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Finite-energy Landau liquid theory for the one-dimensional Hubbard model: Pseudoparticle
energy bands and degree of localizationÕdelocalization
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In this paper we consider the one-dimensional Hubbard model and study the deviations from the ground-
state values of double occupation which result from creation or annihilation of holons, spinons, and pseudopar-
ticles. These quantum objects are such that all energy eigenstates are described by their occupancy configura-
tions. The band-momentum dependence of the obtained double-occupation spectra provides important
information on the degree of localization/delocalization of the real-space lattice electron site distribution
configurations associated with the pseudoparticles. We also study the band momentum, on-site electronic
repulsion, and electronic density dependence of the pseudoparticle energy bands. The shape of these bands
plays an important role in the finite-energy spectral properties of the model. Such a shape defines the form of
the lines in the momentum-energy/frequency plane where the peaks and edges of the one-electron and two-
electron spectral weight of physical operators are located. Our findings are useful for the study of the one-
electron and two-electron spectral-weight distribution of physical operators.
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I. INTRODUCTION

Recently, there has been a renewed experimental inte
in the exotic one-electron and two-electron spectral prop
ties of quasi-one-dimensional materials.1–20 Some of these
experimental studies observed unusual finite-ene
frequency spectral properties, which are far from being w
understood. For values of the excitation energy larger t
the transfer integrals associated with electron hopping
tween the chains, the one-dimensional~1D! Hubbard
model21–25 is expected to provide a good description of t
physics of these materials.4,5,17,19 Moreover, recent angle
resolved ultraviolet photoemission spectroscopy revea
very similar spectral fingerprints from both high-Tc super-
conductors and quasi-one-dimensional compounds.2 The
similarity of the ultraviolet data for these two different sy
tems could be evidence of the occurrence of a charge-
separation associated with holons and spinons. The ano
lous temperature dependence of the spectral function c
also indicate a dimensional crossover.2,26–28 The results of
Refs. 29 and 30 also suggest that the unconventional spe
properties observed in two-dimensional~2D! materials could
have a 1D origin. Thus the holons and spinons could play
important role in spectral properties of both 1D and 2D lo
dimensional materials.

The present study is related to both the investigations
Refs. 31 and 32. In Ref. 31 the nonperturbative organiza
of the N electrons andNh5@2Na2N# electronic holes,
which results from the many-electron interactions, was st
ied. In that paper it was found that all energy eigenstate
the model can be described in terms of occupancy confi
rations of sc561/2 holons, ss561/2 spinons, andc
pseudoparticles wheresc andss areh-spin and spin projec-
tions, respectively. Moreover, thec,n pseudoparticles~and
s,n pseudoparticles! associated with Takahasi’s charge~and
0163-1829/2003/68~7!/085104~21!/$20.00 68 0851
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spin! ideal string excitations of lengthn ~Refs. 22 and 31!
were found to beh-spin singlet 2n-holon ~and spin singlet
2n-spinon! composite quantum objects.~The c and a,n
pseudoparticles are obtained naturally and directly fr
analysis of the Bethe-ansatz solution.31! In that reference, the
61/2 holons~and61/2 spinons! which are not part of such
2n-holon compositec,n pseudoparticles~and 2n-spinon
composites,n pseudoparticles! were called61/2 C. N. Yang
~Yang! holons @and 61/2 Heilmann and Lieb ~HL!
spinons#.31 Following the notation of Ref. 31, here we ca
Nc and Na,n the numbers ofc pseudoparticles anda,n
pseudoparticles belonging to branchesa5c,s and n
51,2,3, . . . , respectively. On the other hand, it was found
Ref. 31 that the charge excitations associated with thc
pseudoparticles are independent of theh-spin-holon and
spin-spinon excitations. Moreover, the results of Ref. 32
veal that the above quantum objects can be expresse
terms ofrotated electrons. According to these results the firs
step of the nonperturbative diagonalization of the model c
responds to a mere unitary rotation in Hilbert space wh
maps the electrons onto rotated electrons. For rotated e
trons double occupation is a good quantum number for
values of the on-site repulsion. Interestingly, such a rotat
corresponds to a unitary transformation previously int
duced by Harris and Lange.33 Such a transformation is
shown in Ref. 32 to play a key role in the expression of t
holon and spinon number operators in terms of electro
operators for the whole parameter space of the model.
Nc c pseudoparticles~and Nc spinons! describe the charge
part ~and spin part! of the Nc rotated electrons which singly
occupy lattice sites. Thus the charge and spin degree
freedom of such aNc-rotated-electron fluid separate. Fo
eachc pseudoparticle there is a chargeon31 and a rotated-
electronic hole. Such a chargeon corresponds to the ch
part of a rotated electron which singly occupies a site.
©2003 The American Physical Society04-1
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note that the numbersNc , @N2Nc#/2, and@Nh2Nc#/2 equal
the number of rotated-electron singly occupied sites, dou
occupied sites, and empty sites, respectively. The nonpe
bative organization of the electronic degrees of freedom a
includes a@N2Nc#-rotated-electron fluid associated with th
rotated-electron pairs occupying@N2Nc#/2 sites. Each such
a doubly occupied site corresponds to a spin singlet rota
electron pair which is nothing but a21/2 holon. Such a
two-fluid picture shows some formal analogies to tho
which characterize a superconductor or a superfluid. Fina
the rotated-electron@Nh2Nc#/2 empty sites are nothing bu
the 11/2 holons.

The main goal of this paper is the study of th
c-pseudoparticle;a,n-pseudoparticle;21/2 Yang holon; and
21/2 HL spinon double-occupation spectra. These functi
are evaluated by use of the Hellmann-Feynman theorem34,35

In the case of the pseudoparticles we find band-moment
dependent double-occupation spectra. Analysis of these s
tra provides important information about the localizatio
delocalization degree of the real-space lattice electro
occupancy configurations which describe the pseudo
ticles. We find that for some of the pseudoparticle branc
such a degree of localization/delocalization is strongly
pendent on the value of the pseudoparticle band momen
Our analysis leads to a double-occupation functional wh
coefficients are the double-occupation spectra. This st
confirms that the complex electron site distribution config
rations of the real-space lattice which describe the ene
eigenstates are dependent on the value ofU/t. We also con-
sider U/t→` electron double-occupation selection rule
These rules are used in Ref. 32 to find exact rotated-elec
selection rules which provide for all values of the on-s
electronic repulsion the number of holons and spinons of
final states which contribute most significantly to few
electron correlation functions. These selection rules im
that a large number of matrix elements between ene
eigenstates are vanishing. This simplifies the derivation
general expressions for correlation functions at finite exc
tion energy. This problem is studied in Refs. 36 and 37.

In addition, we study the band momentum, on-site el
tronic repulsionU, and electronic densityn dependence o
the pseudoparticle energy bands. Such pseudoparticle en
bands are the coefficients of the first-order term of the fin
energy Landau-liquid functional. That functional was o
tained in Ref. 38 by expanding thec-pseudoparticle;
c,n-pseudoparticle; ands,n-pseudoparticle band-momentu
distribution functions around their ground-state values. T
is similar to the case of the quasiparticle energy functiona
Fermi-liquid theory.39,40The pseudoparticle bands are the b
sic blocks of the energy spectra of the elementary excitat
of the 1D Hubbard model, such as, for example, the o
studied in Refs. 41–46.

The finite-energy theory constructed here and in Refs.
32, 36, and 37 is applied elsewhere to the study of the fin
energy/frequency one-electron and two-electron spec
properties of quasi-one-dimensional materials. Reference
is an application of a preliminary version of our finite-ener
theory. The evaluation of the spectral functions of the mo
reveals that the one-electron and two-electron spec
08510
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weight of physical operators contains peaks and/or ed
which are located on well-defined lines in the momentumk
and energy/frequencyv plane. Importantly, the shape o
these peak and edge lines is fully defined by the ba
momentum dependence of the pseudoparticle energy b
studied in this paper. Moreover, the expressions of the fin
energy correlation functions involve these pseudopart
bands.37 Therefore, our investigation is important for th
study of the one-electron and two-electron spectral-wei
distribution of physical operators. The study of th
localization-delocalization degree of the real-space lat
electronic occupancy configurations which describe
pseudoparticles also contributes to important informat
about the physics behind these elementary quantum obj
Such a study also provides information about the elect
site distribution configurations of the real-space lattice wh
describe the energy eigenstates.

The paper is organized as follows: In Sec. II we introdu
the 1D Hubbard model. The concepts ofc-pseudoparticle,
holon, and spinon~CPHS! ensemble space and subspace
introduced in Sec. III. In Sec. IV the double-occupation fun
tional and its pseudoparticle,21/2 Yang holon, and21/2
HL spinon spectra are obtained and discussed. In this sec
we also considerU/t→` selection rules in the values o
double-occupation deviations which result fromN-electron
excitations. In Sec. V we study the band-momentum dep
dence of the energy pseudoparticle bands. Finally, the c
cluding remarks are presented in Sec. VI.

II. THE 1D HUBBARD MODEL

In a chemical potentialm and magnetic fieldH the 1D
Hubbard Hamiltonian can be written as

Ĥ5ĤSO(4)1 (
a5c,s

maŜz
a , ~1!

where the Hamiltonian

ĤSO(4)5ĤH2~U/2!N̂1~U/4!Na ~2!

has SO~4! symmetry48,49 and

ĤH5T̂1UD̂ ~3!

is the basic 1D Hubbard model. On the right-hand side of
~3!,

T̂52t(
j ,s

@cj ,s
† cj 11,s1H. c.# ~4!

is the kinetic-energy operator,t is the first-neighbor transfe
integral, andU is the on-site repulsion associated with ele
tronic double occupation. The operator

D̂5(
j

n̂ j ,↑n̂ j ,↓ ~5!

counts the number of electron doubly occupied sites and
operator

n̂ j ,s5cj ,s
† cj ,s ~6!
4-2
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FINITE-ENERGY LANDAU LIQUID THEORY FOR THE . . . PHYSICAL REVIEW B 68, 085104 ~2003!
counts the number of spins electrons at sitej. The operators
cj ,s

† and cj ,s which appear in the above equations are
spin s electron creation and annihilation operators at sitj,
respectively. Moreover, on the right-hand side of Eq.~1!,
mc52m, ms52m0H, m0 is the Bohr magneton, and

Ŝz
c52

1

2
@Na2N̂#, Ŝz

s52
1

2
@N̂↑2N̂↓# ~7!

are the diagonal generators of the SU~2! h-spin Sc and spin
Ss algebras,48,49 respectively. On the right-hand side of Eq
~2! and ~7! the number of lattice sitesNa is even and large
Na/2 is odd,N̂5(sN̂s , andN̂s5( j n̂ j ,s .

