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Six-dimensional model of icosahedral Al-Pd-Mn quasicrystals
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A six-dimensional cluster model of icosahedral Al-Pd-MnrA(-Pd-Mn) quasicrystals used in the recent
structure refinement is described in detail. This model is based on five kinds of clusters located at vertices, edge
centers of the inflated three-dimensional Penrose pat&»RP with an edge length of about 20 A, and two
body-diagonal positions of each acute rhombohedron. Two kinds of 20 A clusters, one of which is seen in
B-Al-Pd-Mn-Si, are located at even- and odd-parity 12-fold vertices of the inflated 3DPP. This is proved to
give smallR factors R,=0.055,R=0.049) for 493 independent reflections and leads to the 1/1 and 2/1
approximant structures dfAl-Pd-Mn («- and B-Al-Pd-Mn-Si) by introducing appropriate cubic phason
strains and taking a three-dimensional cut.
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I INTRODUCTION Pm35.8 i-Al-Cu-Li also belongs to this typ&” Another
. . . t h doubled latti temtand th
Since the report of the discovérpf icosahedral Al-Mn ype Nas a doubled attice constanian © space group

(i-Al-Mn) quasicrystals in 1984, extensive studies have beefy M35 The third type has a2times largem than that of the
made toward the structure determinations of quasicrystaffirst type with space grodp Pm35 [ 7= (1+5)/2]. Their
s(See Refs. 2 and 3 and references theréimparticular, the ~ detailed structures are not yet known except féd-Pd-Mn,
single-domain quasicrystals first found iipAl-Cu-Fe (Ref. ~ Solved recently. This belongs to the second type and this is
4) made it possible to determine their detailed structures irthe key structure for understanding icosahedral quasicrystals.
principle. However, theoretical difficulties still remain be- Most icosahedral quasicrystals of good quality belong to this
cause there are no established methods of description or piPe and the third type can be considered as its superstruc-

rametrizations of the quasicrystals. It is clear that in order tgure- On the other hand, the quality of quasicrystals in the

describe aperiodic crystal structures such as quasicrystai’St type is generally poor except for Cd-based icosahedral

h . ,20
the description in a higher-dimensional space is inevitableduasicrystals and-zn-Mg-Sc found r'ecentlif:’ Therefore
Then a nonperiodic structure in the three-dimensiaga) e analyzed the-Al-Pd-Mn structure in the second type first
space can be given as a 3D intersection of a highetj-n the series of icosahedral quasicrystal analyses in progress.

dimensional periodic structure’ As a result, the number of A few structure determinations of icosahedral quasicrys-

parameters necessary for the structure description becom;s[s""sIs includingi-Al-Pd-Mn have been tried by powder diffrac-

finite. Early works of the structure determination were based and single-crystal methodS™*"*in these analyses,
Inite. yw - structure ) ’ : arge OD’s with spherical/ellipsoidal or polyhedral shape
on simple large occupation domaif@D’s, windows, atomic

: : ! X were used. Atom positions were fixed at some ideal positions
surfaces placed at high symmetric point&Vyckoff POS!" " and their occupation probabilities and thermal parameters
tions, special positionsin a higher-dimensional spale! ~were refined. In the case of spherical OD’s, the size of OD’s
Such a model can explain the intensity of strong reflectionsyas aiso refined. This treatment sometimes causes very short
but a large data set given by the single-crystal method claripmteratomic distances because of the violation of the close-
fied that it is not sufficient to describe detailed quasicrystahess Conditiony_- If we assume OD'’s with Simp|e po|yhedra|
structures. In order to describe the structure more accuratelghape, many kinds of incomplete clusters affsehich are a
it is very important to introduce the atom shift from the ideal part of the cluster with the highest symmetry. It seems that
position that is assumed in early works because diffractiorall quasicrystals consist of a few kinds of clusters with high
experiments are very sensitive to the position of atoms. Isymmetry at least to a good approximation. This is in par-
order to introduce the shift parameters, one of the authoricular evident in decagonal quasicrystals. In this case, each
(A.Y.) proposed a higher-dimensional cluster model at arcluster has a fivefold or tenfold symmetRz.2’ Therefore it
early stage? This was recently proved to be efficient for is important to obtain a model consisting of several clusters
describing detailed structures of quasicrystals by the succesgsth icosahedral symmetry for icosahedral quasicrystals. We
ful  structure refinements for decagonal Al-Mn-Pd proposed such a model in a higher-dimensional space
(d-Al-Mn-Pd), d-Al-Ni-Co, andi-Al-Pd-Mn.13-15 (higher-dimensional cluster modédor i-Al-Pd-Mn (Refs. 28
The icosahedral quasicrystals have several structures witlind 29 and refined the structure based on x-ray daf4.
different space groups. They are roughly classified by the In contrast to other models, the higher-dimensional cluster
lattice constanta and their space group. The first-found model has very complicated OD’s that consist of several
icosahedral Al-Mn {(-Al-Mn) hasa=4.6 A and space group small OD’s related to the OD’s for the cluster centers. Each

0163-1829/2003/68)/09420113)/$20.00 68 094201-1 ©2003 The American Physical Society



AKIJI YAMAMOTO, HIROYUKI TAKAKURA, AND AN PANG TSAI PHYSICAL REVIEW B 68, 094201 (2003

small OD generates atom positions with the same local en- . SIX-DIMENSIONAL MODEL BUILDING
vironment. Therefore, we can assume the same occupation

babilit d th | ter for all h at If th It is well known that the icosahedral quasicrystals are de-
probabiiity and thermai parameter for afl such atoms. W heqq ey 55 5 crystalperiodic structurgin 6D spacé. We
small OD is not on the special position with very high site

; : employ the coordinate system defined by the unit vectors
symmetry, the shift of the OD along some exterfglysical d(i=12, ...,6) in thedirect spacé,which are given by

or paralle) space directions is allowed. This enables us to

give the refinement of the atom coordinates in a cluster. Re- d,=agag+ajag,

cent analyses based on such a cluster model gave successful

results for decagonal Al-Ni-Co (X—Al-Ni-CO) and di = aO[(Ci a, +sjay)s+ CaS] + a(’)[(CZia4+ Syi as)s
i-Al-Pd-Mn quasicrystals, indicating the importance of the .

