.3Tc for G/D050.004 which de-
creases in height and moves to higher temperatures fo
creasing impurity scattering. It is important to emphasize t
this peak is not related to coherence effects and is a sim
balance of falloff of the inelastic-scattering rate;T3 and the
qp DOS;T and the rise of the impurity scattering rate;1/T
at low temperatures.

However, no corresponding peak is found for both t
out-of-plane conductivity@Fig. 8~a!# and the B1g Raman
slope @Fig. 8~b!#, in agreement with experimental observ
tions. The curves simply show a rapid falloff of both qua
tities for T,Tc and a small rise of both quantities whic
onsets atT* and reaches a zero-temperature maximum
shown in Fig. 5. The main difference is due to the behav
of zone-axis projected qp density, which varies asT3 at low
temperatures, with a factor ofT coming from the nodes and
the additionalT2 coming from the matrix elements. Thi
compensates the 1/T3 rise of the qp inelastic lifetime, and
bothszz and]xB1g

9 /]V vary asTm for T@T* with m depen-

dent on the strength of the impurity scattering, and rise
T!T* , as shown in Fig. 5. For example, for the paramet
chosen in Fig. 8, the exponentm for 0.3Tc,T,0.9Tc for the
c-axis conductivityszz(T) varies from 2.7 to 3.4 for increas
ing impurity scattering. If the frequency dependence of
scattering rate were neglected, then a universal exponem
53 would emerge.14 Therefore it would be highly useful if
further systematic checks were performed and Raman
were available to compare to the conductivity and the th
retical predictions.

IV. SUMMARY AND CONCLUSIONS

In summary, based on symmetry arguments we have d
onstrated how the relaxational behavior of the qp in the
3-11
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prates should manifest itself in the various experiments
how the results are expected to be interrelated. Therefo
single framework may relate the optically derived qp scat
ing rates to transport measurements to infer charge dyna
on different regions of the Brillouin zone. Using forms fo
the interlayer hopping and qp self-energy consistent with e
pirical evidence, a variant of the SS relation was shown
relate the zone-diagonal and zone-axis transport prope
measured by the low frequency conductivity and the slope
the Raman response in the normal state, in agreement
experimental observations in Bi-2212 and Y-123, but not L
214. Violations of the derived scaling relations were d
cussed most specifically in connection with the role of ver
corrections.

The ‘‘scattering ratios’’ show power-law behavior for th
Raman response which can be reasonably accounted f

FIG. 6. Frequency dependence of the imaginary part of thet̂0

self-energyS09(k,v,T) normalized to the hopping overlapt as a
function of frequency and temperature for different points in
BZ. The solid line and dotted line are forT50.5Tc for gap maxi-
mum k5(p/a,0) and gap node (p/2a,p/2a) point, respectively,
while the dashed and dot-dashed lines correspond to the gap
and gap node points atTc . The inset shows the zero-frequency pa
of S09 as a function of temperature.

FIG. 7. Temperature dependence of the in-plane conducti
@Panel~a!# and theB2g Raman slope@panel~b!# including inelastic
spin fluctuations and resonant impurity scattering for different
purity scattering strengthsG/D050.004, 0.008, 0.016, 0.024, an
0.04 ~solid, dotted, short-dashed, long-dashed, and dotted-da
lines!, respectively, forD0 /Tc54. Here s05pNFe2vF

2/D0 and

x̄95x9/NFb2
2 are the dimensionless quantities shown.
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several models near optimal doping. However, no sin
model can adequately describe the data over the entire
ing range, indicating that additional physics related to stro
correlations is required.26 The presence of a pseudogap
discussed in simple symmetry terms, revealing that theB1g
Raman scattering andc-axis conductivity are most affecte
in agreement with experiments. This is a consequence
loss of qp coherence near the BZ axes.

The data on La-214 over a wide range of doping are
consistent with the simple models for qp scattering discus
herein. A connection can be made between the in-plane c
ductivity and Raman response in light of stripe orientatio
However, more work is clearly needed to address this po

We note that a quantitative connection between the m
nitude and temperature dependence of the qp self-energy
rived from ARPES, the in-plane and out-of-plane conduct
ity, and the Raman response can only be undertaken wit
understanding of the role of vertex corrections.

In the superconducting state, a similar SS relation is fou
which arises from the momentum dependence of the ene
gap and conductivity and Raman matrix elements. In parti
lar, we found that a zero-temperature peak is predicted
arise inszz and ]xB1g

9 /]V without the presence of a max

mum near 0.3Tc found for sxx and ]xB1g
9 /]V. The results

are in rough, qualitative agreement with the available d
for szz but the strength of the elastic scattering cannot sim
taneously account for in-plane and out-of-plane conduct
ties. However, the simple model presented does not acc
for anisotropies in impurity scattering, known to arise f
pointlike scatterers in correlated materials, or impurity int
ference effects. Unfortunately, Raman data in the superc
ducting state to further test the theory are lacking. In parti
lar, it would be extremely useful to determine if th
deviations from the derived SS relation observed in the n
mal state of La-214 carry over into the superconduct
state.