There areN↑ spin-up electrons andN↓ spin-down elec-
trons in the chain ofNa sites and with lattice constanta
associated with the model~1!. We assume periodic boundar
conditions and employ units such thata5\51. WhenNs is
odd the Fermi momenta are given bykFs

6 56@kFs

2(p/Na)#, where

kFs5
pNs

Na
. ~8!

l1;-3qWhenNs is even the Fermi momenta are given
kFs

1 5kFs and kFs
2 52@kFs2(2p/Na)# or by kFs

1 5@kFs

2(2p/Na)# andkFs
2 52kFs . Often we can ignore the 1/Na

corrections of these expressions and considerkFs
6 .6kFs

56pns and kF5@kF↑1kF↓#/25pn/2, wherens5Ns /Na
andn5N/Na . The electronic density readsn5n↑1n↓ , and
the spin density is given bym5n↑2n↓ . This paper uses the
same notations as those in Ref. 31 and often uses and r
to the equations introduced in that paper. For instan
Mc,61/2 ~and Ms,61/2) denotes the number of61/2 holons
~and 61/2 spinons!, whereasLc,61/2 ~and Ls,61/2) denotes
the number of61/2 Yang holons~and61/2 HL spinons!.

The HamiltonianĤSO(4) defined in Eq.~2! commutes
with the six generators of theh-spin Sc and spin Ss
algebras,48,49 their off-diagonal generators reading

Ŝ1
c 5(

j
~21! j cj ,↓

† cj ,↑
† , Ŝ2

c 5(
j

~21! j cj ,↑cj ,↓ , ~9!

and

Ŝ1
s 5(

j
cj ,↓

† cj ,↑ , Ŝ2
s 5(

j
cj ,↑

† cj ,↓ . ~10!

The Bethe-ansatz solvability of the 1D Hubbard model
restricted to the Hilbert subspace spanned by the low
weight states~LWSs! of the h spin and spin algebras, i.e
such thatSa52Sz

a .50

III. CPHS-ENSEMBLE SPACES AND GROUND-STATE
DISTRIBUTIONS AND RAPIDITIES

The studies of Ref. 31 considered Hilbert subspaces a
ciated with fixed values ofh-spinSc , spinSs , holon number
Mc , and spinon numberMs . That was the choice suitabl
for the investigations onh-spin-holon, spin-spinon, an
chargec-pseudoparticle separation of the excitations of
1D Hubbard model at all energy scales. However, fixingSc ,
08510
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Ss , Mc , andMs does not fix theN↑- andN↓-electron num-
bers.

In proceeding sections of this paper and in Refs. 32,
and 37 transitions from a ground state with given spins
electron numbers to excited states are studied. Thus
convenient for these studies to consider subspaces with fi
number of spins electrons. From the use of Eq.~7! and Eq.
~35! of Ref. 31, theN↑- and N↓-electron numbers can b
expressed in terms of theMc,11/2 andMc,21/2 holon numbers
andMs,11/2 andMs,21/2 spinon numbers as follows,

N↑5
1

2
$Na2~Mc,11/22Mc,21/2!1~Ms,11/22Ms,21/2!%

~11!

and

N↓5
1

2
$Na2~Mc,11/22Mc,21/2!2~Ms,11/22Ms,21/2!%,

~12!

respectively. We find from the use of Eq.~32! of Ref. 31 that
the Mc,11/2 holon andMs,11/2 spinon numbers are exclusiv
functions of theNc c-pseudoparticle number andMc,21/2 ho-
lon andMs,21/2 spinon numbers and can be written as

Mc,11/25Na2Nc2Mc,21/2, Ms,11/25Nc2Ms,21/2.
~13!

It is convenient for our studies to express theN↑- and
N↓-electron numbers in terms of theNc c-pseudoparticle
numbers,Mc,21/2 holon numbers, andMs,21/2 spinon num-
bers, with the result

N↑5Nc1Mc,21/22Ms,21/2, ~14!

and

N↓5Mc,21/21Ms,21/2, ~15!

respectively.
We call anelectron ensemble spacea Hilbert subspace

spanned by all states with fixed values for theN↑- and
N↓-electron numbers. Furthermore, we call aCPHS-
ensemble space, where CPHS stands forc pseudoparticle,
21/2 holon, and21/2 spinon, a Hilbert subspace spann
by all states with fixed values for the numbersNc , Mc,21/2,
and Ms,21/2 of c pseudoparticles,21/2 holons, and21/2
spinons, respectively. It follows from Eqs.~14! and~15! that,
in general, an electron ensemble space contains sev
CPHS-ensemble spaces. This means that different choice
the numbersNc , Mc,21/2, andMs,21/2 can lead to the same
electron numbersN↑ andN↓ . In contrast, according to Eqs
~14! and ~15!, a given choice ofNc , Mc,21/2, and Ms,21/2
always corresponds to an unique choice for theN↑ and N↓
values of the electron numbers.

Each CPHS-ensemble space contains several subsp
with different numbersLc,21/2 of 21/2 Yang holons,Ls,21/2
of 21/2 HL spinons, and sets of numbers$Nc,n% and$Ns,n%
of c,n and s,n pseudoparticles, respectively, correspond
to differentn51,2,3, . . . branches. According to the resul
4-3
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of Ref. 31, the fixed values of each subspace obey the
straints imposed by the following equations,

Mc,21/25Lc,21/21 (
n51

`

nNc,n ; Ms,21/25Ls,21/2

1 (
n51

`

nNs,n . ~16!

We call a CPHS-ensemble subspacea Hilbert subspace
spanned by all states with fixed values for the numbersNc ,
Lc,21/2, andLs,21/2 and for the sets of numbers$Nc,n% and
$Ns,n% corresponding ton51,2,3, . . . branches. It follows
from Eqs.~16! that in general, a CPHS-ensemble space c
tains several CPHS-ensemble subspaces. This means tha
ferent choices of the values forLc,21/2 andLs,21/2 and sets of
numbers$Nc,n% and $Ns,n% corresponding ton51,2,3, . . .
branches can lead to the same values forMc,21/2 and
Ms,21/2. In contrast, a given choice of the values ofNc ,
Lc,21/2, andLs,21/2 and sets$Nc,n% and $Ns,n% correspond-
ing to n51,2,3, . . . branches always corresponds to uniq
choice of the values ofNc , Mc,21/2, andMs,21/2.

Finally, we note that one does not need to provide
values ofMc,11/2 and Ms,11/2 in order to specify a CPHS
ensemble space. These numbers are given by Eq.~13! and
are not independent. Furthermore, from the combination
Eqs.~30!, ~32!, and~34! of Ref. 31 one finds that

Lc,11/25Na2Nc22(
n51

`

nNc,n2Lc,21/2;

~17!

Ls,11/25Nc22(
n51

`

nNs,n2Ls,21/2.

Thus Lc,11/2 and Ls,11/2 are not independent and one do
not need to provide these values in order to specify a CP
ensemble subspace. Therefore, often we do not conside
values of the holon numbersMc,11/2 andLc,11/2 and of the
spinon numbersMs,11/2 andLs,11/2 in the expressions con
sidered below.

According to the studies of Ref. 31, our choice of usi
the numbersNc and Mc,21/2 to label the charge sector of
CPHS-ensemble space corresponds to a description of ch
transport in terms of electrons. In this case the elemen
charge carriers are theNc chargeons andMc,21/2 21/2 ho-
lons, which carry charges2e and 22e, respectively. Here
2e denotes the charge of the electron. The alternative us
the numbersNc andMc,11/2 to define the charge sector of
CPHS-ensemble space would correspond to a descriptio
charge transport in terms of electronic holes. In this case
elementary charge carriers would be t
Nc-rotated-electronic holes andMc,11/2 11/2 holons, which
carry charges1e and 12e, respectively.31 Also the trans-
port of spin has two alternative descriptions which cor
spond to the21/2 spinons and11/2 spinons, respectively
Here we have chosen to label the spin sector of the CP
ensemble spaces by the numberMs,21/2 of 21/2 spinons.
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The finite-energy Landau-liquid functional discussed
Ref. 31 and used in the ensuing sections corresponds to
CPHS-ensemble subspace description in terms of the va
of the numbers of21/2 Yang holons and21/2 HL spinons
and of the values of the numbers ofc pseudoparticles at ban
momentumq and of a,n pseudoparticles belonging toa
5c,s andn51,2,3, . . . branches at band momentumq. Ac-
cording to the studies of Ref. 31, such a choice correspo
again to the description of charge transport in terms of e
trons. In this case thec,n pseudoparticle carries charge
22ne.

IV. ELECTRON DOUBLE OCCUPATION
OF THE PSEUDOPARTICLES, YANG HOLONS,

AND HL SPINONS

Let us denote the number of doubly occupied sites byD.
By the number of doubly occupied sites we mean here
expectation value of the operator~5!,

D[^D̂&5(
j

^cj ,↑
† cj ,↑cj ,↓

† cj ,↓&. ~18!

Another useful quantity is the kinetic energyT, which we
define as the expectation value of the operator~4!,

T[2t(
j ,s

@^cj ,s
† cj 11,s&1^cj 11,s

† cj ,s&#. ~19!

Let uc& be an energy eigenstate of the Hamiltonian~3! of
energyEH5^cuĤHuc& given by the general expression

EH522t
Na

2pEqc
2

qc
1

dqNc~q!cosk~q!

14t
Na

2p (
n51

` E
qc,n

2

qc,n
1

dqNc,n~q!

3Re$A12@Lc,n~q!1 inU/4t#2%1ULc,21/2,

~20!

wherek(q) andLc,n(q) are the rapidity functionals define
by the integral in Eqs.~13!–~16! of Ref. 31 andNc(q) and
Nc,n(q) are pseudoparticle band-momentum distributi
functions also defined therein. The expressions of the ba
momentum limiting values of the integrals on the right-ha
side of Eq.~20! are given in Eqs.~B14!–~B17! of Ref. 31.
This energy expression is obtained by combining the ene
expression provided by the Bethe-ansatz solution22,38,46with
the SO~4! symmetry of the model and the holon and spin
descriptions introduced in Ref. 31. Note that such a gen
energy expression refers to the whole Hilbert space of the
Hubbard model. The term involving the number of21/2
Yang holons vanishes in the case of the LWSs of the SU~2!
h-spin algebra associated with the Bethe-ansatz solution
is not provided by such a solution.

According to the Hellmann-Feynman theorem,34,35 the
electron double occupationD, and kinetic energyT, associ-
ated with the above energy eigenstate, are given by
4-4
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D[^cu
]ĤH

]U
uc&5

]^cuĤHuc&
]U

5
]EH

]U
, ~21!

and

T[^cut
]ĤH

]t
uc&5t

]^cuĤHuc&
]t

5t
]EH

]t
, ~22!

respectively, whereĤH is the Hamiltonian defined in Eq.~3!
and the energyEH is given by Eq.~20!.

The use of expression~21! in the evaluation of the elec
tron double-occupation spectrum associated with creatio
a c pseudoparticle;a,n pseudoparticle;21/2 Yang holon; or
21/2 HL spinon involves the pseudoparticle Landau-liqu
energy functional. This functional was introduced in Ref.
and expressed in terms of holon and spinon numbers in
31.