refinement of atom positions. TH®, andR factors of 0.045 —ca] (i=23,...,6, (1)

and 0.063 for 449 independent reflections are obtained for B . . . B u
d-Al-Co-Ni (103 parametejs showing that the structure is th?rz Ci—COS(ZJTI/521, si—sm(Zq-rl/St)h, c—ﬁose—tll\/g_, ?h
reliable. Fori-Al-Pd-Mn, a cluster model gave thg, andR =SNG, &,8,8 anday,,a;,3; are the unit vectors in the

factors of 0.055 and 0.049 for 493 independent reﬂectiongxtemal(ph_ySiCaI or paralle)land_ internal(complt/ementary
(about 100 parametersThe latter is the first successful O Perpendicularspaces, respectively, amg anda, are the

structure refinement for icosahedral quasicrystals, which i{ttice constants of the 6D icosahedral lattice. The lattice
relatively difficult compared with the refinement of decago-conStanta, cannot be determined uniquely in quasicrystals

nal quasicrystals because of the self-similarity of the icosahedral laffice
) ’ H 7 Al : H
In the icosahedral quasicrystals, there exist the cubic 1/&ndo is arbitrary: We employa,=a,=4.8 Ain this paper.
and 2/1 approximants in some cases, which have the Iattic'Eheg" Eq. (1) can be written in the matrix formd,
constants of about 12 and 20 A. It is well known that the = 2j-1Q;j& with
phase of Al-Mn @-Al-Mn) and R-Al-Cu-Li are the ex-

amples of the 1/1 approximants in-Al-Mn and 0 010 0 1
i-Al-Cu-Li. 3 For considering quasicrystal structures based C, S, C € S4 —C

on approximant structures, the 2/1 approximant is more suit- C: S. C O S —c

able than the 1/1 approximant, since the quasicrystal can be B 30 o=

regarded as the crystal approximant with an infinite lattice Q=20 Cs S4 C C3 S3 —C |- 2)
constant. Although several 2/1 approximants have been 1 0 c 1 0 -c

found, most of them are only obtainable as powders. The

only exceptional ones are the 2/1 approximants of G & € & S —C

i-Al-Pd-Mn andi-Al-Mg-Zn, single crystals of which have
been grown recently. Their structures were determined based We shortly describe the process of a 6D model building
on x-ray single-crystal diffraction daf&3In the latter, how-  based on single-crystal x-ray data. First the location of large
ever, single-domain quasicrystal samples have not yet beeDD’s can be estimated from the 6D Patterson thap the
obtained. The former shows that the approximant consists atcently developed low-density elimination metfbd
an icosahedral cluster with a radius of about 20 A. Our(LDEM). In the present case, they are expected to be at
model of thei-Al-Pd-Mn is compatible with the 2/1 approx- (0,0,0,0,0,0), (1,0,0,0,0,0)/2, (1,1,1,1,1,1)/4, and/or
imant: two kinds of large clusters are situated at the 12-fol({3,1,1,1,1,1,1)/4. Next, we can refine the size of each occu-
vertices of the three-dimensional Penrose patt@DPP  pation domain assuming a spherical shape and an appropriate
with an edge length of about 20 A. One of the clusters ischemical arrangement for each domain. If necessary, a
quite similar to that in the 2/1 approximant. spherical OD is divided into several shells, each of which is
In this paper we describe the six-dimensiof@D) cluster  occupied by a different atort. This procedure can fix a
model used in the refinement ofAl-Pd-Mn in detail and rough size of each Olor shel). In the present case, it was
derive 1/1 and 2/1 approximant structures from the 6D modeshown that there exist three large OD’s at (0,0,0,0,0,0),
and compare with the real approximant structures. The deg-1,0,0,0,0,0)/2, and (3,1,1,1,1,1)/4 but no OD at
tailed results of the structure refinement will be reported(1,1,1,1,1,1)/4’ Finally, we can construct a cluster model
separately. based on the result of the refinement as discussed below.
The paper is organized as follows. The 6D model buildingThis makes the refinement of a cluster structure possible and
process based on diffraction experiments is shortly describeghn improve theR factor as shown in a separate paper. Dur-

in Sec. Il. The guiding principle of the present model ising the refinement, a small occupation domain was found at
explained in Sec. Ill. This model is built based on the 6D(1,0,0,0,0,0)/4.

cluster model scheme in Sec. IV. The atom positions in the

3D space given by.the model are shown in Sec. V. A g.eneral Ill. HIGHER-DIMENSIONAL CLUSTER MODEL

formulation for deriving crystal approximants by the linear

phason is described shortly in Sec. VI and the 2/1 and 1/1 The 6D model employed in the structure refinement of

approximants are derived from the 6D model in Secs. Vlli-Al-Pd-Mn is a cluster model based on the 3DPP, where
and VIII. The model is compared with the model proposedlarge clusters are located at the 12-fold vertices of the 3DPP
by Katz and Grati&$ in Sec. IX. with an edge length of about 20 A. Its OD is obtained from

094201-2



SIX-DIMENSIONAL MODEL OF ICOSAHEDRAL Al-Pd-. . . PHYSICAL REVIEW B 68, 094201 (2003

(b)

FIG. 1. The building units of the inflated 3D Penrose pattéan.
The dodecahedral stébS), (b) the rhombic icosahedrofRI), and
(c) the rhombic triacontahedrofRT) with the edge length o&,.
They appear also as the building units of occupation domains in g(d)
higher-dimensional cluster model. In this case, the edge length is
34,

the projection of the unit cell in the 6D icosahedral lattice
onto the 3D internal spade®

The OD of the 3DPP is the rhombic triacontahedron with
an edge lengtha,, and each edge of the triacontahedron is
parallel to one oﬂ}(j <6). (The superscripte andi repre- ) o )
sent the external and internal space components of a 6D vec- FIG. 2. The inflated rhombohedra composed of building units
tor throughout the papéfThe 3DPP consists of two kinds of shown in Fig. 1(a) The dodecahedral stars located at vertices of the

. _inflated acute rhombohedrotb) The rhombic icosahedra at edge
::Ir;gnmﬁgze:drgevsmpha;rllleelddgie (l;aeng:?]' dgf? i\i/\(/:fl‘njitli r;g?ggjhsee centers.(c) Two rhombic triacontahedra at the body diagord).

