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Kinetics of the initial stage of coherent island formation in heteroepitaxial systems
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The stress-driven formation of coherent islands in heteroepitaxial systems is studied within the frame of the
kinetic theory of nucleation under dynamical conditions. The kinetic model for a description of the time
evolution of the island size distribution and wetting layer thickness in Stranski-Krastanow growth mode is
developed. The time scale hierarchy of the nucleation stage, the size relaxation stage, and the stage of critical
wetting layer formation enable us to construct analytical solutions to the model kinetic equations. The time
dependence of the lateral size distribution, wetting layer thickness, and other characteristics of the island
formation process are calculated. Analytical expressions for the substrate temperature and growth rate depen-
dence of the mean lateral size and surface density of islands are obtained and analyzed.
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I. INTRODUCTION

The spontaneous formation of coherent islands in h
eroepitaxial systems is of high technological relevance a
is a major method to produce dense arrays of nanos
quantum dots.1,2 Carrier confinement in quantum dots mak
the prospects for their use in novel optoelectronic devi
very favorable.3 The optical properties of quantum dot arra
in particular systems are determined by the island shape
size distribution. Experimental results obtained for differe
deposit and substrate combinations4 demonstrate a strong de
pendence of surface morphology on growth conditions s
as the growth rate and substrate temperature. A technolo
need for tuning the surface morphology by an appropr
choice of growth conditions requires further development
relevant theoretical models which could help in an und
standing of the overall system performance at variable c
ditions.

An equilibrium model for the free energy of an array
coherent strained islands has been developed by Shch
et al.5 It has been shown that the combined effect of stra
induced renormalization of surface energy and elastic re
ation on island edges may result in the minimum of fr
energy. This minimum relates to a particular energetica
favorable size and a narrow lateral size distribution.6 The
essentially equilibrium character of the model and the
sence of flux and temperature dependence of island morp
ogy have stimulated theoretical studies of island format
kinetics.7–9As has been recently shown by Osipovet al.,10,11

the formation of coherent islands within a wide range
parameters can be well described within the frame of cla
cal nucleation theory adopted to the case of molecular b
epitaxy and related growth techniques.

To develop the kinetic theory of coherent island form
tion, we need to find the driving force and the kinetic mech
nism for the transition from two-dimensional to thre
dimensional growth~2D–3D transition!.12 The driving force
for coherent island formation in strained systems is alw
the relaxation of elastic energy in the islands.1,5,11 In
Stranski-Krastanow growth mode, two kinetic mechanis
are principally possible: consumption of matter from
metastable ‘‘sea of adatoms’’ on the surface of the wett
0163-1829/2003/68~7!/075409~9!/$20.00 68 0754
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layer and consumption of matter directly from a metasta
wetting layer.11 The kinetics of coherent island formatio
from a metastable ‘‘sea of adatoms’’ has been studied
cently in the case of self-limiting growth.8–10 However,
experiments4,11 show that the wetting layer thickness consi
erably decreases in time as the islands grow. Theref
stress-driven diffusion flux of particles from the wettin
layer to islands constitutes the dominant kinetic mechan
for 2D-3D transitions. The role of adatoms is mainly r
stricted to a reiterative building of the 2D wetting layer.12,13

As long as the wetting layer thicknessh is lower than the
equilibrium thicknessheq found from the Muller-Kern
criterion,14 2D layer-by-layer growth takes place. When th
wetting layer thickness increases above the equilibri
value, a 2D-3D transition is observed. This transition resu
in the reduction of the free energy. Therefore, the param
z5h/heq21 is the measure of wetting layer metastabili
By analogy with supersaturation in gas-vapor media, this
rameter is termed as superstress.11

This aim of this work is the construction and study of
kinetic model for the stress-driven formation of cohere
strained islands in heteroepitaxial systems. The existenc
a time scale hierarchy of different stages of the island form
tion process enables us to describe the process analytic
Time dependences of the island size distribution and wet
layer thickness are obtained. Simple analytical express
for the mean lateral size of coherent islands, the size dis
bution width, the island surface density, and the wetting la
thickness are obtained and analyzed.