A. The pseudoparticle, holon, and spinon Landau-liquid
energy functional

The energy Landau-liquid functional introduced in Re
38 is generated by expanding thec and a,n-pseudoparticle
band-momentum distribution functionsNc(q) and$Na,n(q)%
wherea5c,s andn51,2,3, . . . . Such an expansion is pe
formed around the ground-state values of these funct
given in Appendix C of Ref. 31 and inserting these distrib
tions in the energy functionalE associated with the Hamil
tonian ~1!. Such an energy functional is given by

E5EH1 (
a5c,s

maSz
a1

U

2 FLc,11/22Lc,21/22
Na

2 G ,
~23!

whereEH is the functional~20!, the parametersma are the
same as in Eq.~1!, andSz

a are the eigenvalues of the diag
nal generators defined in Eq.~7!. Let us consider that the
initial ground state corresponds to values of the electro
density such that 0<n<1 and values of the spin densit
such that 0<m<n. Throughout this paper we consider su
ground states. The studies of Ref. 38 have not expresse
energy Landau-liquid functional in terms of the deviations
the value of the21/2 Yang holon and21/2 HL spinon num-
bers. That problem was first addressed in Ref. 31. As
cussed in that reference, the general excitation spectrum
interest for the problem of the finite-energy correlation fun
tions can be written as the sum of a finite energyv0 and of
a gapless contribution expressed in terms of the pseudo
ticle energy bands. Such a energy Landau-liquid functio
reads

DE5v01
Na

2pEqc
2

qc
1

dqec~q!DNc~q!

1
Na

2pE2qs,1

1qs,1
dqes,1~q!DNs,1~q!

1
Na

2p (
a5c,s

(
n511da,s

` E
2qa,n

1qa,n
dqea,n

0 ~q!DNa,n~q!,

~24!
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whereDNc(q), DNc,n(q), andDNsn(q) are the pseudopar
ticle band-momentum distribution function deviations. T
band-momentum limiting valuesqs,1 , qa,n , andqc

6 are de-
fined in Eqs. ~B14!–~B17! of Ref. 31, whereas the
pseudoparticle energy bandsec(q), es,1(q), andea,n

0 (q) are
defined by Eqs.~C15!–~C21! of the same reference.

The expression for the energy parameterv0 on the right-
hand side of Eq.~24! which controls the finite-energy phys
ics is determined by the number of21/2 holons and21/2
spinons~except those associated withs,1 pseudoparticles! of
the final states relative to the ground state. Creation of
21/2 holon requires an amount of energy 2m and momen-
tum p whereas creation of a21/2 spinon ~except those
which are part ofs,1 pseudoparticles! requires an amount o
energy 2m0H and zero momentum. Thus the energy para
eterv0 is a simple expression in terms of the deviations
the numbers of21/2 holons and21/2 spinons, which reads

v052mDMc,21/212m0H@DMs,21/22DNs,1#, ~25!

whereDMa,21/2[@Ma,21/22Ma,21/2
0 # are the deviations in

the numbers of21/2 holons (a5c) and of 21/2 spinons
(a5s), andDNs,1[@Ns,12Ns,1

0 # is the deviation from the
ground-state value of the number ofs,1 pseudoparticles. The
ground-state pseudoparticle numbers are given in Appen
C of Ref. 31.

The final states associated with the energy functional~24!
belong to different CPHS-ensemble spaces, depending on
numbers of quantum objects of these states. According to
form of the general energy spectrum defined in Eqs.~24! and
~25!, final states belonging to CPHS-ensemble spaces w
finite occupancies of21/2 holons have finite excitation en
ergy relative to the ground state. These states belong
CPHS-ensemble subspaces which are spanned by states
finite occupancies of21/2 Yang holons and/or ofc,n
pseudoparticles. Again following expression~25!, for finite
values of the spin densitym, states belonging to CPHS
ensemble subspaces spanned by states with finite occu
cies of21/2 HL spinons, and/or ofs,n pseudoparticles be
longing ton.1 branches, have also finite excitation ener
relative to the ground state. However, most of the results
the present paper consider the limit of zero-spin densitym
50, where the energy spectrum of these states is gaple

On the other hand, for general values ofn and m the
low-energy Hilbert subspace corresponds to the CPH
ensemble space which contains the ground state. The c
sponding ground-statec pseudoparticle,21/2 holon, and
21/2 spinon numbers are given in Eqs.~C24! and ~C25! of
Ref. 31. Such a CPHS-ensemble space is spanned by s
with finite pseudoparticle occupancy for thec- and
s,1-pseudoparticle bands only. We recall that according
the results of Ref. 31 thes,1 pseudoparticle is a composit
quantum object. It is constituted of two spinons of oppos
spin projection. In the studies of Refs. 51–53 thec- and
s,1-pseudoparticle branches were referred to asc pseudopar-
ticles ands pseudoparticles, respectively. The excited sta
contained in that CPHS-ensemble space have ba
momentum distribution functions whose occupancies are
ferent from the ones of thec and s,1 ground-state distribu-
4-5
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tions provided in Eqs.~C1! and ~C2!, respectively, of Ref.
31. At fixed spins electron numbers, the occupancies
these excited states can be generated from the ground
by pseudoparticle-pseudoparticle hole processes in thec and
s,1 bands.

B. The ground-state electron double occupation

In the particular case of a zero-spin-density ground st
from the use of the general Eq.~21!, we find

D05
]EGSH

]U
5

N

2 S n

2D f ~n,U/t !, ~26!

whereD0 denotes the ground-state electron double occu
tion andEGSH stands for the ground-state energy

EGSH522t
Na

2pEqFc
2

qFc
1

dq cosk0~q!

522t
Na

2pE2Q

Q

dk2prc~k!cosk. ~27!

Here the Fermi band momentaqFc
6 are defined by Eqs.~C4!–

~C7! of Ref. 31 and the ground-state functionsk0(q) and
2prc(k) are studied below. This energy expression cor
sponds to the Hamiltonian~3! and is obtained by use of th
ground-state numbers and deviations of Eqs.~C1!–~C3! and
~C24! and ~C25! of Ref. 31 in the general energy function
~20!. In order to study the ground-state double occupat
~26!, let us provide useful information on the related ene
~27!. The ground-state functionk0(q) on the right-hand side
of Eq. ~27! is related to the distribution 2prc(k) considered
below by the following equation,

]k0~q!

]q
5

1

2prc@k0~q!#
. ~28!

The functionk0(q) is also related to the ground-state rapid
functionsLa,n

0 (q) such that

]La,n
0 ~q!

]q
5

1

2psa,n~La,n
0 ~q!!

; a5c,s, n51,2,3, . . . .

~29!

The above functions 2prc(k), 2psc,n(L), and 2pss,n(L)
are the solutions of the following integral equations,

2prc~k!511
4t cosk

p

3E
2B

B

dL
U

U21~4t !2~L2sink!22pss,1~L!,

~30!
08510
f
ate

e,

a-

-

n
y

2psc,n~L!52 ReF 4t

A~4t !22~4tL2 inU !2G
2

4t

p E
2Q

Q

dk
nU

~nU !21~4t !2~sink2L!2

32prc~k!, ~31!

and

2pss,n~L!5
4t

p E
2Q

Q

dk
nU

~nU !21~4t !2~sink2L!22prc~k!

2
2t

pUE
2B

B

dL8Q1,n
[1]F4t~L2L8!

U G2pss,1~L8!,

~32!

where the expression of the functionQ1,n
[1] (x) and the param-

etersQ andB are given in Eqs.~C22! and~C23! of Ref. 31.
We note that 2prc(k) and 2pss,1(L) equal the functions
2pr(k) and 2ps(L), respectively, introduced by Lieb an
Wu.21 At half filling and spin densitym50 the parametersQ
and B read Q5p and B5` and Eqs.~30!–~32! can be
solved by Fourier transform. Use of the obtained expressi
in Eq. ~28! and in Eq.~29! for a,n5s,1 leads to the follow-
ing expressions,

q5k0~q!12E
0

`

dxJ0~x!
sin@x sink0~q!#

x@11exU/2t#
; uqu<p,

~33!

and

q5E
0

`

dxJ0~x!
sin@xLs,1

0 ~q!#

x coshS xU

4t D ; uqu<p/2, ~34!

whereJ0(x) and J1(x) are Bessel functions. These expre
sions define the inverse functions ofk0(q) andLs,1

0 (q), re-
spectively. Based on these expressions it is straightforwar
find that at half filling and zero-spin density the energy~27!
can be written in closed form with the result21

EGSH524NatE
0

`

dx
J0~x!J1~x!

x@11exU/2t#
. ~35!

One can use the obtained ground-state energy expres
in the evaluation of the electron ground-state double occu
tion ~26!. We find that in the limits of vanishing and infinit
on-site repulsionU/t the function f (n,U/t) of Eq. ~26! is
given by 1 and 0, respectively. Closed-form expressions
that function can be obtained for electronic densities 0<n
<1 in the limitsU/t→0 andU/t@1, with the results

f ~n,U/t !51; U/t→0,
~36!

f ~n,U/t !5S 4t

U D 2

ln 2F12
sin~2pn!

2pn G ; U/t@1.
4-6



-

t

pa
d
u
n
ic
ev
a

rre
th
s

v
k-
he

si

d
c

e

on

ely.
ond-

e-

rgy

ply

o-
tic-

of
ing

ctra

-
he

f a

he

ra
al-

ich
ion
on
no
we
y.

ed
ect
ite

lec-

the

FINITE-ENERGY LANDAU LIQUID THEORY FOR THE . . . PHYSICAL REVIEW B 68, 085104 ~2003!
For the specific case of half filling,n51, one finds from the
use of Eqs.~26! and ~35! the following closed-form expres
sion for the functionf (n,U/t),35

f ~1,U/t !54E
0

`

dx
J0~x!J1~x!

11coshS xU

2t D . ~37!

According to the general expression~22!, the ground-state
kinetic energyT0 is given byT05t]EGSH/]t,34 whereEGSH
stands again for the ground-state energy associated with
Hamiltonian~3!.

C. The electron double-occupation functional

Our goal is the study of the deviationsDD from the
ground-state electron double occupationD0 given in Eq.
~26!, generated by changes in the numbers of pseudo
ticles, 21/2 Yang holons, and21/2 HL spinons associate
with transitions to other energy eigenstates. Such a st
provides information on theU/t dependence of the electro
site distribution configurations of the real-space lattice wh
describe the energy eigenstates. The above-mentioned d
tions are interesting quantities that provide useful inform
tion about the localization/delocalization degree of the co
sponding elementary quantum objects. Fortunately,
electron double occupationD of the final energy eigenstate
can be obtained by means of the general expression~21!.
Thus one can compute the electron double-occupation de
tions DD[@D2D0#. These can be obtained simply by ta
ing theU derivative of the excitation energy defined by t
following Landau-liquid energy functional,

DEH5DE2 (
a5c,s

maDSz
a2

U

2
@DLc,11/22DLc,21/2#,

~38!

whereDE is the energy functional~24!, DLc,61/2 denotes the
deviations in the numbers of61/2 Yang holons, and the
remaining quantities are the same as on the right-hand
of Eq. ~20!.

