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Magneto-optical transitions in nanoscopic rings
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Near-infrared spectra of self-assembled quantum rings are calculated using thek•p method with rectangular
band-offset potentials in three dimensions. The effective-mass model with energy-dependent mass is employed
for the electron states and the four-band Hamiltonian for the hole states. Two different ways to include the
magnetic-field interaction term in the four-band Hamiltonian are compared. Our calculations describe well,
qualitatively, the absorption spectrum measured by Pettersonet al. @H. Petterson, R. J. Warburton, A. Lorke, K.
Karrai, J. P. Kotthaus, J. M. Garcia, and P. M. Petroff, Physica E6, 510 ~2000!#. and the photoluminescence
magnetoresonances recently achieved by Haftet al. @D. Haft, C. Schulhauser, A. O. Govorov, R. J. Warburton,
K. Karrai, J. M. Garcia, W. Schoenfeld, and P. M. Petroff, Physica E13, 165~2002!#. The possibility of finding
the ‘‘optical’’ Aharanov-Bohm effect in the state-of-the-art self-assembled InGaAs quantum rings is also
discussed.
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I. INTRODUCTION

Recent advances in nanoscopic fabrication techniq
have made it possible to grow self-organized InGaAs nan
ings with ‘‘volcano’’ shapes.1–7 These nanoscopic rings ma
be the best-suited quantum structures for investigating
electronic and optical properties of nonsimply connec
quantum systems in a magnetic field,3,8–10as they are in the
scattering-free and few-particle limit. The large body
work, both experimental1–7,11–13 and theoretical,8–10,14–34

which has investigated these structures since they were
synthesized,1 reflects the great interest that the possible
plications of nanoscopic quantum rings have drawn.

Whereas lots of theoretical study has been devoted to
count for far-infrared electron transmission spectra in a m
netic field,3,8,9,33,34little effort has been made so far to pro
vide a theoretical background to the existing experiments
interband transitions.30 This is somewhat surprising if we
consider that these transitions are the basis for the app
tion of quantum dots as laser emitters,35 storage devices,36–38

fluorescence markers,39 etc. The underlying reason may b
connected with the difficulty to explain experimental da
with the simple models usually employed in the literatu
such as the two-dimensional effective-mass model of r
with parabolic8,9,18–25or double-well29,30confining potential.
In these models, the characteristic frequency of the ra
confinement and the nanostructure radius are fitting par
eters, and one cannot control the effects of real lateral w
and inner radius of the ring, which has been proved to s
sitively change the energy states of both electrons31 and
holes.32 In the present paper, we use a truly thre
dimensional model with an appropriate cylindrical squa
well potential,20 which has already described the far-infrar
spectroscopy of quantum rings successfully.33,34

The strong nonparabolicity of the InAs conductio
band40,41 and, then, that of InGaAs, prevent the use of t
parabolic band approximation, since it overestimates
0163-1829/2003/68~7!/075307~8!/$20.00 68 0753
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electron states energy by an amount that for the stud
quantum rings, is larger than the energy corrections fr
Coulomb interactions,4 lattice mismatch-induced strain, an
piezoelectric effects.7 Therefore, we will employ energy
dependent mass in the Hamiltonian for electrons.

It should be finally pointed out that although single-ba
models have been assumed in most cases to study the
energy levels,16,17,19–25,28–30in nanostructures, unlike in two
dimensional superlattices, the effects of the valence subb
mixing between light hole~LH! and heavy hole~HH! are
important at theG point.42 By neglecting the LH-HH cou-
pling in InGaAs, we would introduce a significant error
the estimation of the hole states energies,43 and we would
also miss allowed channels for dipole transitions. In o
present calculations, we take into account the valence s
band mixing by considering a four-bandk•p
Hamiltonian.34,44

We carry out calculations of the near-infrared~NIR! spec-
tra of an InGaAs quantum ring in order to qualitatively d
scribe the results reported by Pettersonet al.11 Moreover, by
including a perpendicular magnetic field, we account for
experimental data reported in Ref. 12. Two different ways
insert the magnetic interaction term in the four-band Ham
tonian, namely, the traditional Luttinger approach45 ~hereaf-
ter referred to asHL) and our recent proposal46 ~hereafter
referred to asHex) are employed. We find that the calcula
tions performed with the latter are in better agreement w
the experiment. Finally, we investigate the possibility of o
serving the so-called ‘‘optical’’ Aharanov-Bohm effect21–23

in the InGaAs quantum ring. Our results show no trace
this effect for the given size of the ring and low values of t
magnetic field, which is also in agreement with experimen12