II. THEORY

A. Free energy of coherent island formation

The free energy of the stress-driven coherent island
mation in Stranski-Krastanow growth mode can be presen
in the form11

DF~ i !5DFelas1DFsurf1DFattr. ~1!

HereDFelas is the difference in elastic energy ofi atoms in
the island and in the wetting layer,DFsurf the difference in
surface energy of the island and of the wetting layer surf
©2003 The American Physical Society09-1
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covered by this island, andDFattr the difference in energy o
deposit-substrate interactions ofi atoms in the island and in
the wetting layer. The island is assumed as being the pyra
with a square base of lengthL and contact angleu, as shown
in Fig. 1. In this case i 5(L/a l 0)3 with a
5(6h0 cotanu/l0)

1/3, h0 being the monolayer~ML ! height and
l 0 the average distance between atoms on the surface.
first term in Eq.~1! is given by

DFelas52@12z~u!#l«0
2l 0

2h0i , ~2!

wherel is the elastic modulus of deposit,«0 the misfit pa-
rameter,l 0

2h0 the average volume per atom in the film, a
z(u) the relative relaxation of elastic stress in the island. T
function z(u) has been found numerically from finite
element calculations15 and can also be estimated by th
Ratsch-Zangwill approximation.16 The elastic contribution to
the overall free energy of island formation is always negat
and increases by an absolute value withu. This means that
the elastic energy per atom in the island is always lower t
in the wetting layer and that taller islands have lower ela
energy than flatter ones.2

Surface energy contribution toDF( i ) is determined by
the difference

DFsurf5Fs~u!

cosu
2s~0!GL2, ~3!

where (1/cosu21)L2 is the additional surface are
created due to island formation,s(w)5g(w)1tab«ab
1Labmn«ab«mn is the renormalized surface energy per u
area,«ab the surface deformation tensor, andg the surface
energy at zero lattice misfit.1,2,5 The orientationsw50 and
w5u correspond to the substrate surface and four equiva
pyramid facets. For simplicity, it is assumed that the cont
angle u is determined by a cusped local minimum of t
quantity s(w)/cosw at w5u and that all islands have con
stant aspect ratiob5tanu/2. In contrast to the model o
cube-shaped islands of Ref. 11, in this case the free energ
island formation is the function of only one independe
variablei. Shchukinet al.5 suggested that the strain-induce
renormalization of the surface energy may result in a ne
tive difference DFsurf despite an obvious inequalit
g(w)/cosw2g(0).0 ~initial surface is stable against face
ting!. In this work we consider an alternative mechanism

FIG. 1. Schematic representation of the system geometr
Stranski-Krastanow growth mode:L, lateral size of the island;H,
island height;u, contact angle;h, wetting layer thickness.
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3D islanding atDFsurf.0—i.e., when the formation of an
additional surface area of the island remains energetic
unfavorable under strain.

The third term in Eq.~1! arises due to the attraction o
atoms to the substrate. According to the Muller-Ke
model,14 the energy of this attraction per unit surface area
layerk11 is C0 exp(2k/k0), whereC0 is the wetting energy
on the substrate surface andk0 the relaxation coefficient.
Exponential relaxation of the wetting energy is typical f
semiconductors. The coefficientk0 is normally of order of
unity. It can be shown11 that for sufficiently tall islands the
absolute value of the attraction energy in the wetting laye
much higher than in the island. Therefore,DFattr can be sim-
plified to

DFattr>2Fattr
WL5

C

h0
expS 2

h

k0h0
D l 0

2h0i , ~4!

whereh/h0 is the wetting layer thickness in ML.
Combining Eqs.~2!–~4! in Eq. ~1! and expressingDF in

the units of thermal energy, the island formation energyF
[DF/kBT takes the form11

DF

kBT
[F5

s~u!/cosu2s~0!

kBT
L2

2
1

kBT F ~12z!l«0
22

C0

h0
expS 2

h

k0h0
D G l 0

2h0i ,

~5!