The deviationsDD can be written in functional form. To
first order in the21/2 Yang holon and21/2 HL spinon
number deviations and pseudoparticle band-momentum
tribution function deviations, the double-occupation fun
tional reads

DD5 (
a5c,s

DLa,21/2Da,21/21
Na

2pEqc
2

qc
1

dqDNc~q!Dc~q!

1
Na

2p (
a5c,s

(
n51

` E
2qa,n

qa,n
dqDNa,n~q!Da,n~q!. ~39!

HereDLa,21/2 is the deviation from the ground-state numb
of 21/2 Yang holons (a5c) and 21/2 HL spinons (a
5s), and DNc(q) and DNa,n(q) are the c- and
a,n-pseudoparticle band-momentum distribution functi
deviations given in Eq.~58! of Ref. 31, respectively. On the
right-hand side of Eq.~39! Da,21/2 is the21/2 Yang holon
(a5c) and 21/2 HL spinon (a5s) double occupation,
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while Dc(q) and Da,n(q) denote thec-pseudoparticle and
a,n-pseudoparticle double-occupation spectra, respectiv
These double occupations and spectra equal the corresp
ing deviation in the value of double occupation~18! which
results from creation of a21/2 Yang holon or21/2 HL
spinon and of creation of ac or a,n pseudoparticle at band
momentum q, respectively. The pseudoparticle doubl
occupation spectra can be expressed as

Dc~q!5
]ēc~q!

]U
, Da,n~q!5

]ēa,n~q!

]U
, ~40!

where the pseudoparticle bandsēc(q) and ēa,n(q) are given
by

ēc~q!5ec~q!1U/22m1m0H, ēs,1~q!5es,1~q!22m0H,
~41!

ēc,n~q!5ec,n
0 ~q!1nU, ēs,n5es,n

0 ~q!; n.1.

Here the pseudoparticle energy bandsec(q), es,1(q),
ec,n

0 (q), and es,n
0 (q) for n.1 are defined by Eqs.~C15!–

~C21! of Ref. 31. These are the energy bands of the ene
functional ~24!. The 21/2 Yang holon and21/2 HL spinon
electron double-occupation deviation numbers are sim
given by

Dc,21/251; Ds,21/250. ~42!

As for electron double occupation, we could also intr
duce a kinetic-energy functional associated with the kine
energy deviationsDT[@T2T0#. However, the only infor-
mation we need for our present study is whether creation
an elementary quantum object leads to a finite or a vanish
kinetic-energy deviationDT.

The pseudoparticle electron double-occupation spe
~40! and 21/2 Yang holon and21/2 HL spinon electron
double occupation~42! provide interesting physical informa
tion about the degree of localization/delocalization of t
corresponding quantum objects. For instance, Eq.~42! re-
veals that for the whole parameter space creation o
21/2 Yang holon leads toDD51. That excitation involves
creation of two electrons. From the expression of t
h-spin-flip generators given in Eq.~9!, it follows that cre-
ation of a21/2 Yang holon involves the creation of an ext
on-site electron pair on a ground-state empty site for all re
space lattice electron site distribution configurations wh
describe the initial state. Consistently, we find that creat
of a 21/2 Yang holon leads to a kinetic-energy deviati
DT50. Since creation of such quantum objects leads to
change in the value of the ground-state kinetic energy,
say that the21/2 Yang holon carries no kinetic energ
Therefore, in spite of having charge22e, 21/2 Yang holons
do not contribute directly to charge transport, as mention
in Ref. 31. This concept of an elementary quantum obj
carrying kinetic energy when its creation leads to a fin
deviationDT is inspired in the electronic conductivity sum
rule. That sum rule refers to the frequency-dependent e
tronic conductivity and states that it is proportional touTu.34

Thus if creation of a quantum object does not change
4-7
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value ofT, it follows that the conductivity sum rule remain
unchanged. Therefore, we say that such a quantum ob
carries nokinetic energy. Furthermore, we find from analys
of Eq. ~42! that creation of a21/2 HL spinon leads to no
change in the ground-state double occupation. This is c
sistent with the form of the generators defined in Eq.~10!.
Thus the spin flip associated with creation of a21/2 HL
spinon corresponds to electrons located at singly occu
sites for all real-space lattice electron site distribution c
figurations which describe the initial ground state.

Let us start the discussion of the pseudoparticle elec
double-occupation spectra defined in Eq.~40! by considering
the limit U/t→`. These spectra can be easily evaluated
in that limit the elementary quantum objects have simp
expressions in terms of real-space lattice electron site di
bution configurations. As discussed in Refs. 31 and 32, s
U/t→` configurations describe the energy eigenstates
all values ofU/t in terms of an effective electronic lattice
Such a lattice refers to the occupancy configurations of
rotated electrons introduced in Ref. 32. It has the same n
ber of sitesNa and lattice constanta as the real-space
lattice.31,32 In the limit of U/t→`, electron double occupa
tion D is a good quantum number which equals the num
of rotated-electron doubly occupied sites.31,32 We recall that
for rotated electrons double occupation is a good quan
number for all values ofU/t. As a result we find that as
U/t→` the electron double-occupation functional~39! sim-
ply reads

DD5DMc,21/25DLc,21/2

1
Na

2p (
n51

` E
2qc,n

qc,n
dqnDNc,n~q!; U/t→`.

~43!

From comparison of Eqs.~39! and ~43!, we arrive at the
following U/t→` expressions for the pseudoparticle ele
tron double-occupation spectra,

Dc~q!5Ds,n~q!50; Dc,n~q!5n; U/t→`. ~44!

These electron double-occupation spectra expressions s
that increasing the number ofc pseudoparticles by one doe
not change electron double occupation whenU/t→`. On
the other hand, from Eq.~44! we find that increasing the
number ofc,n pseudoparticles by one leads to an increasn
in electron double occupationD. Moreover, we also studied
the corresponding deviations in kinetic energy and found
in this limit thec pseudoparticles (c,n pseudoparticles! carry
kinetic energy~carry no kinetic energy!.

These results reveal that in the present limit, thec
pseudoparticles correspond to electron singly occupied s
and that the21/2 holons and11/2 holons correspond to
electron pairs and electronic hole pairs at the same real-s
lattice site, respectively. In Ref. 32 it is found that such
property is closely related to the rotated-electron effect
electronic lattice mentioned above. As we discuss below,
find that at finite values ofU/t a composite 2n-holon c,n
pseudoparticle with band momentumq such thatuqu,@p
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22kF# carries kinetic energy. This means that for finite va
ues ofU/t the 2n extra electrons are not always created
the same site and thus that composite quantum object
tributes to charge transport. However, we find thatDT is a
decreasing function ofU/t which vanishes in the limitU/t
→`. Thus creation of ac,n pseudoparticle leads in tha
limit to DT50 and these objects become localized and ca
no kinetic energy. It follows that in spite of having charg
22ne, for U/t→` the c,n pseudoparticles do not contrib
ute directly to charge transport, as mentioned in Ref. 31
that limit they describe a numbern of localized electron
pairs, each pair localized at the same site.

On the other hand, in agreement with the results of R
31 the chargeons have charge2e and we find that in the
U/t→` limit they carry kinetic energy and thus are the on
carriers of charge. WhenU/t→` the finite-energy Hilbert
subspace is spanned by states withD50 because it requires
an infinite energy,DU, to excite the system into states wit
D.0 electron double occupation. In this limit, thec
pseudoparticles become the spinless fermions of Refs.
57. The associated chargeons describe the charge excita
associated with the electron singly occupied sites of the r
space lattice. The spin degrees of freedom of the elec
singly occupied sites are described by the spinons. In
U/t→` limit creation of 61/2 spinons describes spin flip
of localized electrons at singly occupied sites. Therefore, c
ation of spinons does not contribute to double occupation
confirmed by the results of Eq.~43! for the 2n-spinon com-
posites,n pseudoparticles. This holds true for all finite va
ues ofU/t in the case of the HL spinons, as confirmed by E
~42!. Moreover, creation of single61

2 spinons associated
with creation of single electrons describes creation of loc
ized spin61

2 electrons singly occupied sites and annhilati
of empty sites.

D. Electron double-occupation spectra for finite values ofUÕt
and zero-spin density

Let us now study the pseudoparticle electron doub
occupation spectra of Eq.~40! for finite values ofU/t. For
simplicity, let us again consider the case of zero-spin den
m50. In that case we find the following relations, which a
valid for values of electronic density in the domain 0<n
<1 and for all values ofU/t,

Ds,n~q!50; n.1, ~45!

Dc,n~0!<Dc,n~q!<Dc,n~6@p22kF# !5n;

Ds,1~6kF!50<Ds,1~q!<Ds,1~0!. ~46!

The electron double-occupation spectra are derived fr
the expressions of Eq.~41! for the energy bandsēc(q) and
ēc,n(q) by means of the relation provided in Eq.~40!. There-
fore, the features of these bands fully control and determ
the band momentumq, electronic densityn, and on-site re-
pulsion U/t dependence of the pseudoparticle electr
double-occupation spectra. As we discuss in the ensuing
tion, the energy width of the bandēc(q) is independent of
4-8
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U/t, being constant for all values ofU/t andn, and is given

by Wc[u ēc(p)2 ēc(0)u54t. In contrast, the widthWc,n

[u ēc,n(p22kF)2 ēc,n(0)u of the c-, n-pseudoparticle en
ergy bands is a decreasing function ofU/t, vanishing as
U/t→`. The same behavior occurs also for t

s,1-pseudoparticle band, which is such thatWs,1[u ēs,1(kF)

2 ēs,1(0)u→0 asU/t→`.
This qualitative difference between thec-pseudoparticle

and the remaining pseudoparticle energy bands lead
qualitative differences in the corresponding electron doub
occupation spectra as well. For instance, there are qualita
differences between theq dependence of the electron doubl
occupation spectrumDc(q) on the one hand, and that of th
electron double-occupation spectraDs,1(q) and Dc,n(q) on
the other hand. While the functionDc(q) changes slowly
with band momentumq, for finite values ofU/t the functions
Ds,1(q) and Dc,n(q) show a significantq dependence. Fo
instance, the valuesDs,1(kF)50 andDc,n(p22kF)5n are
U/t independent, whereas the values ofDs,1(0) andDc,n(0)
depend on this quantity. In contrast, theU/t dependence o
the spectrumDc(q) is very similar for all band-momentum
values q. For finite values ofU/t the electron double-
occupation spectrumDs,1(q)5Ds,1(2q) is a decreasing
function of uqu, having its minimum valueDs,1(kF)50 at
uqu5qs,15kF and its maximum value atuqu50. For finite
values of U/t the electron double-occupation spectru
Dc,n(q)5Dc,n(2q) is an increasing function ofuqu, having
its minimum value at uqu50 and its maximum value
Dc,n(p22kF)5n at uqu5qc,n5@p22kF#.