II. THEORY

The electron states are described by means of the
band effective-mass Hamiltonian with energy-depend
©2003 The American Physical Society07-1
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CLIMENTE, PLANELLES, AND JASKÓLSKI PHYSICAL REVIEW B 68, 075307 ~2003!
~nonparabolic! mass and envelope function approximatio
The corresponding equation in cylindrical coordinates,
cluding a magnetic field perpendicular to the ring pla
reads, in atomic units,

S 2
1

2m* ~En,mz
!
D1

~Br!2

8m* ~En,mz
!

1
Bmz

2m* ~En,mz
!

1
1

2
mBgBs1V~r,z!2En,mzD f n,mz

e 50, ~1!

wheremz50, 61, 62, . . . is thequantum number of the
projection of angular momentuml onto the magnetic field
~B! axis, n is the main quantum number,g is the Lande´
factor,V(r,z) is the quantum dot potential corresponding
the geometry shown in Fig. 1, andm* (En,mz

) is the energy-
dependent electron effective mass defined by40

m* ~En,mz
!

m* ~En,mz
50!

5
~En,mz

1Eg!~En,mz
1Eg1DSO!~Eg12DSO/3!

Eg~Eg1DSO!~En,mz
1Eg12DSO/3!

,

~2!

where m* (En,mz
50) is the electron effective mass in th

vicinity of the band edge.Eg andDSO stand for the energy
band gap and spin-orbit splitting, respectively.

The valence subband mixing is taken into account by c
sidering the two-band~actually four band with spin! k•p
Hamiltonian34,44 for the hole states. It results in a set of fo
coupled partial differential equations inr andz. In a recent
paper,46 we discussed several different ways of including t
magnetic-field interaction in the multiband Hamiltonian.
the case of the four-bandk•p Hamiltonian, this interaction is
enclosed in the diagonal elements of the multiband equat
only, so that the usual quadratic plus two linear Zeeman-
terms appear. It is not the case for the higher-number
bands Hamiltonians, where nondiagonal elements are
involved.46 At the first glance, one would employ the LH an
HH masses in the magnetic terms. We also pointed ou
Ref. 46 that other mass coefficients may be also conside
In this paper, we show that especially good agreement w

FIG. 1. Shape of the investigated quantum ring~a! and quantum
lens~b!. The ring height is 2 nm, the internal hole diameter 30 n
and the external diameter 80 nm. The lens height is 6 nm and
diameter 20 nm. These shapes and sizes correspond to the
structures measured in Ref. 11.
07530
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experiment is obtained when using the LH and HH mas
(1/mLH/HH5g162g2) in the quadratic magnetic term an
an average of the HH and LH masses (1/mav5g1

24g2
2/g1) in the linear terms. The corresponding Ham

tonianHex is shown in Table I. In these equations,Fz is the
quantum number of the projection of the total angular m
mentumF5L1J onto the field axis;J is the Bloch angular
momentum (J53/2) andL is the envelope angular momen
tum. For sake of comparison, we also employHL ~Ref. 45!
~Table 3 of Ref. 46!. Equation~1! and the set of equation
considered for the hole states have been solved numeric
using the finite-difference method on the two-dimensio
grid (r,z) in cylindrical coordinates. The discretization o
the differential equations yields eigenvalue problems
asymmetric huge and sparse matrices, which have b
solved by the iterative Arnoldi solver47 implemented in the
ARPACK package.48

The electron wave function, in cylindrical coordinates,

CFz

e 5 f mz

e ~r,z!eimzfuSs&, ~3!

where f mz

e (r,z) is the eigenvector of Eq.~1! and uSs&
5uS&us& is the Bloch function for electrons, withs5a or
b.

The hole wave function reads

CFz

h 5 (
Mz5Fz23/2

Fz13/2

f Mz

h ~r,z!eiM zfu3/2,Jz&dJz(Fz2Mz)
, ~4!

wheref Mz

h (r,z) are the components of the four-band Ham

tonian eigenfunction andu3/2,Jz& are the Bloch functions for
holes.