wherekB is the Boltzmann constant andT the substrate tem
perature. The expression in the square brackets in Eq.~5!
represents the difference of chemical potentials of atom
the wetting layer and in the island. The negative difference
chemical potentials relates to astable wetting layer with
thicknessh,heq. The positive difference of chemical poten
tials relates to ametastablewetting layer with thicknessh
.heq. The equilibrium wetting layer thickness

heq5h0k0 lnS C0

h0~12z!l«0
2D ~6!

is determined by the ratio between characteristic wetting
elastic forces.14 At h.heq, a 2D-3D transition is possible
because the gain in elastic energy is higher than the en
required to overcome attraction forces and to create a
tional surface area of the island. Introducing superstresz
5h/heq21 and linearlizing Eq.~5! in z, the dependence o
the island formation energy on the number of atoms in
island takes conventional form

F~ i !5Ai2/32Bz i . ~7!

The constantsA andB, defined as

A[
@s~u!/cosu2s~0!#

kBT
a2l 0

2, B[
heq

h0k0

~12z!l«0
2l 0

2h0

kBT
,

~8!

are determined by the ratio of surface energy to thermal
ergy and of elastic energy to thermal energy, respectivel

in
9-2
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The obtained expression for the free energy provides
following results for the main inputs of classical nucleati
theory:17

i c~z!5S 2A

3Bz D 3

, F~z!5
4

27

A3

B2z2 , 2F9~ i c!5
9

8

B4z4

A3 .

~9!

Here i c is the number of atoms in critical nuclei,F(z)
5F„i c(z)… the nucleation barrier, and2F9( i c) the reverse
width of formation energy in near-critical region. As follow
from Eqs.~6! and~8!, the equilibrium wetting layer thicknes
and critical size only slightly depend on temperature and
nucleation barrier is proportional to 1/T. For the parameters
of the Ge/Si~100! system (l51.2731012 dyn/cm2,
«050.042, h050.145 nm,l 050.395 nm,C05450 erg/cm2,
s(u)'s(0)5800 erg/cm2) at T5470 °C, taking u520°
(z50.59) and puttingk050.9, we obtain the following esti
mates:heq/h053.35 ML, A52.59, andB50.617. With z
50.53 corresponding to a wetting layer thickness of 5.1 M
this givesi c5155 atoms andF525. The dependence of th
island formation energy on the number of atoms in the isla
is presented in Fig. 2.

B. Evolution equation and equation of material balance

In classical nucleation theory, the nucleation rate is fou
from the Zeldovich formula17

I 5
W1~ i c!

l 0
2 A2

F9~ i c!

2p
e2F, ~10!

whereW1( i c) is the number of atoms attached to the critic
nuclei per unit time. The island growth functiondi/dt is
given byW1( i )dF( i )/di. In the overcritical region, in view
of Eq. ~7!, this yields di/dt5W1( i )Bz. As stated in the
Introduction, the dominant growth mechanism is assume
being the diffusion of atoms from the wetting layer to t
island under the influence of the elastic stress field aro
the island. In this case the attachment rateW1( i ) can be
estimated as

FIG. 2. Dependence of island formation energy on the num
of atoms in the islandF( i ) for the parameters described in the te
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W1~ i !5
4D

y l 0
2 a i 1/3, ~11!

whereD is the coefficient of the stress-driven diffusion fro
the wetting layer to islands andn the cutoff parameter for the
elastic stress field. Normally,n@1 and we will considern
510 for our further numerical estimates.

As has been shown by Kuni,18 the study of the evolution
of the island size distribution is considerably simplified
introducing a new variable for which the growth function
no longer size dependent. As follows from Eq.~11!, the
growth function does not depend on size in terms of
variable

r5 i 2/35S L

a l 0
D 2

, ~12!

which equals the island base area in units of (a l 0)2. In terms
of size r, the growth function is simply proportional to su
perstress:

dr

dt
5

z

t
. ~13!