Since both the electron double-occupation spectraDs,1(q)
andDc,n(q) are not dependent onU/t for the limiting band-
momentum valuesq56kF and q56@p22kF#, respec-
tively, and they show the strongestU/t dependence forq
50, below we consider mainly theU/t andn dependencies
of the q50 parametersDs,1(0) andDc,n(0). In agreement
with the inequalities of Eq.~46!, for increasing values of the
band-momentum absolute valueuqu, these spectra reac
smoothly theU/t-independent limiting valuesDs,1(6kF)
50 and Dc,n(6@p22kF#)5n, respectively. According to
the results obtained in Ref. 32, atm50 only the
c-pseudoparticle;s,1-pseudoparticle;c,1-pseudoparticle; and
c,2-pseudoparticle bands contribute significantly to the
ergy spectra of one-electron and two-electron excitatio
Thus, below we limit our studies of the spectrumDc,n(0) to
the branchesn51 andn52. In the case of theDc(q) spec-
trum, we consider then and U/t dependencies of both th
parametersDc(0) andDc(22kF)5Dc(2kF). Although the
spectrumDc(q) is gently dependent onq, in addition to the
value at the band momentumq50 we also consider the
value at62kF . On the one hand, we study the parame
Dc(2kF) because creation and annihilation ofc pseudopar-
ticles at the Fermi points62kF are associated with impor
tant one-electron and two-electron excitations.47 On the other
hand, since for the other pseudoparticle branches we s
the U/t and n dependencies of the electron doub
occupation spectrum atq50, for completeness we also con
sider in our study the parameterDc(0).
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In Figs. 1 and 2 the electron double-occupati
pseudoparticle parametersDc(0) andDc(2kF) are plotted as
a function ofU/t for different values of the electronic den
sity n. The electron double-occupation pseudoparticle para
etersDs,1(0), Dc,1(0), and Dc,2(0) are also plotted as a
function of U/t and for the same values of the electron
density in Figs. 3–5. The curves plotted in these figu
show thatDc(0) andDc(2kF) are decreasing functions o
U/t. Both of these functions have the maximum val
Dc(0)5Dc(2kF)5n/2, for U/t→0, and vanish in the limit
U/t→`. On the other hand,Ds,1(0) vanishes both forU/t
→0 andU/t→` and has itsn-dependent maximum valu
for a value ofU/t between 1 and 4. While for small value

FIG. 1. The electron double-occupation parameterDc(0) plot-
ted as a function ofU/t for different values of the electronic densit
n.

FIG. 2. The electron double-occupation parameterDc(2kF)
plotted as a function ofU/t for different values of the electronic
densityn.
4-9



ite

as

in
in
r t
dd
s
to

l-

ex-

tic-
y
d in

of
of

hen
jects

or
the

y

y

J. M. P. CARMELO AND P. D. SACRAMENTO PHYSICAL REVIEW B68, 085104 ~2003!
of the electronic densityn the parametersDc,1(0) and
Dc,2(0) are decreasing functions ofU/t, for values ofn
close to 1 there is a minimum value at a small but fin
value ofU/t. These parameters are given byn and 2n, re-
spectively, forU/t→0, and tend to 1 and 2, respectively,
U/t→`.

Before discussing the physical information contained
the curves plotted in Figs. 1–5, we consider some limit
cases where we could evaluate analytical expressions fo
pseudoparticle electron double-occupation spectra. In a
tion, before that discussion we also indicate the case
which creation of the elementary quantum objects leads
vanishing kinetic-energy deviationDT. In the limit U/t→0

FIG. 3. The electron double-occupation parameterDs,1(0) plot-
ted as a function ofU/t for different values of the electronic densit
n.

FIG. 4. The electron double-occupation parameterDc,1(0) plot-
ted as a function ofU/t for different values of the electronic densit
n.
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we find the following expressions valid for densities 0<n
<1,

Dc~0!5Dc~62kF!5n/2; Ds,1~0!50; Dc,n~0!5nn.
~47!

On the other hand, in the limitU/t@1 the same quantities
can be written as follows,

Dc~0!5S 2t

U D 2

n ln~2!F12
sin~2pn!

2pn G ;
Dc~62kF!5S 2t

U D 2

n ln~2!F2 sin2~pn!112
sin~2pn!

2pn G ;
Ds,1~0!5S 2t

U D 2 pn

2 F12
sin~2pn!

2pn G ;
Dc,n~0!5n2S 4t

U D 2 1

2n H ~12n!2
sin@2p~12n!#

2p J .

~48!

Moreover, the following expressions are valid for all va
ues ofU/t.0 in the limit of vanishing densityn→0,

Dc~0!5Dc~62kF!5Ds,1~0!50;
~49!

Dc,n~0!5n
nU

A~4t !21~nU !2
.

In the case of densityn51 we could derive the following
expressions, which are valid for all values ofU/t.0,

Dc~0!5Dc~62kF!5E
0

`

dx
J1~x!

11coshS xU

2t D ;

~50!

Ds,1~0!5
1

2E0

`

dxJ1~x!

sinhS xU

4t D
FcoshS xU

4t D G2 ; Dc,n~0!5n.

Comparison of the expressions~47!–~50! with the curves of
the Figs. 1–5 reveals there is agreement between these
pressions and the curves.

As we mentioned above, we can also evaluate the kine
energy deviationsDT[@T2T0# associated with elementar
excitations. In the present study we are mostly intereste
whether the deviationsDT which result from creation of a
pseudoparticle,21/2 Yang holon, or21/2 HL spinon are
finite or vanish. Importantly, by combining our analysis
the DT deviation expression with the related properties
the electron double-occupation spectra, we find that w
such a deviation vanishes, creation of these quantum ob
is either associated with creation of localized electrons
involves on-site spin-flip processes. From our study of
kinetic energy~19! we find that the deviationDT which re-
4-10
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FIG. 5. The electron double-occupation p
rameterDc,2(0) plotted as a function ofU/t for
different values of the electronic densityn.
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sults from creation of pseudoparticles,21/2 Yang holons, or
21/2 HL spinons vanishes in the following cases:

~i! Creation of one or a vanishing density ofs,1
pseudoparticles at band-momentum valuesq56kF↑ for all
values ofU/t, n, andm.

~ii ! Creation of one or a vanishing density ofc,n
pseudoparticles at band-momentum valuesq56@p22kF#
for all values ofU/t, n, andm.

~iii ! Creation of one or a vanishing density ofs,n
pseudoparticles belonging to branches such thatn.1 at
band-momentum valuesq56@kF↑2kF↓# for all values of
U/t, n, andm.

~iv! Creation of21/2 Yang holons for all values ofU/t,
n, andm.

~v! Creation of21/2 HL spinons for all values ofU/t, n,
andm.

~vi! Creation ofa,n pseudoparticles witha5c,s and n
51,2,3, . . . for m50, all band-momentum valuesq, all
densitiesn, andU/t→`.

E. Electron double-occupation spectra and the pseudoparticle
degree of localizationÕdelocalization

We close this section with the analysis and a discussio
the information provided by the dependence on the e
tronic densityn, on-site electronic repulsionU/t, and band
momentumq of the electron double-occupation quantiti
defined in Eqs.~46!–~50! and Figs. 1–5. We find that th
dependence of the electron double-occupation quantities
spectra on these parameters provides insight into the de
of localization/delocalization of the21/2 Yang holons,
21/2 HL spinons, and pseudoparticles.

While only spins electrons can be created into the man
electron system or annihilated from it, creation of spins
electrons generates backflow effects which can change
numbers and the occupancy configurations of pseudo
ticles, holons, and spinons.32 In the absence of electron ad
dition or removal, these elementary quantum objects are c
fined within the many-electron system, their occupan
08510
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configurations describing the exact energy eigenstates. A
result of the nonperturbative character of the electronic c
relations, the description of the pseudoparticles, holons,
spinons in terms of electron site distribution configuratio
of the real-space lattice is a very complex many-bo
problem.31

For finite values ofU/t the electron double occupationD
defined in Eq.~18! is not a good quantum number. This ju
means that the ground state and the other energy eigens
can be expressed as a superposition of real-space lattice
tron site distribution configurations with different numbers
electron doubly occupied sites. On the other hand, in
limit U/t→` both electron double occupationD, double un-
occupation, spin-down single occupation, and spin-up sin
occupation become good quantum numbers.31,32Thus in this
limit all energy eigenstates can be expressed as a super
tion of real-space lattice electron site distribution configu
tions with the same value of electron double occupationD.
For instance, in the particular case of the ground state
finite-energy excited states that value isD50. Thus, the
ground-state electron double occupationD0 is such thatD0

→0 asU/t→`, as confirmed by the form of the expressio
defined in Eqs.~26! and ~36!.

It is useful for our discussion to express the deviatio
DN↑ andDN↓ in the electron numbers in terms of the devi
tions in thec pseudoparticle;a,n pseudoparticle,21/2 Yang
holon; and21/2 HL spinon numbers. Based on the form
the expressions given in Eqs.~14!–~16!, we find the follow-
ing relations,

DN↑5DNc2DLs,21/21DLc,21/2

1 (
n51

`

nDNc,n2 (
n51

`

nDNs,n , ~51!

and
4-11
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DN↓5DLs,21/21DLc,21/21 (
n51

`

nDNc,n1 (
n51

`

nDNs,n .

~52!

We recall that the numbers of11/2 Yang holons and o
11/2 HL spinons are dependent on the numbers of the
maining quantum objects. In particular, it follows from E
~17! that the deviationsDLc,11/2 and DLs,11/2 can be ex-
pressed as follows,

DLc,11/252DNc22(
n51

`

nDNc,n2DLc,21/2;

~53!

DLs,11/25DNc22(
n51

`

nDNs,n2DLs,21/2.

For simplicity, let us assume again that the initial grou
state has zero-spin densitym50. In order to study the de
gree of localization/delocalization of the quantum objec
we consider elementary excitations associated with crea
of c pseudoparticles;s,1 pseudoparticles;c,n pseudopar-
ticles; and21/2 Yang holons. According to Eqs.~24! and
~25!, for initial ground states with finite spin densitym in the
range 0,m,n the energy spectrum of excitations involvin
creation ofs,n pseudoparticles belonging ton.1 branches
and/or21/2 Yang holons is gapped. The study of the ele
tron double occupation of such finite-spin-density excitatio
is an interesting problem which will be considered els
where.

In the examples provided in the following we consider t
simplest excitations associated with creation of o
pseudoparticle at band-momentumq ~or of one21/2 Yang
holon or21/2 HL spinon!. However, note that the contribu
tion to the electron double-occupation deviationDD of any
other excitations involving creation of the same quantum
ject always is given by its double occupation spectrum
band-momentumq ~or 21/2 Yang holon or21/2 HL spinon
double occupation!.