Optical transition rates between the conduction- a
valence-band states are calculated without including exc
effects.49 The optical transition matrix element, if we con
sider unpolarized light~i.e., we add all threex,y,z compo-
nents of the transition moment! and transitions to bothuSa&
and uSb& states, is just51

u^CF
z8

e upuCFz

h &u25U(
Mz

f mz

e f Mz

h rdrdzPU2

dmzMz

5Seh
2 P2dmzMz

, ~5!

where Seh
2 is the electron-hole overlap andP is the Kane

parameter,P25u^SupxuX&u2. Note that the selection rule
dmzMz

selects, if any, only one of the four components of t
hole function. In order to obtain a smooth absorption sp
trum, we replacedmz ,Mz

in Eq. ~5! with a Lorentzian func-
tion of energyE, i.e.,

u^CF
z8

e upuCFz

h &u25Seh
2 P2

1

114
E2Eeh

G2

, ~6!

where Eeh is the e-h pair energy, Eeh5En8,mz
1Eg

1En,Fz5mz1Jz
andG is the transition half-width.

,
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TABLE I. Four-bandk•p EFA valence Hamiltonian in cylindrical coordinates.
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III. RESULTS

A. Absorption spectrum

Although the ring morphology has been confirmed by d
ferent microscopy techniques,1 the question about a possib
shape change after the quantum rings are covered to c
plete the necessary layer structure deserves to be asse2

Far-infrared spectra have been thoroughly evaluated and
seem to support ringlike electronic properties.3 Recently,
Pettersonet al.11 carried out NIR measurements of quantu
rings in order to confirm the ringlike geometry. Comparis
of neutral exciton energy structure of covered rings with t
of lens-shaped quantum dots11 was qualitatively consisten
with the expected properties of a quantum ring~but it could
still be argued that all their ring data corresponded to d
with smaller vertical dimension and larger lateral extent!. We
simulate their transmission spectrum in this section by c
culating thee-h interband transitions of a quantum ring an
a lens-shaped quantum dot.

The shape of the ring we investigate is a cut torus@see
Figure 1~a!#. This geometry corresponds to that observed
07530
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the atomic force micrograph of uncapped quantum ring7

According to Ref. 11, an 80 nm outer diameter, a 30 n
inner diameter, and a 2 nmheight have been used. We als
investigate a lens-shaped quantum dot of 6 nm height an
nm diameter@see Figure 1~b!#. Both ring and lens are mad
of InGaAs embedded in a GaAs matrix. The electron ba
edge effective mass employed,m(En,mz

50)50.05 ~Ref.
34!, is close to the average effective masses predicted
InGaAs cut-torus shaped rings33 and lens-shaped dots.52 The
conduction-band offset is set to 0.77 eV, roughly 70% of
band-gap difference between pure InAs and GaAs.53 For the
valence band, the InGaAs Luttinger parameters are41 g1
511.01, g254.18, and g354.84. The corresponding
valence-band offset is 0.38 eV, and splitoffDSO, 0.36 eV.
For simplicity, the electron and hole effective masses
considered homogeneous in the entire structure. Since
InAs energy band gap is 0.42 eV and that of GaAs 1.52
a reasonable value of 0.86 eV is used for the InGaAs na
structures studied.

Figure 2 shows the calculated absorption spectrum for
quantum ring~thick solid line! and the quantum lens~dotted
7-3
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CLIMENTE, PLANELLES, AND JASKÓLSKI PHYSICAL REVIEW B 68, 075307 ~2003!
line!. A broadening parameterG55 meV has been used t
account for the size distribution in actual InGaAs se
assembled nanostructures.

For the quantum lens, the leftmost peak arises at 1.082
This peak corresponds to the transition to the electron gro
state (n51, mz50) from the lowest dipole-allowed hol
states ~all the low-lying hole states withFz521.5,
20.5,0.5,1.5). As the energy increases, we observe o
groups of peaks nearly evenly spaced~the energy distance
between two consecutive groups being about 90 meV!. Each
group includes transitions from holes to a given elect
state. The different groups correspond to electron states
increasing values ofumzu but the samen, i.e., transitions to
(n51, mz50) appear at about 1.08 eV, (n51, umzu51) at
about 1.17 eV, (n51, umzu52) at about 1.26 eV, etc. Tran
sitions involving electron states withn52 are usually
weaker. Some of these transitions appear in the same en
region as the group of peaks corresponding to transition
(n51, umzu51) electron states. For example, the transitio
corresponding to the (n52, mz50) electron state appear a
about 1.24 eV.