The characteristic time

t5
3l 0

2y

8aBD
~14!

is of the order of the averaged diffusion time of atoms in t
wetting layer. Using Eqs.~11! and~14! in Eq. ~10!, the nucle-
ation rate can be presented in the form

I ~z!5
a

t l 0
2 z exp@2F~z!#, ~15!

with a[ 3
4 (pA)1/2. Under the conditionF@1, providing the

applicability of the macroscopic description of the nucleati
process, the evolution equation for the island size distri
tion g(r,t) in terms of the variabler reads10,12,18

]g

]t
52

z

t

]g

]r
,

g~r,t50!50, g~r50,t !5gs„z~ t !…. ~16!

This equation is written for the overcritical region: the m
ment t50 corresponds toz50 andh5heq. The stationary
distributiongs(z) does not depend onr:

gs~z!5
t

z
I ~z!5

a

l 0
2 exp@2F~z!#. ~17!

Since island formation ath,heq is a priori impossible, the
initial condition to Eq.~16! is obvious. The boundary condi
tion is transferred from the boundary of the near-critical a
overcritical regions to the pointr50 because near-critica
islands are small in size and effectively unimportant in t
material balance.12

The time evolution of superstress is driven by two ma
processes: consumption of atoms from the wetting layer

r

9-3
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growing islands and arrival of atoms onto the surface fr
the material flux of deposit. Theoretical models of molecu
beam epitaxy19 assume the effective absence of desorpt
on the time scale of interest. In the absence of desorption
at low coverage of the surface, the equation of material b
ance is given by

heq1h0E
0

t

dt8 V~ t8!5h1h0l 0
2E

0

`

dr r3/2g~r,t !, ~18!

where i 5r3/2 is taken into account. The growth rateV in
ML/s is assumed below as being constant att<t0 and zero at
t.t0 , wheret0 is the moment of growth interruption. Inte
gral term in the right hand side of Eq.~18! gives the total
volume of islands per unit surface area at timet. The equa-
tion of material balance can be rewritten in terms of sup
stress as follows:

F5z1G ~19!

whereG is the total volume of islands divided intoheq and

F~ t !5H t/t` , 0<t<t0 ,

t0 /t` , t.t0 .
~20!

The time constantt`5heq/h0V is the time required to grow
an equilibrium wetting layer on a bare substrate. The to
amount of deposited material per unit surface areahtot(t)
5@F(t)11#heq. Obviously, the functionF(t) presents the
superstress in the absence of nucleation~‘‘ideal super-
stress’’!.

Equations~19! and~20! together with Eqs.~16! constitute
the closed system of equations for the island size distribu
g(r,t) and superstressz(t). An extremely strong exponen
tial dependence of the nucleation rate and stationary
distribution on superstress and the independence of
growth function on island size allows an analytical treatm
of the system.

C. Analytical solution for the island size distribution

The solution to the evolution equation for the island s
distribution can be written in the form10,18

g~r,t !5gs„z@z~ t !2r#…, ~21!

wherez(t) determines the position of the size spectrum
ther axis at timet. As follows from the equation of materia
balance, superstress reaches its maximum at timet* when
the nucleation rate and stationary size distribution are a
maximum. Islands nucleated at timet* will remain the most
representative in the size spectrum moving along ther axis
with ratez/t. Time t* represents the moment of 2D-3D tra
sition onset at which the wetting layer has maximum thic
ness, also referred to as the critical thickness.4 The definition
for z(t) according to

dz

dt
5

z

t
, z~ t5t* !50, ~22!

selectsz(t) as the most representative size of islands nu
ated at the critical wetting layer thickness. This definiti
07540
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implies z,0 at t,t* and z.0 at t.t* . Introducing the
new variablex5z2r (x<z), the island size distribution
takes the formg(r,t)5g(x)q(z2x), whereq(z2x) is the
step function andg(x)[gs„z(x)…. Following the method of
Ref. 18, the problem of studying the time evolution of t
island size distribution and superstress is divided into t
separate problems:~i! finding the island size spectrumg(x)
andz(z) in terms of the variablesx andz and~ii ! finding the
time dependencez(t).

According to Eq.~12!, the mean lateral size of islands
time t is given by

L* ~ t !5a l 0Az~ t !. ~23!

The total volume of islands in terms of the variablez takes
the form

G~z!5
h0l 0

2

heq
E

2`

z

dx~z2x!3/2g~x!. ~24!