We start by considering the creation of ac pseudoparticle
at band momentumq. Creation of ac pseudoparticle is asso
ciated with creation of a spin-up electron, as confirmed
Eqs. ~51! and ~52!. From Eq.~53! we find that such an ex
citation also involves annihilation of a11/2 Yang holon and
creation of a11/2 HL spinon. According to Eqs.~43! and
~48!, in the limit U/t→` this elementary excitation leads t
no change in the ground-state electron double occupa
D0, Eq. ~26!. Therefore, in this limit creation of ac
pseudoparticle corresponds to creation of an extra elec
singly occupied site and annihilation of an empty side of
real-space lattice. For decreasing values ofU/t, theU/t de-
pendence of thec-pseudoparticle electron double occupati
of Figs. 1 and 2 reveals that this excitation leads to a sm
positive finite electron double-occupation deviationDD
5Dc(q). At bothq50 andq562kF this deviation is maxi-
mum whenU/t→0, where from Eq.~47! and Figs. 1 and 2
we find thatDD5Dc(0)5Dc(62kF)5n/2. The deviation
DD5Dc(q) changes slowly with band momentumq for all
values ofU/t and electronic densityn. We emphasize tha
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the kinetic-energy deviationDT which results from this ex-
citation is always finite. We thus conclude that thec
pseudoparticle does not describe localized electron confi
rations. Thec pseudoparticle has it highest delocalizati
degree in the limit ofU/t→`, where it leads to no electron
double-occupation deviation. In this case it becomes the n
interacting spinless fermion of Refs. 54–57.

Let us now consider the case of thes,1 pseudoparticle.
Creation of ans,1 pseudoparticle at band momentumq is
associated with a spin flip which creates a spin-down e
tron and annihilates a spin-up electron. This is confirmed
analysis of Eqs.~51! and~52!. Moreover, it follows from Eq.
~53! that creation of ans,1 pseudoparticle also involves an
nihilation of two 11/2 HL spinons. The corresponding ele
tron double-occupation deviation is given byDD5Ds,1(q)
and equals thes,1 double-occupation spectrum. According
Eqs. ~46!–~48!, this spectrum has its minimum value at th
band-momentum valuesq56kF , where it vanishes. In ad
dition, we find that at this band-momentum value thes,1
pseudoparticle does not carry kinetic energy. Thus aq
56kF and for all finite values ofU/t andn, creation of the
s,1 pseudoparticle is associated with an on-site electro
spin-flip process in the real-space lattice. It follows that
these band-momentum values thes,1 pseudoparticle has
localized character. For decreasing values ofuqu and finite
values ofU/t, the value ofDs,1(q) increases and we find
that thes,1 pseudoparticle carries kinetic energy. It follow
that for uqu,kF , the spin-flip electronic process has no pu
on-site character. The delocalization degree of thes,1
pseudoparticle is maximum for band momentumq50. In
contrast to thec pseudoparticles andc,n pseudoparticles, a
finite values ofU/t, the degree of delocalization of thes,1
pseudoparticle is in general highest when the value
Ds,1(q) is maximum. This can be understood by consider
the U/t→` limit. In this case theq56kF physics is ex-
tended to all values ofq and thes,1 pseudoparticle carries n
kinetic energy. Moreover, according to Eqs.~43! and~48! the
electron double-occupation spectrum is in this limit given
Ds,1(q)50. As was mentioned before, creation of thes,1
pseudoparticle at any value ofq for U/t→` is associated
with an on-site electronic spin-flip process. It follows that
the case of thes,1 pseudoparticle the highest degree of
calization is achieved when it describes electron singly
cupied site excitations only. Thus, as the value of the on-
repulsionU/t is decreased andDD5Ds,1(q) becomes finite,
the degree of delocalization increases. This effect is stron
for low values of band momentumq. For the limiting values
q56kF the s,1 pseudoparticle describes a localized exci
tion for all values ofU/t and n, as mentioned above. Th
curves plotted in Fig. 3 show thatDD5Ds,1(0) is maximum
for an intermediate value ofU/t. Interestingly, in the limit of
U/t→0 one finds thatDs,1(q)50 for all values ofq, as in
the limit U/t→`. However, in this case thes,1 pseudopar-
ticle carries finite kinetic energy for all band-momentum v
uesq except atq56kF . This means that for vanishing va
ues ofU/t the delocalization degree is not directly related
electron double occupation.
4-12
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Another important elementary quantum object is th
21/2 Yang holon. Creation of a21/2 Yang holon is associ
ated with creation of two electrons of opposite spin proj
tion, as is confirmed by Eqs.~51! and~52!. From Eq.~53! we
find that creation of a21/2 Yang holon implies annihilation
of a 11/2 Yang holon. The21/2 Yang holon does not carr
kinetic energy and from Eq.~42! we find that its creation
leads to a electron double-occupation deviation valueDD
51. Therefore, creation of a21/2 Yang holon is associate
for all finite values ofU/t with the creation of a new local
ized electron doubly occupied site and the annihilation of
empty site in all real-space lattice electron site distribut
configurations of the initial ground state, as mentioned p
viously. This is fully confirmed by the expression in terms
electronic operators of theh-spin-flip generators given in Eq
~9!.

Let us now consider thec,n pseudoparticle. This is an
sc50 composite quantum object which results from t
combination ofn 21/2 holons andn 11/2 holons.31 Since
each21/2 holon is made out of two rotated electrons
opposite spin projection,31,32 it follows that creation of ac,n
pseudoparticle at band momentumq is associated with cre
ation of a numbern of spin-down electrons and creation
an equal number of spin-up electrons.~We note that the num
ber of rotated electrons equals that of electrons.! This is con-
firmed by Eqs.~51! and~52!. According to Eq.~53!, creation
of a c,n pseudoparticle also implies annihilation of 2n 11/2
Yang holons. The electron double-occupation deviat
originated by creation of ac,n pseudoparticle is given by
DD5Dc,n(q). According to Eqs.~46!–~48! and Figs. 4 and
5, this deviation has its maximum value for the ban
momentum valuesq56@p22kF#, where it is given byn.
In addition, at these band-momentum values thec,n
pseudoparticle does not carry kinetic energy. It follows t
at these values ofq, creation of thec,n pseudoparticle is
associated with creation ofn localized electron doubly-
occupied sites and annihilation ofn electron empty sites in
all real-space lattice electron site distribution configuratio
of the initial ground state. Note that this result is valid for
electronic densitiesn and finite values of the on-site repu
sion U/t. For these band-momentum values thec,n
pseudoparticle corresponds to localized real-space la
electron site distribution configurations similar to the on
obtained by creation ofn 21/2 Yang holons. For decreasin
values ofuqu and finite values ofU/t the valueDc,n(q) de-
creases and we find that thec,n pseudoparticle carries finit
kinetic energy. Thus, in contrast to the case of thes,1
pseudoparticle, in the present case the degree of deloca
tion increases with decreasing electron double-occupa
deviation values. For finite values ofU/t and band-
momentum valuesuqu,@p22kF# the 2n created electrons
are characterized by some degree of delocalization whic
maximum at q50. This means that for these ban
momentum values the 2n electrons have some degree of d
localization and are not all created in pairs at the same sit
the real-space lattice. On the other hand, asU/t→` the q
56@p22kF# physics is extended to all values ofq. In this
limit the c,n pseudoparticle does not carry kinetic energy
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all values ofq and according to Eq.~48! the electron double-
occupation spectrum is in that limit given byDc,n(q)5n. As
discussed above, in this limit creation of ac,n pseudoparticle
for all values ofq is associated with creation ofn localized
electron double-occupied sites and annihilation ofn electron
empty sites in all real-space lattice electron site distribut
configurations of the initial ground state. Finally we emph
size that according to the total-momentum expression~36! of
Ref. 31, thec,n-pseudoparticle momentum spectrum is (p
2q). Thus the band momentumq50 is associated with a
contribution to the momentum given by (p2q)5p. This
reveals that the maximum degree of delocalization of thec,n
pseudoparticles corresponds to a finite excitation momen
of p. Note also that for all the remaining pseudopartic
branches the momentum spectrum equals the band mom
tum q.

F. UÕt\` electron double-occupation selection rules

We let the operatorÔN be a product of a finite number,

N5 (
l c ,l s561

Nl c ,l s
, ~54!

of one-electron creation and/or annihilation operators. H
N/Na is vanishingly small in the present thermodynam
limit, and Nl c ,l s

is the number of electronic creation an

annihilation operators forl c521 andl c511, respectively,
and with spin down and spin up forl s521 and l s511,
respectively.

Let us consider statesÔNuGS& which result from applica-
tion of a generalN-electron operatorÔN onto a ground state
uGS& or onto any eigenstate of the spins electron numbers.
The pseudoparticle, holon, and spinon numbers of
ground state are given in Eqs.~C24! and ~C25! of Ref. 31.
We consider transformations generated by application of
N-electron operatorÔN on any eigenstate of the spins elec-
tron numbers and not necessarily on the ground state. W
uf& be such a general state. It is not required that such
arbitrary state be an energy eigenstate. The correspon
stateÔNuf& is also an eigenstate of the spins5↑,↓ electron
number operators. It belongs to an electron ensemble s
whose electron numbers differ from the numbers of the
tial state by deviationsDN↑ andDN↓ , such thatDN5DN↑
1DN↓ . These deviations can be expressed in terms of
numbersNl c ,l s

of Eq. ~54! as follows,

DN↑5 (
l c561

~2 l c!Nl c ,11 ; DN↓5 (
l c561

~2 l c!Nl c ,21 .

~55!

Following the results of Ref. 31, let us consider the fo
expectation valuesRa,l a

5^R̂a,l a
&, where a5c,s and l a

521,11, and the corresponding operatorR̂c,21 counts the
number of electron doubly occupied sites,R̂c,11 counts the
number of electron empty sites,R̂s,21 counts the number o
spin-down electron singly occupied sites, andR̂s,11 counts
4-13
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the number of spin-up electron singly occupied sites. T
expressions of these operators are given in Eqs.~23! and~24!
of Ref. 31. These operators obey the following relations,

R̂c,115Na2N̂1R̂c,21 ; R̂s,215N̂↓2R̂c,21 ;

R̂s,115N̂↑2R̂c,21 . ~56!

From the summation of the three relations of Eq.~56! we
find the following fourth dependent relation:

(
a5c,s

(
l a561

R̂a,l a
5Na . ~57!

The operational relations~56! and ~57! are valid for the
whole parameter space. Furthermore, they reveal tha
given spins electron numbers, out of the four expectati
values of the operators of Eq.~57! only one is independent
In the previous section we studied the double-occupation
pectation valueD[Rc,21. Use of the operational Eqs.~56!
and ~57! provides the corresponding values forRc,11 ,
Rs,21, andRs,11.