The dodecahedral stars at vertices of the inflated obtuse rhombohe-
one todj, —dg, anddg. dron. (e) The rhombic icosahedra at the edge centéij)sThe six
From the self-similarity of the icosahedral lattice, the gptuse rhombohedra. Ifc) the two rhombic triacontahedra share
3DPP with 7°a, (=20 A) edges can be obtained from a one obtuse rhombohedron and (i), one acute rhombohedron is
rhombic triacontahedron with an edge length of%ay, shared by two dodecahedral stars on the short diagonal of the in-
where 73 is the similarity ratio of the primitive icosahedral flated obtuse rhombohedron.
lattice3* The reali-Al-Pd-Mn quasicrystal is face-centered
and has a doubled lattice constant 2a,. We distinguish  5pg with edge lengths of 2a anda}, are hereafter called
the coordinates with respect @mand a, by (x,y,z,t,U,v)  the small and large OD’s. If we decorate DS, RI, and RT
and (,y,zt,U,v)o. Then the same 3DPP is obtained from ¢ jityting the inflated 3DPP in a similar manner, we can
the -~ rhombic triacontahedron at  (0,0,0,0,0.0) ~ andypain a clear cluster model, where the same atom clusters
(1,0,0,0,0,0)/2 and positions equivalent to them under th%ppear at each vertex, edge center, or two body-diagonal
centering translations. The 32 centering translations of th%ositions of the acute rhombohedron, although the face-
face-centered icosahedral lattice are given by (0,0,0,0,0,0kentered lattice requires different clusters for the even- and
(1,1,00,0,0)/2,  (1,0,1,00,0)/2..,(1,1,1,1,1,1)/2.  The oqq-parity vertices. Such a model can be given on the basis
even-parity vertices of the 3DPP are generated by the OD’§f the small RT placed at (1,1,1,1,1,1)/4 and (3,1,1,1,1,1)/4
at (0,0,0,0,0,0) and 31 other equivalent positions, while they the face-centered icosahedral lattice as shown below.
odd-parity ones by the OD's at (1,0,0,0,0,0)/2 and theNote that there are 64 OD's related to them in the unit cell,
equivalent positions. _ because of the 32 centering translatiprisrom the self-
We call the 3DPP with an edge length ofay an inflated  similarity of the 3DPP, the small RT's centered at these two
3DPP. The inflated 3DPP can be considered to consist of gositions give the inflated 3DPP. The edge center of the in-
dodecahedral stdDS), rhombic icosahedrofRI), rhombic  fjated 3DPP is derived from the small RI at (1,0,0,0,0,0)/4,
triacontahedron(RT) and obtuse rhombohedrd®R) with  yhjle the body-diagonal two positions are obtained from the

an edge length oh, (see Fig. 1 small DS at the origin and (1,0,0,0,0,0)/2 as discussed in the
It is known that the DS is located at each vertex of thepext section.

inflated 3DPP, the RI is at the edge center of each edge and

the RT is at two positions on the body diagonal of each acute

rhombohedron of the inflated 3DRPig. 2).*° Therefore we IV, ATOM POSITIONS IN SIX-DIMENSIONAL SPACE

consider three kinds of clusters accommodated in these three

polyhedra, which are callechgeshereafter. The OR appears It is well known that the 3DPP with the edge lengthagf

in a gap of them in the inflated OFFig. 2(f)]. is generated by the RT with the edge lengthagfplaced at
The building units of the inflated 3DPP can be decoratedhe origin of the primitive icosahedral lattié€® Similarly,

based on the polyhedral occupation domains with the samine edge center of the 3DPP is given by the RI at

shape as the building units in Fig. 1 but the length of eact{1,0,0,0,0,0y/2 and the body-diagonal two positions of the

edge is7 3a}. (Note that building units in Fig. 1 are the acute rhombohedron, the DS at (1,1,1,1,344%° For the

polyhedra in the external space, while OD’s discussed hereorresponding sites in the inflated 3DPP is easily obtainable

are those in the internal spac€or convenience, polyhedral by the similarity transformation for the icosahedral lattice.
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FIG. 3. (Color The independent parts of large occupation domaing)at0,0,0,0,0,0),(b) (1,0,0,0,0,0)/2(c) (3,1,1,1,1,1)/4, andd)
(1,0,0,0,0,0)/4. For visibility, a small gap is introduced between small occupation domains. The edge length of each polyhedagn is
Domains without shading are not occupied by any atomsAiPd-Mn but added for discussiorisee text Green, red, yellow, and blue
OD’s are assumed to be statistically occupied by Al/Mn, Pd/Mn, Mn/Al, and Mn/Pd. In each pair, the first species was expected to be
predominant in the initial model of the refinement. Arrows show the fivefdfil threefold(3f) and twofold(2f) axes passing through the
center of the large occupation domaifidote that the OD No. 38 is at (1,0,0,0,0,0)/4(@.]

The similarity transformation matri$ for the face-centered around the cluster centers are obtained from the ODs for the

icosahedral lattice is given by centers by shifting them along the external spHde. a re-

alistic model, the shifts are strongly constrained. As is clear
1 1 1 1 1 1 from the electron density given by the experiments, the large
1 1 1 -1 -1 1 OD's are observed only at (0,0,0,0,0,0), (1,0,0,0,0,0)/2, and
_ -~ (3,1,1,1,1,1)/4. This means that the shifted small OD’s have

1( 1 1 1 1 -1 1 .

S=_ ] (3)  tobe a part of the large OD'¢Otherwise, many small OD's
211 -1 1 1 1 -1 located separately are expecjed.

1 -1 -1 1 1 1 Such a subdivision of the large OD’s into small ones is
1 1 -1 -1 1 1 achieved inversely by reconstructing the experimentally ob-

tained OD’s with small OD’s. This reconstruction is practical

On the other hand, that of the primitive icosahedral lattice?&c@use only rough size and shape of each large OD can be
is given by S3.3* This inflates the external component of a OPtained from the experiment. The OD's at (0,0,0,0,0,0) and
6D vector by73 while deflates the internal component by the (1,0,0,0,0,0)/2(called the OD’sA and B hereaftey can be
factor of 7~3. The three kinds of cluster centers in the in- constructed mainly by the three kinds of small occupation
flated 3DPP mentioned above are therefore obtained froflomains shown in Fig. (&)—1(c). As mentioned above, the
small RT, small RI, and small DS placed at (0,0,0,0,9,0) small DS’s are situated at the centers of OB'&ind B. For
$3(1,0,0,0,0,0y/2, ands®(1,1,1,1,1,1)/2 respectively. In the the reconstruction of the OD’4& and B, we can use the
face-centered icosahedral lattice, these points are equiwonnection of small OD’s, which is similar to the cage con-
alent to (0,0,0,0,0,0), (1,0,0,0,0,0)/2, (0,1,1,1,1,1)/4,nections in the external space. As shown later, this subdivi-
(2,4,1,1,1,1)/4, (1,1,1,1,1,1)/4, and (3,1,1,1,1,1)/4. The twsion leads to the cluster appearing in the 2/1 approximant.
positions for Rl are however equivalent under the inversionThe positions of the independent small occupation domains
We assume inversion symmetry throughout the paper. are shown in Figs. (@) and 3b) and Table I(Note that Table

In the structure analysis, the origin is taken at the centet uses the coordinate system with respect to the lattice
of small DS. In this coordinate system, the coordinates ofonstantay.)
small RT and small DS are interchanged and those of Rl are For OD C, we need to consider new connection of the
(—1,0,0,0,0,0)/4. The latter is equivalent to (1,0,0,0,0,0)/4small OD’s. This is formed by the small RT’s centered at
as mentioned above. We use this setting in the following. (3,1,1,1,1,1)/4 and at (1,1,1,0,04Gyom it. The latter can be