The exponential dependence of the stationary distribution
superstress enables us to use the following approximat
for g(x) andF(x) near the point of maximum superstress18

g~x!5gs~F* !expF2
G

F*
@F* 2z~x!#G , ~25!

F~x!5F* 1
F*
G

cx. ~26!

The parameter

G52F*
dF

dz U
z5F

*

~27!

will be considered below as the large parameter of the the
The parameterc5(G/F* )(dF/dx)x50 in view of Eq. ~22!
andz* 'F* is given by

c5
G

F
*
2

t

t`
. ~28!

The assumptionz* 'F* will be proved below. At this step
the characteristics at the point of maximum superstress
therefore the numerical values of the parametersG andc are
undetermined.

Substitution of Eqs.~25! and~26! into Eq. ~24! results in
the integral equation for the total volume of islands per u
surface area:

G~z!5
h0l 0

2

heq
gs~F* !E

2`

z

dx~z2x!3/2expFcx2
G

F*
G~x!G .

~29!

This equation is valid during the whole nucleation stag
Substitution of Eq.~26! into Eq. ~19! at z5x yields

z~x!2F* 5
F*
G

cx2G~x!, ~30!
9-4
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which is also valid during the whole nucleation stage. Eq
tion ~29! is solved by iterations. In the first approximatio
substitution ofG(x)50 into the right-hand side of Eq.~29!
gives the following self-consistent expressions forg(x) and
gs(F* ):

g~x!5gs~F* !exp~cx2ecx!, ~31!

gs~F* !5
4

3Ap

heq

h0l 0
2

F*
G

c5/2. ~32!

The normalization constantgs(F* ) is found from comparing
the results of the differentiation of Eqs.~29! and ~30! at z
50 with employingz8(0)50. The dependence of the supe
stress onz at the nucleation stage is given by

z~z!5F* 1
F*
G

~cz2ecz!, ~33!

providing z* 5F* (121/G)'F* at G@1.
The surface density of islands is determined by

n~z!5E
2`

z

dx g~x!. ~34!

Integration of the size distribution given by Eq.~31! results
in

n~z!5N@12exp~2ecz!#, ~35!

whereN5gs(F* )/c is the surface density of islands in th
end of the nucleation stage. As follows from Eqs.~33! and
~35!, nucleation of islands takes place on a very short ti
scale and is practically finished atcz;1. At the nucleation
stage, the change in superstress and wetting layer thick
remains relatively small.

The island size distribution given by Eq.~31! is approxi-
mately symmetric nearx50 and can be presented in th
form of a Gaussian

g~x!5gs~F* !expS 2
x2

Dx2D , ~36!

where Dx5&/c is the distribution half-width. The nucle
ation timeDt is the time to form the essential part of the si
spectrum of width 2Dx—i.e., the time required forz to travel
from point 2Dx to Dx. Using Eq.~22!, the nucleation time
is obtained in the form

Dt5
2&

G
t* , ~37!

which shows that at largeG the nucleation process is muc
faster than the process of the formation of the critical wett
layer.

The characteristics at maximum superstress are fo
from comparing Eqs.~32! and~17! at z5F* , which results
in the algebraic equation forF* . In view of F(F* )@1, the
solution to this equation can be approximated by
07540
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d

G55 lnQ, Q[
t`

t
. ~38!

The parameterQ is determined by the ratio of the time o
wetting layer formation and characteristic diffusion time
the wetting layer under the influence of stress field. T
parameter is very large and normally ranges from 103 to 106,
providing the validity of the strong inequalityG@1. As will
be shown below, all characteristics of the island format
process and island array morphology depend on the sys
energetic constants, growth rate, and temperature mainly
Q. Therefore, the parameterQ serves as the control param
eter of the model. The definitions fort` andt together with
Eqs.~6! and ~8! provide the following expression forQ:

Q5
8

3
ak0 ln2F C0

~12z!l«0
2h0

G ~12z!l«0
2h0

kBT

D~T!

nV
.

~39!