In the limit U/t→` the energy-eigenstate expectati
values of the four number operatorsR̂c,21 , R̂c,11 , R̂s,21,
and R̂s,11 become good quantum numbers.31,32 Thus in that
limit each energy eigenstate corresponds to real-space la
electron site distribution configurations with the same val
for Rc,21 , Rc,11 , Rs,21, andRs,11. For finite values ofU/t
each energy eigenstate corresponds in general to a sup
sition of real-space lattice electron site distribution config
rations with different numbers of electron doubly occupi
sites, electron empty sites, spin-down electron singly oc
pied sites, and spin-up electron singly occupied sites.

Let us use the relations of Eq.~56! to evaluate expression
for the expectation valuesRc,11 , Rs,21, and Rs,11 for the
particular case of a ground state, from the correspondinm
50 electron double-occupation expression defined by E
~26! and~36!. We find that form50, all values ofU/t, and
values of the electronic density in the domain 0<n<1,
these ground-state expectation values read

Rc,11
0 5Na2N1

N

2 S n

2D f ~n,U/t !, ~58!

and

Rs,21
0 5Rs,11

0 5
N

2 F12S n

2D f ~n,U/t !G , ~59!

respectively. Heref (n,U/t) is the function given in Eqs.~36!
and ~37!. Note that these ground-state expectation val
change from Rc,21

0 [D05N/2(n/2), Rc,11
0 5@Na2N#

1N/2(n/2), and Rs,21
0 5Rs,11

0 5N/2@12(n/2)# as U/t
→0 to Rc,21

0 [D050, Rc,11
0 5@Na2N#, andRs,21

0 5Rs,11
0

5N/2 when U/t→`, and these quantities become go
quantum numbers.

Importantly, in the limit U/t→` the four deviations
DRa,l a

5@Ra,l a
2Ra,l a

0 # such thata5c,s andl a521,11 of
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any eigenstate of the spins5↑,↓ electron number operator
which result from application onto that state of the abo
general operatorÔN are restricted to the following ranges,

2 (
l s561

N11,l s
<DD[DRc,21< (

l s561
N21,l s

, ~60!

2 (
l s561

N21,l s
<DRc,11< (

l s561
N11,l s

, ~61!

2 (
l c ,l s561

d l c ,2 l s
Nl c ,l s

<DRs,21< (
l c ,l s561

d l c ,l s
Nl c ,l s

,

~62!

and

2 (
l c ,l s561

d l c ,l s
Nl c ,l s

<DRs,11< (
l c ,l s561

d l c ,2 l s
Nl c ,l s

,

~63!

respectively. Obviously, given one of the four ranges of v
ues defined by the inequalities~60!–~63!, the other three fol-
low from the operational relations of Eq.~56!.

The maximum~and minimum! values of the inequalities
~60! and ~61! @and Eqs.~62! and ~63!# are reached when al
the electrons created by the operatorÔN , in a number of
( l s561N21,l s

, transform an equal number of electron sing
occupied sites into electron doubly occupied sites. In ad
tion, it is required that all the annihilation operators of th
operator, in a number of( l s561N11,l s

, transform an equa
number of electron singly occupied sites into electron em
sites for all the real-space lattice electron site distribut
configurations of the initial state with a number of electr
singly occupied sites larger than or equal toN. Note that if
the initial state includes distribution configurations who
number of electron singly occupied sites is smaller thanN,
then the maximum value ofDD is smaller than
( l s561N21,l s

and thus the inequalities~60! and ~61! @and
Eqs.~62! and ~63!# are also satisfied.

The minimum~and maximum! values of the inequalities
~60! and ~61! @and Eqs.~62! and ~63!# are reached when al
the electrons created by the operatorÔN , in a number of
( l s561N21,l s

, transform an equal number of electron emp
sites into electron singly occupied sites. Furthermore, i
required that all the( l s561N11,l s

annihilation operators of
that operator transform an equal number of electron dou
occupied sites into electron singly occupied sites for all
real-space lattice electron site distribution configurations
the initial state with a number of electron empty sites eq
to or larger than( l s561N21,l s

and a number of electron

doubly occupied sites equal to or larger than( l s561N11,l s
.

Note that if the initial state includes distribution configur
tions whose number of electron empty sites is smaller t
( l s561N21,l s

and/or whose number of electron doubly occ

pied sites is smaller than( l s561N11,l s
, the minimum value
4-14
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of DD is larger than2( l s561N11,l s
and thus the inequali

ties ~60! and~61! @and Eqs.~62! and~63!# are also satisfied
It is found in Ref. 32 that theU/t→` electron double-

occupation selection rules associated with the inequal
~60!–~63! are related to the occurrence of other select
rules which concern the range of the deviations in the nu
ber of61/2 holons and61/2 spinons. The holon and spino
selection rules are valid for all values ofU/t and play an
important role in the evaluation of correlatio
functions.32,36,37These selection rules are exact in the case
rotated-electron operators. In the case of the correspon
electron operators such rules provide the numbers of ho
and spinons of the final states which contribute most sign
cantly to the few-electron correlation functions.32 This rela-
tionship between theU/t→` electron double-occupation de
viations and the deviations in the number61/2 holons and
61/2 spinons follows from the unitary transformation whi
maps electrons onto rotated electrons. This transforma
also maps the electron double-occupation operator onto
operator that counts the number of21/2 holons. The latter
operator is nothing but the rotated-electron doub
occupation operator.32

V. THE PSEUDOPARTICLE ENERGY BANDS

In Sec. IV we found that the pseudoparticle energy ba
defined by Eqs.~C15!–~C21! of Ref. 31 play an importan
role in the electron double-occupation spectra of
pseudoparticles, as confirmed by Eq.~41!. Moreover, in Ref.
37 it was found that the shape of the lines in the frequen
energy and momentum planes where the peaks or edg
the one-electron and two-electron spectral-weight distri
tions are located correspond to the pseudoparticle en
bands. Thus the study of the band-momentum dependen
these energy bands is a problem of interest for understan
the one-electron and two-electron spectral properties of
quantum liquid. Thec-pseudoparticle ands,1-pseudoparticle
energy bands were studied and plotted in Ref. 51 for fin
values of the spin density. On the other hand,
c,n-pseudoparticle ands,n-pseudoparticle energy bands f
n.1 were first introduced in Ref. 38, yet these bands w
not plotted in that reference. Since most studies on the fin
energy spectral properties of low-dimensional materials re
to zero magnetization, it is worthwhile plotting and discus
ing the band-momentum dependence of the ab
pseudoparticle bands for zero-spin density.

The general excitation energy spectrum of interest for
problem of the finite-energy correlation functions is given
Eq. ~24!. The band-momentum-independent termv0 is de-
fined in Eq. ~25!. The value of this finite energy is dete
mined by the holon and spinon deviations and correspond
the finite-energy edges of the correlation functions. The ot
term of the energy spectrum~24! is of gapless character an
in the case of zero magnetization involves the pseudopar
energy bands ec(q), es,1(q), and ec,n

0 (q) where n
51,2,3, . . . . These bands are defined in Eqs.~C15!–~C17!
of Ref. 31. As discussed below, at zero magnetization b
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the energy and band-momentum width of the energy ba
es,n

0 (q) vanish in the case of then.1 branches. According to
Eqs. ~C1!–~C3! of Ref. 31, in the case of the zero-spin
density ground states the bandec(q) is filled ~and empty! for
band-momentum values such thatuqu<2kF ~and 2kF,uqu
<p). On the other hand, for such ground states the b
es,1(q) is full and the bandsec,n

0 (q) wheren51,2,3, . . . are
empty. The expressions of the bandsec(q), es,1(q), ec,1

0 (q),
andec,2

0 (q) are plotted in Figs. 6–9 as a function of the ba
momentumq for spin densitym50, different values ofU/t,
and of the electronic densityn.

As is confirmed by analysis of the energy-band curv
plotted in Figs. 6~a! and 6~b!, both the energy and band
momentum width of thec-pseudoparticle bands are densi
spin-density, andU/t independent and given by 4t and 2p,
respectively. From theU/t dependence of the curves of the
figures, we find that the main effect of increasing the on-s
repulsionU/t is the increasing of the energy-band-width
the ground-state filled sea and the corresponding decrea
of the band-energy width of the corresponding unfilled
gion. The main effect of changing the electronic density is
the ground-statec-pseudoparticle Fermi points, which ar
given by62kF .

In contrast to the energy and band-momentum widths
the c pseudoparticles, the energy width of thea,n
pseudoparticle bands plotted in Figs. 7–9 is a decrea
function of U/t, vanishing in the limitU/t→`. This prop-
erty is a result of the fact that allh-spin and spin configura
tions are degenerated in that limit. The band-moment
width of the c,n-pseudoparticle bands and of th
s,n-pseudoparticle bands belong to branches such than
.1 are density and spin-density dependent, respectively,
are given by 2@p22kF# and 2@kF↑2kF↓#, respectively.
Note also that thea,n-pseudoparticle energy bandses,1

0 (q)
5es,1(q)22m0H and ea,n

0 (q) vanish at the band-
momentum limiting values, i.e.,

ea,n
0 ~6qa,n!50, ~64!

where according to Eqs.~C12!–~C14! of Ref. 31,qc,n5@p
22kF#, qs,15kF↑ , and qs,n5@kF↑2kF↓# for the n.1
branches.

For finite values of the spin densitym and magnetic field
H, thes,n-pseudoparticle energy bandses,n

0 (q) have for the
n.1 branches both finite momentum width, given by t
above expression 2@kF↑2kF↑#, and finite energy width,
given by ues,n

0 (0)u. The energy-band value atq50 is nega-
tive, i.e.,es,n

0 (0)<0. As the spin densitym→0, both widths
2@kF↑2kF↑#→0 and ues,n

0 (0)u→0 vanish. Thus, for then
.1 branches thes,n-pseudoparticle energy bands collap
into the point$q50,es,n

0 (0)50% in that limit. Since Figs.
6–9 correspond tom50, these bands are not plotted in the
figures. The finite-magnetization case will be conside
elsewhere.

The c,n-pseudoparticle bands plotted in Figs. 8~a!, 8~b!,
9~a!, and 9~b! have their maximum value atq50. These
4-15
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FIG. 6. The pseudoparticle energy bandec(q)
in units of t plotted for electronic density~a! n
51/2 and~b! n55/6 and on-site repulsion value
U/t→0, U/t52.0, U/t54.0, U/t510, U/t
520, andU/t→`. The ground-state Fermi leve
corresponds to zero energy and is marked by
horizontal line which overlaps theec(q) band at
the band-momentum Fermi pointsq562kF

56p/2.