We consider real atom positions in the cages. In thesubdivided into two small rhombic dodecahed@D’s)
higher-dimensional cluster model, the OD’s creating atomslong the two-fold axis and small four acute rhombohedra
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TABLE I. The positions of the independent OD’s in the six-dimensional model. The first column shows the Wyckoff $yWwisholvith
the number indicating the multiplicity. The second column denotes its site sym(&&ryThe position of each OD is given by+x. The
assumed atom pair and the occupation domain in Fig. 1 are listed in the fourth and fifth columns. In the fifth ¢dJueh, and (f)
represent a small rhombic dodecahedron, and a small acute rhombohedron, and five acute rhombohedra, réspedige!$. The OD
is numbered in the last column. The OD’s with asterigkk and 42 are added to the original OD’s to generate some atom positions in the
1/1 crystal approximant. In Figs. 5—-12, the atom pairs Al/Mn, Pd/Mn, Mn/Pd, and Mn/Al are represented by green, red, blue, and yellow,
respectively. The structure refinement showed that in most cases, the first atom in each pair is predominantly occupied.

ws Ss X Atom OD No. WS  SS X Atom OD No.
OD A Xo=(0,0,0,0,0,09 ODB Xo=(1,0,0,0,0,03

20a 3m 72(—1,1,0,0,1,0) A/Mn (@& 20 12  5m 72(-1,1,0,0,1,0) Mn/Al (& 6
20a 3m 7 %(—1,1,0,0,1,0) A/Mn (@& 23 2 3m 7 %(—1,1,0,0,1,0) Pd/Mn (@ 9
60a 2 7 }(-77-1000}, A/Mn (@ 27 1a 5m (1,0,0,0,0,0)/2 Mn/Pd (b)) 4
60a 2 (—74,1,0,0,0,0) AlMn (@ 26 6( m (—1,2,0,0,0,0)/2 Pd/Mn  (b) 7
60a 2 (1,7%,0,0,0,0} A/Mn (& 31 1z  5m (—3,0,0,0,0,0)/2 Pd/Mn (b)) 8
12a 5m (—1,0,0,0,0,0)/2 AlMn (b 17 6k m (—1,2,0,0,2,0)/2 AiMn (b 11
60a m (—1,2,0,0,0,0)/2 A/Mn  (b) 21 la m35 (0,0,0,0,0,0) Mn/Al (c) 3
12a 5m (—3,0,0,0,0,0)/2 A/Mn (b)) 22 1A 5m (—1,0,0,0,0,0) Mn/Pd (¢ 5
60a m (—1,2,0,0,2,0)/2 A/Mn (b)) 25 3 2mm (—1,1,0,0,0,0) Pd/Mn (c) 10
60a m (—4,1,0,0,0,0)/2 A/Mn () 30 2  3m (—1,1,0,0,1,0) (© 13
la m35 (0,0,0,0,0,0) Mn/Pd () 16 6 2 Y-77-1000} A/Mn () 12
12a 5m (—1,0,0,0,0,0) A/Mn  (© 19 2  3m (—2,0,0,0,0,0) AMn () 14
12a 5m (—2,0,0,0,0,0) A/Mn  (c) 28

30,a  2mm (—1,1,0,0,0,0) A/Mn (¢ 24

20a 3m (—1,1,0,0,1,0) A/Mn (o 29

obC %=(3,1,1,1,1,13/2 oD D %o=(1,0,0,0,0,0§/2

20a 3m (0,0,0,0,0,0) Pd/Mn (@& 32 12z  5m 73(-5222,22)/2 A/Mn (@& 37
3.a  2mm 7 %-220110)2 PdMn (d 33 1z 5m (0,0,0,0,0,0) A/Mn (b 38
20a 3m 7 3(-1111+1)y2 PdMn (e 34 1z 5m 3(-2111,1,1)2 A/Mn (c) 40
20a 3m 7 3%-3311,31)y2 PdMn (¢ 35 12 5m -7 3-2111,1,1)2 (0  41%
3.a  2mm 7 %-3,30220)2 A/Mn (d 36 12 5m  —7 3—=52,2,2,22)°2 (@ 42

around the three-fold axeExactly speaking, a small part of |- The pairs Al/Mn, Pd/Mn, Mn/Al, and Mn/Pd are repre-
the RD in OD 36 in Fig. &) has to be removed but this is Sented by green, red, yellow, and blue in Figs. 3 and 5-12.
neglected in this pap@The symmetry operations create 20 The Pd/Mn(red) and Mn/Pd(blue) pairs are equivalent, but
interpenetrating small RT'’s Sharing a small FENO 33 in for all pairS inCIUding these two, the first Species was as-
Fig. 3(c)] and a part of another R[No. 36). Each of these

20 small RT share a small obtuse rhombohedron with the,
central small RT(No. 32. This leads to Fig. &).

During the structure refinement additional small OD’s
around (1,0,0,0,0,0)/4 shown in Fig.d3 were introduced. In
the reali-Al-Pd-Mn, nonshaded small OD’s are not occupied
and the OD No. 40 is statistically occupied with a small
occupation probability. It is noted that the symmetry of the
occupation domain around (1,0,0,0,0,0)/4 im % contrast
to other three large OD’s. This is because of the site symme:
try of the OD’s: the other three OD®igs. 4a)—4(c)] are
situated at the special position with the site symmetry of
m35, while the former is at the special position wittm5

For the structure refinement, we assign a pair of atoms for
each small OD together with the temperature factor and the
shift from the ideal position along the external space. The FiG. 4. The total occupation domains used in the refinement of
occupation ratio of the second species of the pair for eachal-pd-Mn. (a) the occupation domaia at (0,0,0,0,0,0) (b) B at
OD is refined together with the total occupation probability (1,0,0,0,0,0)/2, (¢/ C at (3,1,1,1,1,1)/4, and(d D at
of some atoms by the least-squares program. The assumet|0,0,0,0,0)/4. The unoccupied OD’s shown as unshaded polyhe-
pair for each small OD is listed in the fourth column in Table dra in Fig. 3 are not written.
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#36 (green)

FIG. 7. (Color) The decoration of the rhombic triacontahedron
in Fig. 2 located on the body-diagonal of the inflated 30ffRen,
Al/Mn; red, Pd/Mn; blue, Mn/PH

FIG. 5. (Color) The decoration of the dodecahedral star in Fig. 2 . . .
located at the even-parity vertices of the inflated 30§ en, Al/ From the constraint of the nearest-neighbor distances, the

Mn; red, Pd/Mn; blue, Mn/Pd; yellow, Mn/Al OD’s at the origin and {2,1,1,1,1,1)/2 cannot overlap when
they are projected into the internal space. Similarly the ®OD