The parameterQ depends on the elastic and wetting ener
of the heteroepitaxial system (l«0

2 and C0), geometrical
shape of islands@a~u! andz(u)], growth rate, and tempera
ture approximately asQ}D(T)/VT.

Using Eq.~38!, all characteristics of the nucleation stag
are expressed in terms of the parametersQ, A, and B. In
particular,

F* 50.24
A3/2

B ln1/2Q
, ~40!

Dt5
0.57

ln Q
t* , ~41!

N5
30

l 0
2

heq

h0

B2

A3

ln3/2Q

Q3/2 . ~42!

The timet* of the 2D-3D transition onset equalsF* t` . The
time required to grow a wetting layer of critical thickness
bare substrate equals (F* 11)t` . All analytical expressions
presented in this section apply to the case when growth
terruption takes place after the end of the nucleation st
(t0.t* 1Dt). Equations~40!–~42! together with Eq.~31!
for the island size distribution complete the analytical d
scription of the nucleation stage in terms of the variablez
andx.

D. Evolution of the mean lateral size of islands

In order to find analytical expressions for the evolution
the island size distribution and superstress, consider Eq.~19!
under the assumptionsF(t)'F* and

G~ t !5
h0l 0

2

heq
Nz3/2~ t !, ~43!

whereN is the surface density of islands defined in Eq.~42!.
The approximationF(t)'F* is valid at the initial stage of
growth if the characteristic time of island size relaxation
much smaller thant* . Equation ~43! corresponds to a
d-shaped size distribution which is a reasonable approxi
9-5
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tion after the end of the nucleation stage. A simplified eq
tion of material balance in view of Eq.~22! reads

t
dz

dt
1

h0l 0
2

heq
Nz3/2~ t !5F* . ~44!

The solution to this equation is obtained in the form of t
reverse dependence of timet on the relative lateral sizel
5L* /LR :

t2t*
tR

5 lnF ~11 l 1 l 2!1/2

12 l G2) arctanS 2l 11

)
D 1

p

2)
.

~45!

The mean lateral sizes at the end of the relaxation stageLR
and relaxation timetR are given by

LR50.2a l 0

A3/2

B

Q1/2

ln2/3Q
, ~46!

tR5
0.47

ln1/3Q
t* 50.82 ln2/3Q Dt. ~47!

The time scale hierarchy of nucleation stage, size relaxa
stage, and stage of critical wetting layer formationDt!tR
!t* follows from Eq.~47! at sufficiently largeQ.

The mean lateral sizeLR given by Eq.~46! represents the
characteristic size of coherent islands formed at the in
stage of growth. As the nucleation of islands and their furt
size relaxation are fast processes compared to the stag
critical wetting layer formation,LR gives a numerical esti
mate for the typical lateral size of islands, in particular h
eroepitaxial systems at given growth conditions. Equati
~46! and~42! show that the quantityNLR

3 weakly depends on
the growth conditions. Therefore, an increase in the lat
size of islands leads to a decreasing island surface de
approximately as 1/LR

3.
Further evolution of the mean lateral size is determin

by the moment of growth interruptiont0 . If the growth is
interrupted during or soon after the size relaxation stage,
~46! gives a final lateral size upon growth interruption. If th
exposure time is much longer than the moment of grow
interruption, the stage of Ostwald ripening12 would begin,
resulting in the growth of bigger islands due to the decay
smaller ones. From the equation of material balance
F(t)'F* it follows that

z~ t !5F* ~12 l 3~ t !!, t>t* . ~48!

At the end of the relaxation stage, the superstress goe
zero and the wetting layer thickness to its equilibrium val
All additional amount of deposit material corresponding
the metastable range of the wetting layer thicknessh* 2heq
is adsorbed by the islands. If the deposition is continued l
after the end of the relaxation stage (t0@t* ), the value ofLR
may be interpreted as the initial condition to Eq.~19! at the
next stage of growth withz'0. The solution for the time
evolution of lateral size at this stage is
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L* ~ t !5LRH ~ t/t* !1/3, t<t0 ,

~ t0 /t* !1/3, t.t0 .
~49!