FIG. 7. The pseudoparticle energy ban
es,1(q) in units of t plotted for electronic densi-
ties n51/2 andn55/6 and on-site repulsion val
uesU/t→0, U/t52.0, U/t54.0, U/t510, U/t
520, andU/t→`. The ground-state Fermi leve
corresponds to zero energy and overlaps the
ergy band at the band-momentum Fermi poin
q56kF .
085104-16
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FIG. 8. The pseudoparticle energy bands~a!
ec,1

0 (q) and ~b! ec,2
0 (q) in units of t plotted for

electronic densityn51/2 and on-site repulsion
values U/t→0, U/t52.0, U/t54.0, U/t510,
and U/t520. TheU/t→` limit of these bands
corresponds to a horizontal line located at t
zero energy level.
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bands are thus inverted. As discussed below, as the elect
density approaches 1, both the energy and momen
widths of these bands vanish. Except for the case of thes,1
the vicinity of the band-momentum limiting valuesq56qc
56p and q56qc,n56@p22kF#. In contrast, note tha
the s,1 band has a linearq dependence in the vicinity of th
band-momentum limiting valuesq56qs,156kF . On the
other hand, for finite values ofU/t all pseudoparticle band
show a quadratic dependence on the band momentumq in
the vicinity of the pointq50, as confirmed by the curves o
Figs. 6–9.

From analysis of Figs. 8 and 9, we find that theec,1
0 (q)

and ec,2
0 (q) bands vanish at the band-momentum limiti

valuesq56qc,n56@p22kF#. This behavior also occur
for finite values of the spin densitym. For such values also
the es,n

0 (q) bands vanish forq56qs,n56@kF↑2kF↓#. The
energy bandec,n

0 (q) has its maximum value atq50, with
ec,n

0 (0)>0, as shown in Figs. 8~a!, 8~b!, and 9~a!, 9~b!. The
energy bandes,n

0 (q), for spin densitym.0, has its mini-
mum at q50, with es,n

0 (0)<0, as in the case of thes,1
energy band plotted in Fig. 7 form50.

In the Appendix we consider the limiting expressions
08510
nic
m

f

the pseudoparticle energy bands in the case of zero-spin
sity m50. Note that according to the expressions given
Eqs. ~A1!–~A3! of the Appendix, theq dependence of the
c-pseudoparticle energy band in the vicinity ofq56p and
of thec,n bands in the vicinity ofq50 is different for finite
values ofU/t and in the limitU/t→0. As mentioned above
for finite values ofU/t the dependence on the band mome
tum q is quadratic in the vicinity of these band-momentu
values. Thus in that case theq derivative of these band
vanishes both atq56p andq50 respectively, as confirmed
by the curves of Figs. 6–9 and by the expressions of E
~A1! and ~A3! of the Appendix. In contrast, analysis of th
data of these figures and equations reveals that in the l
U/t→0 theq derivative at these band-momentum values
comes finite and theq dependence in their vicinity is linea
instead of quadratic. This singular change results from
nonperturbative character of the electronic correlatio
which leads to a different physics atU/t50 and for U/t
.0. In the particular case of half filling, this effect occu
for the c-pseudoparticle band at the band-momentum Fe
pointsq56p. In this case, that effect is associated with t
band of Fig. 7, all remaining bands plotted in Figs. 6–9 sh
4-17
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FIG. 9. The pseudoparticle energy bands~a!
ec,1

0 (q) and ~b! ec,2
0 (q) in units of t plotted for

electronic densityn55/6 and on-site repulsion
values U/t→0, U/t52.0, U/t54.0, U/t510,
and U/t520. TheU/t→` limit of these bands
corresponds to a horizontal line located at t
zero energy level.
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, as
for finite values ofU/t a quadratic dependence onq in sin-
gular Mott-Hubbard insulator-metal transition. For oth
electronic densities this effect occurs at unoccupied grou
state band-momentum values and therefore, is not assoc
with such a transition. The vanishing at half filling of th
band ec,n

0 (q) of Eq. ~A6! of the Appendix results from its
collapse into the point$q50,ec,n

0 (0)50% as d→0, where
d5(12n) is the doping concentration. This is confirmed
the dependence onn ~and d) of expressions~A3! for that
band. We emphasize that both thes,n band for then.1
branches and thec,n band collapse into the point$q
50,ea,n

0 (0)50% with a5s and a5c, respectively, as the
spin densitym→0 and the dopingd5(12n)→0, respec-
tively.

The terms of the Landau energy functional given in E
~24! describe the energy spectra of all one-electron and t
electron elementary excitations of the 1D Hubbard mode31

Within such a functional description, each elementary ex
tation is simply described by specific values of t
pseudoparticle band-momentum distribution function dev
08510
r
d-
ted

.
o-

i-

-

tions defined in Eq.~58! of Ref. 31. These deviations de
scribe~i! pseudoparticle-pseudoparticle hole processes in
c ands,1 bands which conserve the pseudoparticle numb
~ii ! creation or annihilation ofc ands,1 pseudoparticles;~iii !
creation ofc,n pseudoparticles and ofs,n pseudoparticles
with n.1; and ~iv! creation of21/2 Yang holons and of
21/2 LH spinons.

All the energy spectra obtained previously in the liter
ture, such as, for instance, the ones studied in the Refs.
46, can be expressed in terms of the pseudoparticle en
bands plotted form50 in Figs. 6–9. The authors of thes
studies used for each specific elementary excitation diffe
forms for the two Lieb and Wu equations21 or/and for the
thermodynamic Takahashi’s equations22 provided in Ref. 31.
On the other hand, insertion in the energy Landau-liq
functional ~24! of band-momentum distribution function de
viations suitable to these excitations leads to the same en
spectra. In addition, the energy functional~24! provides the
spectrum for all values of the energy of all excitations whi
contribute to the one-electron and two-electron physics
mentioned above.
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VI. CONCLUDING REMARKS

In this paper we studied the electron double-occupa
deviations which result from creation ofc pseudoparticles
a,n pseudoparticles;21/2 Yang holons; and21/2 HL
spinons, wherea5c,s andn51,2,3, . . . . All energy eigen-
states can be described in terms of occupancy configura
of these quantum objects which are related to electrons
rotated electrons in Refs. 31 and 32. Here we introduced
electron double-occupation functional whose coefficients
pseudoparticle band-momentum-dependent dou
occupation spectra. Our investigations provided interes
information about the electron site distribution configu
tions of the real-space lattice which describe the ene
eigenstates. The study of these spectra provided impo
information on the localization/delocalization degree of t
real-space lattice electron site distribution configuratio
which describe the elementary quantum objects. We fo
that for some of the pseudoparticle branches such a degr
localization/delocalization is strongly dependent on the va
of the band momentum. We also consideredU/t→` selec-
tion rules, which limit the ranges of the electron doub
occupation deviations that result from excitations genera
by N-electron physical operators. These rules are the star
point for finding related selection rules, which are inves
gated elsewhere.32 The latter rules are valid for all values o
U/t and play an important role in the study of finite-ener
correlation functions.

This paper is a first step in the use of the general ho
and spinon scenarios in the study of the finite-energy spe
properties of the 1D Hubbard model. In addition to the
troduction and study of the electron double-occupation fu
tional, in this paper we studied the dependence on the b
momentumq, on-site repulsionU/t, and electronic densityn
of the pseudoparticle energy bands associated with su
functional. As was mentioned in this paper, these bands
a central role in the spectral properties of the model.37

The holon and spinon descriptions of the 1D Hubba
model introduced in Ref. 31 and further studied here are u
in Ref. 32 for finding further useful microscopic informatio
on the spectral properties of the model. By combining
results obtained here with that information, one can evalu
expressions for finite-energy one-electron and two-elec
correlation functions.31,36,37That is a problem of major im-
portance for the study of the unusual finite-energy spec
properties observed in real quasi-one-dimensio
materials.1–20 Elsewhere it is confirmed that the holon an
spinon descriptions of the energy eigenstates introduce
Ref. 31 and further developed here and in rela
papers31,32,36,37are suitable for the successful study of the
finite-energy spectral properties.
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APPENDIX: LIMITING EXPRESSIONS
OF THE PSEUDOPARTICLE

ENERGY BANDS

In this Appendix we present the limiting expressions
the pseudoparticle energy bands in the case of zero-spin
sity m50. In the limitsU/t→0 andU/t@1 one can evalu-
ate closed-form expressions for the bandsec(q), es,1(q),
andea,n

0 (q) wherea5c,s andn51,2,3, . . . , defined in Ap-
pendix C of Ref. 31. The simplest case is that of thes,n
energy bands for then.1 branches, which at zero-spin de
sity m50 are given for all values ofU/t and n by es,n

0 (q)
50 for uqu<(kF↑2kF↓)50. As m→0 thesen.1 bands
collapse in that limit into the point$q50,es,n

0 (0)50%. The
expressions of the remaining pseudoparticle bands for z
spin densitym50, values of the density 0<n<1, andU/t
→0 andU/t@1 are the following,

ec~q!524tFcosS q

2D2cosS pn

2 D G ; uqu<2kF , U/t→0;

522tFcosS uqu2
pn

2 D2cosS pn

2 D G ;
2kF<uqu<p, U/t→0;

522t@cos~q!2cos~pn!#

2
~2t !2

U
2n ln~2!@sin2~q!2sin2~pn!#;

uqu<p, U/t@1, ~A1!

es,1~q!522tFcos~q!2cosS pn

2 D G ; uqu<kF, U/t→0

52
~2t !2

U

p

2 Fn2
sin~2pn!

2p GcosS q

nD ;

uqu<kF , U/t@1, ~A2!

ec,n
0 ~q!54t cosS uqu1pn

2 D ; uqu<~p22kF!, U/t→0;

5
~4t !2

U

1

2n Fd2
sin~2pd!

2p Gcos2S q

2d D ;

uqu<~p22kF!, U/t@1, ~A3!

whered[(12n) is the doping concentration. The expre
sions ~A1! and ~A2! were already obtained in thec and s
[s,1 pseudoparticle studies of Ref. 51. From analysis of
band momentumq, on-site repulsionU/t, and densityn de-
pendence of the band expressions~A1!–~A3!, we find that
these agree with the corresponding dependence on the
parameters of the curves of Figs. 6–9.
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At half filling and spin densitym50 the integral equa-
tions which define the ground-state rapidities and pseudo
ticle bands can be solved by Fourier transform. Thus in
case one can derive the following expressions for
pseudoparticle bands, which are valid for all values ofU/t
.0,52

ec~q!522t@cosk0~q!11#

24tE
0

`

dxJ1~x!
cos@x sink0~q!#

x@11exU/2t#
; uqu<p,

~A4!
ii,

i,
e

k
ev

us

on
r,

a-

-
.

S.
ys

-

r-

e

.
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es,1~q!522tE
0

`

dxJ1~x!
cos@xLs,1

0 ~q!#

x coshS xU

4t D ; uqu<p/2,

~A5!

and

ec,n
0 ~q!50; uqu<~p22kF!50. ~A6!

The inverse functions of the half filling ground-sta
rapidity-momentum functionk0(q) and rapidity function
Ls,1

0 (q) involved in expressions~A4! and ~A5! are given in
Eqs.~33! and ~34!, respectively.
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