. . - . at (0,1,1,1,1,1)/2 cannot overlap with the OD at

sumed to b? predominant in th?‘ initial mode for the reff'ne'(?.,1,1,1,1,1,1)/4. These closeness conditions are fulfilled in

ment. The final result of the refinement proved that this aSihe present model. This 6D model gives the point density of

sumption is correct for most OD's. _ 0.0628 A3, which is comparable with the value of
The whole domains are obtained from the mdependené 063 A3

T . obtained from the refinement of the 2/1 crystal
parts shown in Fig. 3 by symmetry operations. The large roximant2
OD’s A, B, C, andD occupied by atoms are shown in Fig. 4 approximant. :
For OD, sF\ov,vn in Fig. &), the centefOD No. 38 is on thé *In the structure refinement, we assume the same tempera-
fivefold axis and the same OD’s in shape but with diﬁerentture factor, occupation probability, and shift of atoms within
orientations are located at 12 equivalent positions. They are
isolated from each other and from ODs B, andC. (a)

FIG. 6. (Color) The decoration of the dodecahedral star in Fig. 2  FIG. 8. (Color) The decoration of another rhombic triacontahe-
located at the odd-parity vertices of the inflated 3D@Feen, Al/  dron in Fig. 2 located on the body-diagonal of the inflated 3DPP
Mn; red, Pd/Mn; blue, Mn/Pd (green, Al/Mn; red, Pd/Mn
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(a)

D

(b) (C) the clusters, although the cluster centers are still at the ideal
positions and the symmetry of the cluster maintains that of
the site symmetry of the corresponding cluster center.

WY
#38 #11,25 (green) #7 (red) V. ATOM POSITIONS IN THREE-DIMENSIONAL SPACE

#4 (b l Ue) #21 (green) The OD’s described in the preceding section give a clear

#1 7 (green) model, which has three-atom clusters at the vertex of the

inflated 3DPP, its edge center, and two body-diagonal posi-

(d) (e) (f) tions of the acute rnombohedra, respectively. They are ac-
commodated in the corresponding cages described in Sec.

Ill. As mentioned in Sec. IV, the center of the cages are

generated by the small RT, RI, and DS and their decorated

atom positions are obtained from the small OD’s with the
#15, 26 #30 #1 2 same shape. The atom positions of a cluster around each
#37 #27 cluster center can be obtained from the 3D cut passing

through the center of the small OD that generates the cluster
FIG. 9. (Color) The decoration of the rhombic icosahedron in center. Therefore, the clusters in the DS cages are given by
Fig. 2 located at the edge center of the inflated 3D§*Een, Al/Mn;  the 3D cuts passing through (1,1,1,1,1,1)/4 and
red, Pd/Mn; blue, Mn/Pd In (b) and(d), the OD's 4, 7, and 37 are  (3,1,1,1,1,1)/4Figs. 5 and & These two cuts give different
on the fivefold axis of the RI. structures because (1,1,1,1,1,1)/4 and (3,1,1,1,1,1)/4 are not
equivalent in the face-centered icosahedral lattice. Similarly,
each small OD. This implies that each small OD plays thehe atom arrangement in the RT cage is obtained by the cuts
role of an independent atom in usual crystals, for which thehrough (0,0,0,0,0,0) and (1,0,0,0,0,0§Fgs. 7 and 8 The
coordinate, temperature factor, and occupation probabilitgluster in the RI cages is only one, but has a polarity. This is
are given. Therefore the number of parameters is limited bybtained from a 3D cut through (1,0,0,0,0,0JHg. 9). Note
the number of small independent OD’s. For the temperatur¢hat there is no occupation domain at (1,1,1,1,1,1)/4. This
factor, we can consider the anisotropic temperature factor ameans that no atom is located at one of the DS cage centers
well as the isotropic factor as in crystals. It is essentially[See Fig. 5a)].
important for obtaining smaR factors to introduce the shift As is easily seen from Fig. 3, the atom positions in the DS
of small OD’s from the ideal positions along the externalcages are obtained from OD’s 32, 6, 9, 12, 15, 20, 23, 26, 27,
space. This enables the relaxation of atom positions withi37, and 42\° (the No superscript means that these OD’s are

(a)@ (b@ (c) @ (d)

#8 #23 #37
h\,"r":
#6 #17 i
j (k) (1

#21
(i)

#38 #21 #34

FIG. 10. (Color) The 12 shells(a—(l) of the 20 A clusters at (1,1,1,1,1,1)/4. These shells are essentially the same as those in
B-Al-Pd-Mn-Si (green, Al/Mn; red, Pd/Mn; yellow, Mn/Al
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(a) (b) (c)

&

#22 (green) #9 #42
#32 (red)
(e) @ ﬁ“@ ®
#20

#12

#38

FIG. 11. (Color) The 11 shellga)—(k) of another 20 A cluster at (3,1,1,1,1,1)/4. This cluster does not appeaiaPd-Mn-Si but is
essential for a face-centeredhl-Pd-Mn. In (a), the cluster center is obtained from the OD No. 32, while other 12 are from the OD No. 22
(green, Al/Mn; red, Pd/Mn; blue, Mn/Rd

not occupied by atomgFigs. 5 and & Similarly, the atom of the DS cages are on the surface of the RI cages. Such sites

positions in the RT cages are generated by OD"$,%, 10,  are shown in Figs. (d) and 8d).

13N, 16, 19, 24, 29, and 41° while those in the Rl cages  The atom positions out of the cages mentioned here are in

are given by OD’s 4, 7, 11, 17, 21, 25, 30, and 8Bigs. some cases in another cage. For example, OD’s 8 and 22

7-9. The OD 28 gives 12 sites on the fivefold axis of the RTcreate the first shells of the cluster in the RD cafféigs.

at the distance &, from the center of the RT shown in Fig. 5(a) and Ga)]. These positions are created by small RT’s

7 but they are out of the RT. They are not drawn in Fig. 7.located atra, from the center of the large OD’s shown in

The OD's 8 and 22 create the sites on the fivefold axis of therigs. 3b) and 3a). In the former, the RT’s consist of the

RI but they are out of the RI. They appear in the DS cage)D’s 8 and 14 and a part of the OD 42 small obtuse

because the RI cage is located between two DS c@f@s.  rhombohedron Similarly, it is composed of the OD 22 and

5(a) and Ga)]. For the same reason, the sites on the surfac@arts of the OD’s 27 and 28 in the latter. The some atom sites
created by the OD 28 are located at the surface of another RT
as shown in Fig. §).