It should be noted that the island growth law given by E
~49! may be broken at some stage due to the influence of
elastic stress field around big islands on the island gro
rate,8–10 dipole-dipole elastic interactions between island5

relaxation of island shape@e.g., pyramid-to-dome transition
in the case of Ge/Si~100! clusters20#, and coalescence pro
cesses. As these effects are not taken into account in
present model of the initial stage of island formation, islan
simply continue to grow, consuming all additional amount
deposit to maintain the equilibrium wetting layer thicknes
Secondary nucleation is not allowed by the equation of m
terial balance. The surface density of the islands rema
constant after the end of the nucleation stage. The lateral
continues increasing in time as (t/t* )1/3 until the growth is
interrupted.

The lateral size distributionf (L,t) is found from g(x)
upon returning to the old variablesr and t and using Eq.
~12!:

f ~L,t !5
2L

~a l 0!2 g~L,t !,

g~L,t !5cN exp@cx~L,t !2ecx~L,t !#, ~50!

where

x~L,t !5
L

*
2 ~ t !2L2

~a l 0!2 . ~51!

The half-width of the lateral size distribution at the end
the relaxation stageDLR5(0.4/ln2/3Q)LR . Therefore, the
relative half-widthDL/LR is rather small at largeQ.

E. Substrate temperature and growth rate dependence
of the surface morphology

The obtained analytical expressions enable us to find
dependence of island size and surface density on the gro
rate and substrate temperature. Below it is assumed for
plicity that islands have similar geometrical shape at diff
ent values of the growth rate and temperature—i.e.,u
5const. In fact, this restriction is not essential and the va
of the contact angle can be adjusted to the experimental
at differentV and T, in particular to access the experime
tally observed effect of decreasing the aspect ratio at a ris
lateral size in InAs/GaAs~Refs. 1 and 2! and island shape
transformations in Ge/Si~Ref. 20! heteroepitaxial systems.

The temperature dependence of the diffusion coe
cient can be approximated in Arrhenius formD(T)
5D0 exp(2TD /T), where TD[ED /kB is the characteristic
diffusion temperature andED the activation energy for the
stress-driven diffusion. For the control parameter this impl
Q;exp(2TD /T)/VT. For the mean lateral size and surfa
density of islands in view of Eqs.~42! and~46!, A}1/T and
B}1/T, the resultingVT dependence is given by
9-6
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TABLE I. Numerical characteristics of the island formation process.

Stage Characteristic
time
~s!

Wetting layer
thickness

~ML !

Surface
density
~cm22!

Lateral
size
~nm!

Size
distribution
width ~nm!

Growth of equilibrium
wetting layer

47.9 3.35

Growth of critical
wetting layer

73.5 5.1

Nucleation stage 1.52 5.1 2.431010

Size relaxation stage 5.7 3.35 2.431010 25 2.3
wt
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x-
LR}
exp~2TD/2T!

V1/2T@ ln~L/VT!2TD /T#2/3, ~52!

N}
LR

23

T1/2@ ln~L/VT!2TD /T#1/2. ~53!

The constantL is determined by the relationship lnQ0
5ln(L/V0T0)2TD /T0 at particular reference values ofT0 and
V0 . Therefore, the lateral size decreases with rising gro
rate approximately as 1/V1/2 and increases exponentially wit
rising substrate temperature. Such a temperature behavi
the lateral size is in agreement with the conclusions of
microscopic model for the diffusion-induced islanding
Ref. 21. The surface density of islands relates to the lat

FIG. 3. Time dependences of the nucleation rateI (t) ~a! and
island surface densityn(t) ~b! for the parameters described in th
text.
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size approximately as 1/LR
3 and therefore increases wit

growth rate and decreases with temperature.