In the case of the quantum ring, we only see a stro
single peak at 1.314 eV. This peak originates from transiti
involving the electron ground and the lowest azimuthal
cited states (n51, mz50, 61, . . . ). Thefirst transition to
the n52 electron state appears at 1.406 eV. However,
peak cannot be detected in the experiment, due to the tun
ing of carriers into the wetting layer produced by photo
with energies beyond 1.4 eV.

The main features of our simulated spectrum agree v
well with experiment~Fig. 2 of Ref. 11!.

~i! In the experiment, the fundamental transition arises
1.31 eV for rings, and slightly below 1.1 eV for lens. This
consistent with our calculated values of 1.314 eV and 1.
eV, respectively.

~ii ! In the experiment, first excited transition for the le
is about twice as intense as the fundamental transition. In
calculations, the ratio between first excited and fundame
transitions intensity is 2.2 for the lens.

~iii ! In the experiment, the oscillator strength correspo
ing to the fundamental transition of the rings is quite stron

FIG. 2. Calculated absorption spectrum of an InGaAs quan
ring ~thick solid line! and quantum lens~dotted line! with sizes
same as those measured in Ref. 11, and absorption spectrum
nearly flat InGaAs quantum lens~thin solid line!.
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than that of the lens. We also predict this increment, altho
our estimated oscillator strength ratio of 4.5, a bit larger th
the experimental value of 2.9, is close to other calculatio
on related systems.28 A better fit would probably be achieve
by including strain forces,e-h Coulomb interaction, or ring
eccentricity effects, which have been proved to modify t
wave function distribution.7,24,26

An apparent discrepancy between our calculation and
experimental data for excited states of the ring comes acr
However, we should point out that recent evidences7,12

strongly suggest that the high-energy peaks of the exp
mental ring spectrum do not really belong to excited-st
transitions of the ring, but to the ground-state transitions o
second typeof ring. This is most likely due to a bimoda
distribution in the vertical confinement of the grown rings54

In Fig. 2 we also present the calculated absorption sp
trum for a lens-shaped quantum dot~thin solid line! with the
same outer diameter and height as the quantum ring, nam
2 nm height and 80.0 nm diameter. The results reveal that
oscillator strength of the fundamental transition of this le
would be far less intense than the peak which is observe
the experiment. Therefore, our model supports a ringl
morphology, discarding a simple oblate lens, as the one
ing rise to the experimental data in the near infrared.

It is worth mentioning that our model, in contrast to th
one used in Ref. 30, does not need to arbitrarily fit confi
mentv parameter, or make assumptions on the ratio of c
tributions from the HH and LH states in order to correc
describe the ring energy structure. It should be additiona
stressed that the parameter fitting carried out in Ref. 30
sumed that the rightmost peaks of the ring spectrum origin
from transitions to excited states, an assignment no lon
believed.7,12

B. Magnetophotoluminescence spectrum

The switch on of a magnetic field perpendicular to t
growth plane of the quantum rings is of special interest
cause the diamagnetic properties ofe-h pairs confined in
such a topology are expected to lead to Aharanov-Bo
~AB! effects. However, there is still some uncertainty on t
possibility of observing these AB phenomena in quant
ring excitons.10,15–17,25,29Recently, Haftet al.12 measured the
photoluminescence emission of quantum ring neutral e
tons as a function of the applied magnetic field. We simul
this experimental spectrum using the same ring parame
as in the previous calculations. The Lande´ factor we employ
is the estimated average for the lowest state of a cut to
with sizes similar to that we investigate,55 when no magnetic
field is applied,g523.94.33 Such a value of the Lande´ fac-
tor yields very small Zeeman spin splitting. Then, we do n
need further refinements on the Lande´ factor description to
qualitatively reproduce experimental data. For the valen
band hole states calculations, we use the above-mentio
HamiltoniansHex ~Table I! andHL ~Table 3 of Ref. 46!. The
resultinge-h pair energies are shown in Figs. 3~a! and 3~b!,
respectively. It comes from Fig. 3 thatHex describes the
experiment~Fig. 1 of Ref. 12! better thanHL . Thus, Hex
yields diamagnetic behavior for thee-h pair states in agree