(a) (b) (C) The OD’s 33, 34, 35, and 3@&nd a small part of OD 32
form the 20 RT's on the threefold axes around OD 32, which
are interpenetratefsee Fig. 4c)]. These OD’s generate at-
#1 6 (b | ue) oms at the tips of the DS cages located at the even-parity
vertices of the inflated 3DPPFig. 5(g)]. As a result in the
#40 (green) #5 #24 DS at the even-parity vertex of the inflated 3DPP, the atoms
are at every tip on the threefold axis. This leads to the deco-
(d) (e) (f) ration which is shown in Fig. 5. On the other hand, no such
atoms are present for the DS at the odd-parity ve(fy. 6).
@ It should be noted that the decoration of the RT in Figs. 7
and 8 has a three-fold symmetry, reflecting the point symme-
try of the center of the RT in the inflated 3DPP. Similarly, the
#29 #1 9 #1 0 decoration of Rl is of fivefold-symmetric. The structure re-
finement, however, showed that the OD’s with No super-
FIG. 12. (Color) Two Mackay-like clusterga)—(c) and (d)—(f), ~ Scripts are not occupied by atoms. They are added for dis-

which are located at the body-diagonal two positions of the acut€ussion later in this section.
rhombohedron in 3DPRyreen, Al/Mn; red, Pd/Mn; blue, Mn/Rd The decoration of each cage determines the whole 3D
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structure ofi-Al-Pd-Mn since the locations of these cages inOD C, there are 12 atom sites forming an icosahedron with
the inflated 3DPP are known. There are 24 types of verticethe radius ofr~*a,, which are generated by the correspond-
with different neighbors in théinflated 3DPP=® and their ~ ing parts of the 12 OD'YOD A) around the ODC. (Note
frequency is knowr! Each vertex is a point from which that the site symmetry of the center of the aDis the
several edges along the fivefold axes go out or is a commoigosahedraim35.) There exist such clusters in the 2/1 ap-
point over several acute and obtuse rhombohedra with faceroximant. The cluster centers are the atoms in the 12th shell
to face contact. The number of edges going out or the direcof the 20 A cluster, which correspond to the atom positions
tion of the edges is different depending on the types of verin Figs. 5g) or 10(). (See Fig. 5 in Ref. 42.The 12 atom
tices. The local symmetry of the vertex is generally differentPositions in each small cluster are generated by OD's 21, 24,
because of different edge arrangements. We will discusé?> and 28.

some typical features of the present model that are due to the

arrangement of cages in the inflated 3DPP. As a result of the VI. LINEAR PHASON IN ICOSAHEDRAL

arrangement of the edges of the inflated 3DPP, there exist QUASICRYSTALS

large icosahedral clusters at the even- and odd-parity 12-fold ag is well known, the crystal approximant structure can
vertices of the inflated 3DPP. There are 12 RI cages on thge obtained from a 6D model by introducing linear phason
fivefold axes around the DS cage at the 12-fold vertsote  strain. This is specified by the strain tensor shown below.
that a RI cage is situated at each edge center of the inflategfhen the unit vectors of the distorted lattice are given by
3DPP) These clusters are about 20 A in diametghich is
equal to73ay). They consist of 12 or 11 shells as shown in , 6 , °
Figs. 10 and 11. One of these clustéFg. 10 is quite d :J.Zl Qi :J.Zl (QT)i;3;, (4)
similar to the 20 A cluster in the 2/1 approximant of
i-Al-Pd-Mn, that is,8-Al-Pd-Mn-Si.2%32Both clusters consist of gives the strain tensor for the linear phason strain, which
similar shells. This suggests that the present model is reliabl@éas the following form:
and the structure refinement based on the model will be suc-
cessful if the 2/1 approximant has a local environment simi- T= ( 3 U) )
lar to that ofi-Al-Pd-Mn. 0 I3/’

Other small icosahedral clusters are located at the RT on . . . .
the two body-diagonal positions of each inflated acute rhom\—’vher,e I3 is @ 3x3 unit matrix andU is a general X3
bohedra in the inflated 3DAIFig. 2(c)]. They are shown in matrix. . .
Fig. 12. The first shells of the clusters are generated by the !t IS convenient to use two sets of unit vectors of the

OD's 29 and 40. The OD 29 causes 20 atom positions Witﬁxternal and internal spaces. Pentagonal, cubic, and trigonal
a short interatomic distance=(1.8 A), so that they have to quasicrystals can be derived from the icosahedral quasicrys-

be occupied statistically with an occupation probability Iesstals' as shown by Ishff: (In the usual sense, the definition of

than 0.5. On the other hand, the OD 40 gives 12 atom siteg‘e guasicrystal excludes a structure with a crystallographic

forming a regular icosahedron with a reasonable interatomi!(?c?'nt dg]rcoup. we cal], hoglvleve_:,han aperl?dlllc struﬁure c_)bt—
distance @,/2=2.3 A). This means that the same icosahe- ained from a quasicrystal with -noncrystallographic. poin
group by a linear phason strain a quasicrystal for conve-

dral shell may be considered irAI-Pd-Mn. If we use OD . . ;
glence) For pentagonal quasicrystals(i=1,2,...,6)

41 instead of OD 29, we get such a cluster. In this case, th . ; .

both clusters are quite similar to the so-called Mackay clus9'V€" by Eq.(l') are convenient but another unit vector set is

ter. However, the structure refinement showed that one of th&'°"® approprlatg for Fhe Igtter tWO.' glthough both sets can
express all possible distortions. This is because two axes

two is highly disordered and is statistically occupied. : o
A very small icosahedral cluster appearing at the center ofd2 are parallel to the fivefold axis in E¢L). Then non-

the DS cages shown in Fig(d® also appears at each tip of zeroU,=U,, andU 3 give the pentagonal quasicrystals. In
the DS cages shown in Fig(d. This is due to the shape of order to treat the latter two cases, it is convenient to take unit

the total OD at the origin or (1,1,1,1,1,1)(®D A) as ex- vectorsa’ parallel to the twofold axe® which are defined

k )
plained below(The OD’s at these two positions are the samePy ¢i=2_1Qjja with
because the lattice is face-centejdebr the former, the clus-

ter center is given by the OD 32, while that of the latter is - 0 -1 0
generated by the rest of the total OOD C) at T 0 1 -1 0 T
(3,1,1,1,1,1)/4Fig. 4(c)]. The atoms of the first shell are on a r 0 -1 -1 0 —r
. . 0
the fivefold axes and are distant from the centerrbyay. Qt= (6)
The distances between (1,1,1,1,1,1)/2 and (3,1,1,1,1,1)/4 in y2+7| 0O 1 -7 0 7 1
the external and internal spaces afe'a, and ra;. When -1+ 0 —7 -1 0
the OD C is projected onto the internal space passing 0 1 - 0 —

through (1,1,1,1,1,1)/2, the center comes to the point on the

fivefold axis with the distancea; from the center of the OD  The phason strain matrikin this setting is defined in E¢4)
A and the projected O is completely included in the OD by replacinga; with & and Q;; with Q7. Then nonzero
A distance. This ensures that around every site created by thé;;=U,,=U3; gives cubic quasicrystals antd;,=U,;
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=Ugz and Uj;3=Uyx»=Ug, lead to trigonal quasicrystals. group. For the case of nonsymmorphic space groups such as

