PHYSICAL REVIEW B 68, 092511 (2003

Number theory implications on the physical properties of elementary cubic networks
of Josephson junctions
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Number theory concepts are used to investigate the periodicity properties of the voltage vs applied flux
curves of elementary cubic networks of Josephson junctions. It is found that equatorial gaps appearing on the
unitary sphere, on which points representing the directions in space for which these curves show periodicity are
collected, can be understood by means of Gauss condition on the sum of the squares of three integers.

DOI: 10.1103/PhysRevB.68.092511 PACS nunfer74.81.Fa, 02.10.De, 85.25.Dq

After the discovery of high-J superconductivity the  of the normalized applied magnetic fluge,= uoHa?/ @,
study of the electrodynamic properties of Josephson junctiowhere i, is the permeability of vacuunt is the magnetic
networks(JIN'S has been undertaken by a growing numberfield amplitude, and is the length of the side of the cubic
of researcher§* JIN's, indeed, can be adopted as circuitalnetwork. We may here notice that the dynamical equations
models of these novel superconductors whenever the fingbr the two gauge-invariant superconducting phases in a dc
product of the fabrication technique adopted is a granulasQUID can be formally writtelf in the same way as in Eq.
sample® However, the interest in JIN's is not only connected(1). Analogously to the case of a dc SQUID, then, the instan-
to fundamental aspects of research, but it is also linked tganeous voltage w)=(1—A) (d/d7) ¢, wherel is the 12
technological applications. In fact, there have been recenk 12 unitary matrix, is found by solving the above set of
proposals for so-called three-dimension@D) supercon- nonlinear ordinary differential equations, given in Et), by
ducting quantum interference devic€®QUID's)****whose  standard numerical routines. However, it can be analytically
basic circuital model consists of a current-biased cubic netprovert® that the(v) vs ., curves are periodic with respect
yvork of twelve re3|st|yely ghunted Joﬁephsc’r? Junctiogs ._to external flux only for directionB! of the applied magnetic
in the overdamped limit immersed in a uniform magnetic . -
field. This model system can lead to construction of an ulfield H which can be expressed as
trasensitive vectorial magnetic field sensor in the same way

. (IR+]jy+kz
as the two-junction interferometer has allowed realization of H= % 2
dc SQUID's!**®|n the present work we study, by means of Vict+jo+k

known theorems in number theory, the physical implications,herei

. RS j, andk are integers ang, §, andz are the unitary
of the mathematical form of observable periodicities in theygctors along the three Cartesian axes, which correspond to
time-averaged voltagév) vs normalized applied fluxye,

I~ , , , the directions of the orthogonal sides of the cubic network.
curves of tridimensional cubic JIN's. _ _ Moreover, the possible periods in te) vs i, graphs are
In order to investigate the very rich dynamical propertie

Sfound to be of the following form:
of the 3D SQUID model, some of the authtrhave adopted
an analytical approach.based on matr_ix pqt_ation and I_inear A= i2+ ]2+ K2 3
algebra concepts. In this way, the periodicities of the time- o
averaged voltagév) with respect to the normalized applied 1herefore, we shall here study the mathematical implications
flux ., can be derived for a given direction in space of the®f Eds:(2) and (?’) on th;ﬁphyswal properties of the system.
external magnetic field. The electrodynamic response of thETOM Lagrange’s theorethevery positive integer can be ex-

2 .
system is studied through the invariance properties of th@ressed as the sum of four squares. Howexef, is the
vectorial dynamical equatioh sum of only three squares, so that there might exist nonne-

gative integers which do not correspond to any value of

d . 1 Ay2,, whatever values of the indices j, k we might
d—T<p+sm<p+ _Zw,BA"sz (1) choose. Indeed, according to Gauss conditfahe equation
written for the twelve-component gauge-invariant supercon- n=i%+j%+k?, (4)

ducting phase difference vecter In Eq. (1) the variabler wheren, i, j, k are integersif being, in particular, nonne-

= (27RI;/@q) t is a normalized timeR and |, being the ga4ivg js solvable if and only in+#4%(8b+7), with a and

resistive parameter and the maximum Josephson current §f,onnegative integers. Therefore, it follows that the period-
the JJ's in the network, respectively, and the param@tsr  i.ities of the type

defined aspB=1l;/®,, | being the self-inductance of a
single network branch and, the elementary flux quantum. Ayt =228b+7, (5)