m

f a
7-4
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MAGNETO-OPTICAL TRANSITIONS IN NANOSCOPIC RINGS PHYSICAL REVIEW B68, 075307 ~2003!
ment with the experiment, which is not the case forHL . The
latter Hamiltonian predicts a strong stabilization of t
lowest-lying hole states with increasing values of the m
netic field. This is reflected in the calculated photolumin
cence~PL! emission as a peak redshift, which is not o
served in the experiment. In contrast,Hex yields a small blue
shift for the PL peak, in fairly good agreement with th
experiment.12 As a matter of fact, the measured experimen
PL peak exhibits a slightly stronger diamagnetic shift th
the calculated one,56 shown in Fig. 3~a!. The inclusion ofe-h
Coulomb interaction and other minor effects might acco
for this discrepancy. Nevertheless, it should be stressed
this difference in diamagnetic shifts is just severalmeV/T2.
Therefore, no matter what the number of refinements
would introduce in our theoretical model, the actual inac
racy on the experimental determination of nanostructu
sizes and shapes is the accuracy limiting factor of the res

C. Optical Aharanov-Bohm effect

Figure 3 encloses the calculated ring PL energy transiti
versus magnetic field given by bothHex and HL Hamilto-
nians. In both cases, the slope of the calculated PL en
transitions is almost constant with the field, so that no cl
evidence of AB oscillations in the PL spectrum is predicte
This is in agreement with previous theoretical studies, wh
also predict negligible AB effect amplitudes for the actu
nanorings radii and fields.16,25,29However, an optical conse
quence of the AB oscillations has been recently poin
out.21–23 The ‘‘optical’’ AB effect holds when the magneti
field induces successive symmetry changes in the elec
and hole ground states. In general, these symmetry cha
occur at a different rate for electron and hole states, du
their distinct masses and lateral separation, so that ce
values of the magnetic field may lead to ground-state e
tons not fulfilling the interband selection rules. This wou
turn into a suppression of the PL emission in cert
magnetic-field windows. Unlike other AB phenomena, t
optical AB effect is expected to be detectable with single-
PL spectroscopy. The theoretical model used so far to jus

FIG. 3. Calculated photoluminescence~PL! emission spectra o
a quantum ring vs a perpendicular magnetic field.~a! PL spectrum
obtained withHex . ~b! PL spectrum obtained withHL .
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the optical AB effect is a quasi-one-dimensional model w
one-band approximation for the hole states.21–23 The quasi-
one-dimensional model cannot account for the electron
hole wave functions compression inr with increasing mag-
netic field,51 which we have checked to be significant f
InGaAs nanorings. Moreover, the one-band approximat
for the hole states misses some of the allowed channels
dipole transitions. Therefore, we employ here a more rea
tic model that takes into account both ring thickness a
HH-LH coupling.

We investigate the optical AB effect in a ring of the sam
size and defining parameters as used in the preceding
tions. The electron states are calculated by means of Eq~1!
and the hole states are calculated usingHex . The electron
spin splitting would equally affect all the low-lying energ
levels, leaving results qualitatively unaltered. Thus, the el
tron spin-splitting term is dropped in these calculations. F
ure 4 shows the lowest-lyinge-h-pair energy-levels versu
the applied magnetic field. The symmetry of the states
represented by (mz ,Fz), wheremz is the azimuthal quantum
number of the electron state andFz is thez projection of the
total angular momentumF of the hole. In the figure, a clea
aperiodicity in the ground-state angular momenta seque
for increasing values of the field, can be seen. For magne
field values below 0.9 T, the ground-state symmetry is
21.5). This symmetry changes into (21,21.5) between 0.9
T and 1.5 T and then keeps on changing at irregular interv
as the magnetic field increases. We illustrate this grou
state symmetry change in Fig. 5~a!, where the electron~up-
per part! and hole~lower part! lowest-lying energy levels are
depicted for magnetic field values up to 9 T. The mass
holes, heavier than the mass of electrons, leads to magn
field windows, for a given ground-state symmetry, wid
than those of electrons. We have also carried out calculat
using HL . They show almost no width difference betwee
the windows of electron and hole ground states@see Fig.
5~b!#. The underlying reason is thatHL leads to anticrossings
for the hole states which provide LH character to the h

FIG. 4. Energy spectrum of the lowest-lyinge-h pairs vs mag-
netic field. Only the states which become fundamental for so
value of the field are represented. The states are labeled bymz ,
Fz). Solid lines correspond to states involving heavy hole com
nents of the hole function. Dashed lines correspond to transit
involving light hole components. The dotted line corresponds t
‘‘dark’’ ground state. The magnetic-field interval for which this on
is the ground state is grey shaded.
7-5
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FIG. 5. Electron~upper part! and hole~lower
part! energy structure vs magnetic field.Hex