The agreement of the derived SS relations in both sup
conducting and normal states with the available data on

ax

ty

-

ed

FIG. 8. Temperature dependence of the out-of-plane conduc
ity szz @panel~a!# and theB1g Raman slope@panel~b!# including
inelastic spin fluctuations and resonant impurity scattering for
ferent impurity scattering strengthsG/D050.004, 0.008, 0.016,
0.024, and 0.04~solid, dotted, short-dashed, long-dashed, a
dotted-dashed lines!, respectively, for D0 /Tc54. Here s0

5pNFe2vF
2/D0 and x̄95x9/NFb1

2 are the dimensionless quantitie
shown.
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2212 and Y-123 indicates that the in-plane momentum is
least partially conserved inc-axis transport over the entir
doping range studied. This shows that, in principle, a co
parison of Raman and transport could eventually contrib
to the solution of thec-axis transport problem.
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APPENDIX

We start by considering a four-band model for the Cu2
plane with Cu3d-Opx,y

hopping amplitudetpd , Cu4s-Opx,y

hopping amplitudetps , Opx
-Opy

hopping amplitudetpp , and

c-axis Cu4s-Cu4s amplitudets , respectively,

H5ed(
n,s

dn,s
† dn,s1es(

n,s
sn,s

† sn,s2tpd (
n,d,s

Pd~dn,s
† an,d,s

1H.c.!2tpp (
n,d,d8s

Pd,d8
8 an,d,s

† an,d8,s

2tps (
n,d,s

Pd9~sn,s
† an,d,s1H.c.!2ts (

^n,m&,s
sn,s

† sm,s ,

~A1!

wherees,d5Es,d2Ep represents the charge transfer ene
from the oxygenp to Cu4s,3d orbitals, respectively. Here
sn,s

† ,dn,s
† creates a 4s,3dx22y2 electron, respectively, with

spins at a copper lattice siten, while an,d ,s annihilates an
electron at one of the neighboring oxygen sitesn1d/2 de-
termined by the unit vectord assuming the four values,
(61,0) and (0,61). The overlap factorsP have the follow-
ing properties: P(1,0)5P(1,0)9 51,P(0,1)5P(0,1)9 521,Px,y8
5P2x,2y8 51,P2x,y8 5Px,2y8 521, respectively. Lastly, the
bracket^•••& notes a sum over the nearest neighbor C4s
sites in thec direction. Thusc-axis hopping is mediated b
the Cu4s orbitals hybridizing with the bonding and antibon
E.

.

o

09450
at

-
te
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,

y

ing pd bands consistent with LDA.22

After Fourier transforming, the Hamiltonian isH
5(k,sHk,s with

Hk,s5eddk,s
† dk,s1es~k!sk,s

† sk,s2$2i t pddk,s
† @ax,k,ssx~k!

2ay,k,ssy~k!#1H.c.%2$2i t pssk,s
† @ax,k,ssx~k!

1ay,k,ssy~k!#1H.c.%24tppsx~k!sy~k!

3@ax,k,s
† ay,k,s1H.c.# ~A2!

with sa(k)5sin(aka/2) and es(k)5es22tsscos(kzc). Equa-
tion ~A2! can be diagonalized by defining ‘‘canonic
fermions,’’84

ak,s5 i
sx~k!ax,k,s2sy~k!ay,k,s

m~k!
,

bk,s52 i
sy~k!ax,k,s1sx~k!ay,k,s

m~k!
, ~A3!

wherem(k)25sx
2(k)1sy

2(k). This gives antibonding, bond
ing bands hybridized with the Cu orbitals. This four-ba
model can be reduced to an effective one-band mode
eliminating theb band and the two bands with high energi
;es,d . This is achieved by defining two other sets of cano
cal fermions and expanding in powers oftpd,pd,ss/es,d .85

The single-band dispersion is approximately given by

e~k!522t@cos~kxa!1cos~kya!#14t8cos~kxa!cos~kya!

22t9cos~2kxa!cos~2kya!2t'cos~kzc!@cos~kxa!

2cos~kya!#22m, ~A4!

with the identification to lowest order oft5tpp2tpd
2 /ed ,t8

52tpp/21tps
2 /8es ,t95tps

2 /16es , and t'5tsstps
2 /es

2 . This
form for the interplane hopping can also be derived in
framework of the Hubbard model by projecting out the hig
lying Cu 4s orbitals and the high-lyingd-p spin triplets by
solving the correlation problem within the unit cell and trea
ing the intercell hopping as a degeneracy liftin
perturbation.13,84
M.

T.

l,
1A. Damascelli, Z. Hussain, and Z.-X. Shen, Rev. Mod. Phys.75,
473 ~2003!.

2S.L. Cooper and K.E. Gray, inPhysical Properties of High-
Temperature Superconductors IV, edited by D.M. Ginsberg
~World Scientific, Singapore, 1994!.

3S.V. Dordevic, E.J. Singley, D.N. Basov, S. Komiya, Y. Ando,
Bucher, C.C. Homes, and M. Strongin, Phys. Rev. B65, 134511
~2002!; S. Tajima, J. Schu¨tzmann, S. Miyamoto, I. Terasaki, Y
Sato, and R. Hauff,ibid. 55, 6051~1997!.

4T. Watanabe, T. Fujii, and A. Matsuda, Phys. Rev. Lett.79, 2113
~1997!.

5C. Kendziora, M.C. Martin, J. Haartge, L. Mihaly, and L. Forr´,
Phys. Rev. B48, 3531~1993!.
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