III. RESULTS AND DISCUSSION

The characteristics of the island formation process w
calculated for the values of parameters presented in Sec.
The growth rateV was fixed to 0.07 ML/s, cutoff paramete
for the elastic stressn510, and diffusion coefficient in the
wetting layerD51.5310212 cm2/s. The characteristic time
of the different stages of growth, equilibrium, and critic
wetting layer thickness, island surface density at the e
of the nucleation stage, mean lateral size of islands,
size distribution width at the end of the size relaxati
stage are summarized in Table I. The presented results d
onstrate the existence of a time scale hierarchy of differ
stages of the island formation process. For the quoted m
rial constants and substrate temperature, the parametG
550. The obtained numbers for the mean lateral size
surface density are in agreement with typically observed v
ues for ‘‘hut’’ clusters in the Ge/Si~100! heteroepitaxial
system.20

The time dependences of the nucleation rate and isl
surface density at the nucleation stage are shown in Fig
As seen from these figures, the nucleation of islands ta
place during the short time interval (Dt51.52 s); the surface
density goes to its maximum valueN52.431010 cm22 at

FIG. 4. Time dependences of the relative island surface den
n(t)/N ~1!, mean lateral sizel (t) ~2!, and wetting layer thickness
h(t)/h* ~3! at the size relaxation stage. Critical wetting layer thic
nessh* 55.1 ML, surface density at the end of the nucleation sta
N52.431010 cm22, and mean lateral size at the end of the rela
ation stageLR525 nm.
9-7
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the end of the nucleation stage and remains constant du
the size relaxation stage. In all figures, the time moment
50 relates toh5heq so that the actual deposition tim
equalst1t` (t`547.9 s is the time to grow the equilibrium
wetting layer at a growth rate of 0.07 ML/s!.

The time dependences of the wetting layer thickness
mean lateral size of islands obtained from Eqs.~45! and~48!
are presented in Fig. 4. It is seen that the wetting layer th
ness reaches a critical value att5t* and then gradually de
creases to its equilibrium value at the size relaxation sta
The mean lateral size of islands reaches its character
valueLR525 nm at the end of the size relaxation stage. T
time dependence of the wetting layer thickness is in qua
tive agreement with the experimental data and theoret
calculations of Ref. 11. The time evolution of the isla
size distribution is calculated by means of Eqs.~50!, ~51!,
and ~48! and is demonstrated in Fig. 5. It is seen th
the relative width of the size distribution decreases in ti
and is approximately 9% at the end of the size relaxat
stage.

The theoretical substrate temperature dependence o
mean lateral size and island surface density given by E
~52! and ~53! was compared to the results of transmiss
electron microscopy observations of InAs quantum d
on a GaAs~100! surface grown at different temperatures22

FIG. 5. Island lateral size distributionf (L,t) in cm223nm21 at
four different timest529.9, 34.2, 38.5, and 42.8 s.

FIG. 6. Substrate temperature dependence of the mean la
size of islandsLR at TD58000 K. Solid squares are the experime
tal results of Ref. 22.
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Results presented in Figs. 6 and 7 show that the theore
conclusions are in a fairly good agreement with the exp
mental data. Experimental dependences confirm the incr
in lateral size with rising substrate temperature and co
sponding decrease in island surface density approxima
as 1/LR

3.
It should be noted that the presented model does not

count for several important aspects that might have a con
erable effect on the overall system performance. Amo
these, island shape relaxation,2,11 the contribution from a
metastable ‘‘sea of adatoms’’ to island formation kinetics10

dipole-dipole elastic interactions of coherent islands via
substrate,1,5 and the influence of elastic stress field on t
island growth rate8–10 should be mentioned. However, ne
ther of these effects excludes the possibility of a detai
kinetic description of the island formation process within t
frame of classical nucleation theory. Generalization of
presented approach to include these effects constitutes
goal of our further studies.

To sum up, a kinetic model of the stress-driven formati
of coherent islands in heteroepitaxial systems has b
developed. The model allows a complete analytical desc
tion of the time evolution of the island size distributio
and wetting layer thickness. It has been shown that the m
lateral size of islands increases with rising substrate temp
ture and decreases with rising growth rate. The surf
density of islands decreases with rising lateral size. Th
theoretical conclusions agree well with the experimen
data and previous theoretical findings. The model pred
realistic values for the lateral size and surface density wh
also do not conflict with the experimental results. Desp
the simplicity of the obtained expressions, they might g
a way for tuning the operating wavelength of optical devic
based on quantum dot heterostructures by changing
technologically controlled parameters of the deposit
process.
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