Such a quasicrystal with a crystallographic point group bepa3, we need different considerationghere are four such
comes a crystal in a particular case as shown in the neXoints in the face-centered icosahedral lattice: (0,0,0,0,0,0)

section. (1,0,0,0,0,0)/2, (1,1,1,1,1,1)/4, and (3,1,1,1,1,1)4.
Among them, the hyperplane passing through
VII. 2/1 CUBIC CRYSTALLINE APPROXIMANTS (1,1,1,1,1,1)/4 gives the structure corresponding to the real

1/1 and 2/1 approximant structures «-( and

Crystalline approximants are obtained when three linearly,
independent 6D lattice points are on the 3D external space
passing through the origin. The coordinatgwith respect to
a’ of the lattice vecton=2j6:1njdj’ are given by

-Al-Pd-Mn-Si).

The model given by the OD’s in Fig. 3 gives a 2/1 crystal
approximant structure, which is essentially the same as the
real approximant. As shown by Sugiyareaal,® the ap-

6 proximant consists of 20 A clusters that can be well de-
7= 2 (:l"'éC)_ n. 7) scribed by 12 shells. The shells of the calculated 2/1 approx-
= ne imant are the same as those in Fig. 10. The 12 shells agree

_ . well with those of the 2/1 approximant structure determined
where the tilde means the transpose. From the condition Uhecently (see Fig. 1 of Ref. 32 The cluster center of this

der which the internal space components are zero, we CaRode| is empty as in the approximant. The nearest inter-
obtain the strength of the phason strain. Let the origin andyiomic distance of the fourth shell in Figs. 10 and 11, one of

P 1 L2 L3
the three points”, n“, n° be on the external space. Then the {hom coming from a part of OD 15 and the other from OD

nine internal space components of the three lattice vectorsg arer2a,=1.7 A. These sites should be statistically oc-
1 2 ’ i j

3 . . . .
n°, n% n° should be zero. This determines the nine matrix.pied as in the 2/1 approximant. These distance may be
elements of the 33 matrix U. The condition can be ex- relaxed by the shifts of OD’s 15 and 26 from the ideal posi-
pressed in the matrix formJRN+SN=0, whereR andS tions along the external space.

are the upper and lower>86 matrices ofQ°, O is a 3x3 B-Al-Pd-Mn has a slightly different small cluster around
zero matrix, andN is a 6x 3 matrix (n*,n?,n%). Thus the the body center, which is not reproduced from the 6D model.
matrix U is given by The Mackay icosahedron is situated in the calculated approx-
imant, which is the same as in Figs.(a2-12c), while in
U=—(SN)(RN)" L. ®) B-Al-Pd-Mn-Si, the first shell has a different structure and

some atoms in the third shell in Fig. &2 are missing. Con-

In the case of the 2/1 cubic approximant, the externafequently the Mackay icosahedron is broken in the real
space passes through the origin aqc#(l,z,z,OEO)’, n, approximant.
=(2,0,0,1,2,1), and n;=(0,1,1,2,0,2), where the prime
means coordinates with respect to the deformed unit vectors
d’ . Therefore if they are the unit vectors in the crystalline The 1/1 approximants have larger phason distortion than
approximant, their internal components are zero. Thenhe 2/1 approximants discussed in the preceding section. So
from Eqg. (8) we haveU;;=Uy=Uz=7"° and U;;=0 the derivation of this structure from the 6D model is more
for i#).%% Similarly, for the 1/1 approximant structures, challenging. Figure 13 gives the shell structures of the 1/1
we have n1=(1,1,1,oﬁo)’, n,=(1,0,0,1,1,1), and ng approximant given by the 3D hyperplane passing through
=(O,11T,0,1)’. This leads tdJ;;=U = Ugg= — 3. Itis (1,1,1,1,1,1)/4. They are quite similar to those of the

easy to show that for the cubic approximant represented bgy—AI-Pd—Mn-Si except fpr. severallshells. The shell structures
consecutive Fibonacci numbeFs, . ;/F,, (Fo=0, F;=1 of the cluster at the origin are similar to those of the inner

F,=F, »,+F,_, for n>1) the nonzero matrix elements are Shells of the 8-Al-Pd-Mn-Si except for the fourth shell,
Uyy=Upy=Ugg= — (—1)"7 372" (n=1). where 24 of 60 atoms appear in the 1/1 approximant. On the
Even if we fix the period, we will obtain a different crys- other hand, the cluster at the body center is completely dif-
talline approximant structure with different symmetries byferent. In the 2/1 approximant, the cluster is the so-called
choosing the external space passing through a different pod¥ackay icosahedron as mentioned in the preceding section,
tion in the 6D spacd’ In general the symmetry of the ap- while it is rather similar to the cluster at the origin in the 1/1
proximant is equal to that of the special position with the@PProximant. In particular, the second shell is part of the
highest symmetry on the 3D hyperplane and the cubic apSGCOHd shell at the origin. This is because the 3D hyperplane
proximants are obtained from the 3D hyperplane passingS€d passes through (1,1,1,1,1/a)in both cases and at the

through 6D points with the point symmetrya5. The other Same time through the point equivalent to (0,0,0,0,0,0) in the

: o 2/1 approximant but through (3,1,1,1,7,) in the 1/1 ap-
S@C'al positions have a symmetry equal to 6r lower than proximant. The OD 16 at the origin generates the center of

m3 and the former point group is not a supergroup of thejhe \ackay icosahedron inAl-Pd-Mn. On the other hand,
cubic point groupm3. Therefore we need to choose a 3D the OD 32 at (3,1,1,1,1,1)/4 creates the center of the cluster
hyperplane passing through the points witi35 symmetry  at the odd-parity vertex of the inflated 3DPP. Therefore the
under no phason strain in order to obtain a cubic approxiinner shells in Fig. 11 appear at the body center of the 1/1
mant. (We consider approximants with a symmorphic spaceapproximant.