(HL) is used for holes in part a~b!. The energy
scale is referred to the bottom of the conducti
band~electron! and to the top of the valence ban
~hole!.
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ground states~the mass of an InGaAs LH is 0.052, ve
close to the electron mass, 0.05). Conversely,Hex does not
yield such anticrossings and the hole ground states ma
show HH character in this case. As a consequence, Fig.~a!
shows significant width differences between the electron
hole magnetic-field windows for a given ground-state sy
metry. In what follows, we will only considerHex since it
better describes the PL spectrum. The ground state in F
occasionally involves LH components of the hole wave fu
tion ~dashed lines!. A simple one-band model with HH mas
cannot account for these states. The suitability of a multib
Hamiltonian, which includes the HH-LH coupling, is hen
confirmed.

All the e-h pairs follow, up to 9 T, thedmz ,Mz
selection

rule, as can be seen in Fig. 4. This is in agreement with
experiment,12 where no magnetic-field induced quenching
the PL was detected for the same ring radii and fields
those we study here. Additionally, we explored thee-h pair
ground-state symmetry for higher values of the magn
field, looking for a trace of the optical AB effect. Our calc
lations reveal a dipole-forbidden~dark! e-h pair ground
state, (28,25.5), in the vicinity of 14 T~dotted line in Fig.
4!. Notice that the magnetic-field window of this ‘‘dark
state is quite narrow~about 0.8 T! and that its energy differ-
ence with the first excited states is lower than 1 meV. T
inclusion of further refinements in the theoretical model m
imply a rearrangement of the energy levels and this re
rangement might, in turn, remove the dark ground sta
However, the major effects we have not considered in
model are the Coulomb interaction and the strain and pie
electric potentials. The Coulomb interaction has been th
retically proved to reduce thee-h separation.25 In principle,
this effect could shift the predicted dark ground state towa
higher magnetic-field values. On the contrary, the strain
piezoelectric potentials can drastically increase thee-h ver-
tical and lateral separation in a quantum ring.7,13 This lateral
separation would be larger than the one we estimate~barely
0.5 nm for the ground state atB50 T), leading to an en-
hancement of thee-h symmetry change rate difference. Th
compensation between the Coulomb interaction and str
piezoelectrical potentials could be partly responsible for
accuracy and reliability of our calculations, as can be see
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the PL of Fig. 3. On the other hand, the proximity betwe
the predicted ‘‘dark’’ ground state and ‘‘bright’’~dipole-
allowed! state energies may conceal the optical AB effe
due to phonon-induced energy levels coupling. However
the temperature of experimental quantum ring PL meas
ments (T54.2 K), these phonon-induced phenomena sho
not be important. We then expect that the optical AB effe
could be detected in InGaAs quantum rings for relatively lo
magnetic fields.

IV. CONCLUDING REMARKS

We calculated near-infrared spectra of an InGaAs nan
ing, modeled as a cut torus, by using thek•p method with
rectangular band-offset potentials in three dimensions.
the electron states, the one-band effective mass model
energy-dependent mass and, for the hole states, a four-
Hamiltonian was employed.

We provided theoretical understanding to a number
quantum rings NIR experimental observations. First, the
sorption spectrum of the quantum ring was calculated in
sence of magnetic field. Two different lens-shaped quan
dots spectra were also included for comparison. Our res
show excellent agreement with a recent experiment car
out by Pettersonet al.11 We confirm that the intense peak
they observed at high photon energies cannot be assigne
a flat quantum dot, giving then support to ringlike geomet
Second, the PL emission spectrum of the quantum ring
sus perpendicular magnetic field was calculated. We co
pared two different ways of including the magnetic-fie
term in the valence-band Hamiltonian: the traditional on
reported by Luttinger34,45 and our recent proposal.46 We
found that the latter gives better agreement with
experiment.12 We investigated the optical AB effect21–23 in
the quantum ring. No trace of this effect was detected
magnetic-field values up to 9 T, which is in agreement with
recent experimental PL spectrum.12 Finally, our model pre-
dicts that the optical AB effect may be seen for curren
realizable quantum rings and moderate magnetic-fi
strenghts.
7-6
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