The matrixA in Eqg. (1) contains information on the self- and

mutual inductance coefficients and the vedtds the exter- Wherea andb are nonnegative integers, are not observable
nal forcing term, written in terms of the bias currdgtand  in the (v) vs i, curves for any directiond of the external
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FIG. 1. (Color) (a) Representa-
tion on the unitary sphere of the
directions in space as specified by
Eq. (2) in the text for the value of
n, given by Eq.(4), ranging from
1 to 400.(b) Equivalent represen-
tation of the directions in space as
specified by Eq(2) in the text for
the value ofn, given by Eq.(4),
ranging from 1 to 1000. The
equivalent representation is ob-
tained by wrapping a sheet of
length 27 and height 2 around the
unitary sphere and by projecting
the points on the sphere on the
sheet itself, which can now be
thought to be a circumscribing
cylinder. Finally, the sheet is un-
wrapped and the points can be vi-
sualized on the subsgt- 7, + 7]
X[—1,+1] of ;|2

magnetic field. We might therefore argue that, no matter how ranging from 1 to 400. The colors of points in Figga)l
large we take the numberin Eq. (4), it is never possible to and Xb) range from red to violet, in the iris, as the value of

completely fill the unitary spher8; with points correspond- n increases. We notice the presence of regions on the unitary
ing to field directions giving a periodicity equal tgn. In  sphere where points are absent. We call these regions equa-

order to illustrate this point, let us show, in Figal, all the  torial gaps. We may thus try to increase the number of points
directions onS, giving a period equal ta/n, for the value of  plotted onS,, by lettingn range from 1 to 1000, in order to
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see whether these regions are still present. We do this bsquares of three integers. Apparently, then, we can have as
opportunely giving an equivaleitarea preservingepresen- many integral periods as we want except fog.,=2™ and
tation of the points on the subset 7,+ 7w]X[—1,+1] of  Aye=5(2"), when the magnetic field lies along the direc-
R? and the results are shown in FiglbL In Fig. 1(b) we  tionsF having all components different than zero. Naturally,
notice that, even though regions between equatorial gapdese selection rules are only valid for the specific set of field
tend to be filled with more points, the same equatorial gapslirections we are considering. In fact, if we consider direc-
do not disappear. This is in accordance with what noted byions [y for which it is possible to have one zero in its com-
Duke and Schulze-PHI?ﬁ who have proven that points on yonents, for example, we immediately see that periodicities
S,, representing the dlrec_tlc_)ns_ in space as specmed_ by Eyt the typeA .= 5(2") are allowed, while those of the type
(2), tend to become equidistributed @ for increasing A, —2m gre still excluded. The latter integral periodicities
squarefree integers given by Eq.(4), with n#4%(8m  reapnear if we consider all field directions, including those
+7). We recall that a squarefree integer is a product ofying along the coordinate axes. Finally, notice that, for field
distinct prime factordi.e., all appearing to the first power  qientations not lying along the coordinate axes the lowest
Naturally, gaps corresponding to not allowed valuesnpf  pservable integral period &y.,=3 (since we have\ i,
according to the Gauss condition, should still appear even for_ J(Z2)?+(=2)?+ (£ 1)? and all other possible permuta-
very Iargg values of squarefree intggers Notice that in tions of the index with unitary absolute vajue
stating this theorem we only take a single valuaofor our In conclusion, we might state that number theory is useful
purposes, this is sufficient, since we do not need to considef, getermining the directions in space in which the external
just one high enough value=nj; of this type of integers, fig|q can induce periodicities in th&) vs i, curves of a
but all the contributions on the unitary sphere obtained by, cajled 3D SQUID. We have noticed that equatorial gaps
considering the “allowed” directions in space for positive g5hearing on the unitary sphere, where field directions allow-
integersn, such than=n;, as done in Figs.(® and 1b),  hg periodicities in the electrodynamic response of the 3D-
where a whole range of values foris considered. SQUID model are represented, can be understood by means
We might now ask for what field directiortd we have of Gauss condition. Finally, when one examines the field
integral periodicitiesA ¢r,,=m. This is a trivial question for directions giving integral periodicities, known theorems in
fields directed along the coordinate axes, since the periodighe theory of numbers allow us to establish selection rules
ity is always an integer in this case. For fields lying along thewhose validity is limited to the particular set of directions
coordinate planes, where only one of the indiceg, andk  considered. These results can be helpful in solving the in-
is equal to zero, integral periodicities are obtained for allverse problem related to the external magnetic field vectorial
directions in which the period and the two nonzero indicesreconstruction by a hypothetical magnetic field sensor based
form a Pythagorean triple. The question is rather subtle foon three-dimensional Josephson junction network models.
fields for which all of the above indices are different from Further work is still needed, however, to transfer the math-
zero. In this respect, Hurwitz’ theoréfstates that every ematical properties of the model system to the actual perfor-
squares?, wheres is an integer different from 2 and  mance of a so-called 3D SQUID, whose prototype is yet to
5(2™), m being a nonnegative integer, is the sum of thebe constructed.
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