VIII. 1/1 CUBIC CRYSTALLINE APPROXIMANTS

094201-10



SIX-DIMENSIONAL MODEL OF ICOSAHEDRAL Al-Pd-. . . PHYSICAL REVIEW B 68, 094201 (2003

in Secs. IlI-V. This leads to the 20 A cluster located at the

a
( )@ (b) even-parity 12-fold vertices. This is one of prominent fea-
"\‘% tures of the present model and differs from the clusters in
#8 Mn(5) #23 AI'(8)AI (1) #37 Al (12) other models where 5 Asmaller by 7 %) clusters are
(d @) considered®*®The 20 A cluster is observed only in the 2/1
) approximant ofi-Al-Pd-Mn, which has the space group
Pm3. The 2/1 approximants for other quasicrystals found so
#32 Pd/Al (1) far consist 65 A clusters and has the space grdea3,3*4°

as predicted from the canonical cell tilifig Therefore it is
#26 A1 (13) #6 Pd(2)Pd(3) #22 A O reasonable to consider tha#l-Pd-Mn is composed of the
) (i) 20 A clusters.

Condition(2) gives a restraint for the rough volume of the
large OD’s because the electron density map cannot provide
a fine shape of the OD’s. However, this is helpful to con-
#26 AL(13)  #20 Mn(4) struct a model. Conditiof3) just restrains the total volume

#23 Al (8) of the OD’s?
We compare the present model with the model proposed

FIG. 13. The five shell§a)—(e) of the cluster located at the by Katz and GratiaskG) model?* which consists of three
origin in the 1/1 approximant structure obtained from the 6D modelQOD’s with simple shape. In the latter, it is known that there
and four shells at the body centéf)—(i). In (f), the OD No. 32 exist many kinds of clusters with several different symme-
generates the.center of th.e cluster, while the OD No. 22, generatqﬁes and a few of them have icosahedral symmetry. This is
Fhe other 12 sites. Atoms in the 1/1 approximamatsil-Pd-Mn-Si, due to the fact that the large OD’s have simple shape. In
in each shell are also shown. contrast, the present model has complicated large OD’s,

IX. DISCUSSION which are shown in Fig. 4. _They generate only_five clusters
that pack total 3D space without large vacancies, and as a

As shown in a separate pap@érthe structure refinement result of the arrangement of these clusters, the observed 20 A
based on the present model could explain the diffraction incluster is formed at every even-parity 12-fold vertex as dem-
tensity very well. The model is a cluster-based model. Theonstrated in Sec. V. Therefore the difference in the shape of
existence of clusters in quasicrystals is confirmed by the obthe large OD’s causes the difference in the kinds of clusters
servation by high-resolution transmission electron microsand their symmetry. It seems to be natural that we consider
copy (HRTEM). In particular, it is evident in decagonal qua- the clusters observed in the approximants to be energetically
sicrystals. Although the projection along nonperiodicstable. Then the dense packing of such clusters will stabilize
directions obscures it for icosahedral cases and it is impoghe quasicrystal. On the other hand, the KG model gives
sible to verify only from the HRTEM images whether the another quasicrystal structure composed of many low-
observed clusters are the same or not, we can expect thatsgmmetry clusters without random phasons. The reason for
dense packing of stable clusters will stabilize the formatiorthe existence of such lower-symmetry clusters is not easily

#6 Pd(3)

of quasicrystals. conceivable. For this reason we employed the higher-
The present 6D model is constructed so as to fulfill sev-dimensional cluster model in our analysis.
eral conditions imposed by experimental result$the clus- We introduced an OD with the point symmetryngFig.

ter in the 2/1 approximant should be reproduced from the 6B4d)] which is located at (1,0,0,0,0,0)/4. In the model used in
model by the introduction of appropriate linear phasonthe refinement, OD’s 37 and 40 are placed on the fivefold
strain?® (2) The electron density map obtained from the low- axis around the odd-parity body cente8ee Fig. 1c) in Ref.
density elimination method should be consistent with thel5.] In this paper, they are shifted along the fivefold direction
OD's used.(3) The point density of the quasicrystal is in the external space by (0:5r })ag=0.5 A. Then the
similarly equal to that of the 2/1 approximant or the realshifted OD’s are on the fivefold axis at (1,0,0,0,0,0)/4, which
quasicrystal. is shown in Fig. 8). These two models are equivalent be-

The condition(1) can be fulfilled if we employ a higher- cause the difference exists only in the position of OD’s in the
dimensional cluster modét.In order to get the 20 A cluster, external space, and both models will lead to the same final
it is assumed, in the construction of the model, that the 20 Astructure with the refinement of the shift parameters. The
cluster observed in the 2/1 approxim#ris situated at each position of OD 40 in Ref. 15 gives too short an interatomic
even-parity 12-fold vertex of the inflated 3DPP. In the distance for the innermost shell of the Mackay clugtere
higher-dimensional cluster model, large OD’s are constructefig. 12a)]. This is improved in the present model. The OD’s
by simple OD-generating cluster centers. However, the coneorresponding to 37, 38, and 40 are not present in the KG
struction process leads to complicated large OD’s at the sanmmodel but OD 38 is necessary to generate atom positions in
time. In the present case, we assumed five clusters, which atke ninth shell of the cluster in the 2/1 approxim4htg.
located at the even- and odd-parity vertices of the inflated.0(i)]. (It should be noted that the constraint condition im-
3DPP, its edge centers and the two body-diagonal positiongosed for each OD is that its shape should have the symme-
of the acute rhombohedra of the inflated 3DPP as mentionetly given by its site symmetry, that isnbin this case.
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In real quasicrystals, the random phason always exists aratom environments are not simpler than the present Shes.
because of the random phason, it may be difficult to distin-This suggests that the use of complicated subdivisions is not
guish one model from the other since this weakens the difavoidable for a detailed structure refinement of quasicrystals.
fraction intensity with a diffraction vector having a large
internal space components. As a result, many such reflections X. SUMMARY
cannot be observed. On the other hand, a large intensity dif-
ference between these models can be expected in such reflec-This paper described in detail a 6D model structure that is
tions. based on a higher-dimensional cluster model and an electron

The present model was able to explain the diffraction in-density ofi-Al-Pd-Mn obtained from an x-ray analysis. The
tensities ofi-Al-Pd-Mn. A detailed analysis of-Al-Pd-Mn ~ model was shown to be consistent with the 2/1 approximant
(or i-Al-Cu-Fe) based on the KG model has not been perstructure ofi-Al-Pd-Mn, and B-Al-Pd-Mn-Si. The 1/1 and
formed yet. Therefore the direct comparison is impossible a2/1 approximant structures calculated from the 6D model by
the moment. In order to obtain a detailed structure from théhe introduction of the linear phason strain were shown and
structure refinement based on diffraction experiments, subdcompared with the structures ef and g-Al-Pd-Mn-Si.
visions of large OD’s as employed in the present model are
necessary for introducing different atom shlfts from th_g ideal ACKNOWLEDGMENT
position, temperature factor, and occupation probability for
atoms in different local environments. The KG model has This work was partially supported by “Solution-Oriented
simple OD’s but the subdivisions based on the different locaResearch for Science and Technology.”
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