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Density functional and quasiparticle band-structure calculations for GaxAl1ÀxN
and GaxIn1ÀxN alloys

F. Sökeland, M. Rohlfing, P. Kru¨ger, and J. Pollmann
Institut für Festkörpertheorie, Universita¨t Münster, Wilhelm-Klemm-Strasse 10, 48149 Mu¨nster, Germany

~Received 21 February 2003; revised manuscript received 27 May 2003; published 8 August 2003!

We investigate the electronic structure of two wide-band-gap semiconductor alloys GaxAl12xN and
GaxIn12xN, employing three differentab initio band-structure approaches. Local density calculations within
density functional theory using conventional as well as self-interaction-corrected pseudopotentials and quasi-
particle band-structure calculations are carried out. The stochastical alloy problem is treated within the virtual
crystal approximation, as well as within a cluster expansion approximation. One main issue is the evaluation of
the bowing of the composition dependence of the fundamental band gap. It turns out that the band-gap bowing
for GaxAl12xN alloys is described reasonably well within the virtual crystal approximation. For GaxIn12xN, on
the contrary, that approximation does not correctly describe the composition dependence of the band gap
because it neglects significant local structural relaxations. These are taken into account in the cluster expansion
approximation. Our results indicate that in both alloys the band gap exhibits a composition-dependent bowing
function rather than a constant bowing parameter.
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I. INTRODUCTION

The electronic structure of alloys has gained renewed
terest during recent years because of the growing techno
cal importance of wide-band-gap semiconductors. Alloy
of such semiconductors is of significant importance for
development of optoelectronic devices and detectors.
possibility to tune the wavelength of emitted light through
wide spectral region makes it feasible to design novel co
pound semiconductors. Suitable candidates for wide-ba
gap alloys can be found among the III-V and II-VI materia
Especially the III nitrides AlN, GaN, and InN are of impo
tance in the field of optoelectronics and a huge amoun
experimental and theoretical work has focused on their e
tronic and structural properties.1 Ternary alloys like
GaxAl12xN and GaxIn12xN can be fabricated whose funda
mental electronic transitions can be tailored from the ult
violet ~AlN ! across the visible violet/blue~GaN! to the vis-
ible yellow ~InN! regions of the spectrum.

The theoretical description of semiconductor alloys fa
two main problems.~i! The lack of translational symmetr
hinders the use of conventional solid-state techniques
signed for periodic systems.~ii ! In addition, the electronic
and optical spectrum of semiconductors is strongly affec
by many-body correlation effects among the electrons
number of approaches have been developed to address
periodic alloys. We focus on two such techniques: i.e.,
virtual crystal approximation~VCA! ~Refs. 2 and 3! and the
cluster expansion approximation~CEA! ~Ref. 4–6!. The
many-body correlation effects can be treated to different l
els of complexity and accuracy. We employ not only t
local density approximation~LDA ! of density functional
theory ~DFT! but also self-interaction-corrected DFT,7,8 as
well as many-body perturbation theory in theGW approxi-
mation ~GWA!.9,10

The VCA is a computationally very efficient approach
the electronic structure of alloys. In this approximation, t
0163-1829/2003/68~7!/075203~11!/$20.00 68 0752
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random alloy is simulated by a periodic crystal of ‘‘virtua
atoms’’ that represent a weighted average of the alloy co
ponents. Due to the enforced periodicity, the VCA can
implemented in any standard electronic structure met
with the numerical demand being no larger than that fo
periodic lattice. Due to its moderate computational effort,
VCA is a very useful approach for a first attempt to inves
gate a number of fundamental questions concerning the e
tronic structure of wide-band-gap semiconductor alloys.
particular, we use the VCA to scrutinize the influence
quasiparticle corrections on the alloy band structure. In so
cases, simple alloy theories like the VCA do not apply a
more involved methods like a cluster expansion approxim
tion need to be employed. The CEA belongs to the class
so-called lattice theories. They consist of expanding a ph
cal quantity into a set of contributions from elementary clu
ters. Since the clusters are periodically repeated,11 standard
solid-state techniques can be applied to the resulting su
cells to obtain the relevant quantities of the clusters wh
are then statistically averaged. A detailed discussion of
formalism can be found in Ref. 12, and some of its practi
aspects are compiled in the following sections. The clus
expansion approximation has been applied also, e.g.,
Bechstedt and co-workers13,14 in their detailed studies of the
structural, electronic, and thermodynamic properties
strained group-III nitride alloys.

In the present work we report on VCA and CEA calcul
tions for GaxAl12xN and GaxIn12xN alloys in the zinc-
blende structure. We are especially interested in the fun
mental electronic transition energies and their nonlin
dependence on the concentrationx: i.e., in their bowing be-
havior. The dependence of a physical quantityV of a ternary
alloy AxB12xC on x can often be described accurately by
parabola

V~x!5xVAC1~12x!VBC1bx~12x!, ~1!
©2003 The American Physical Society03-1
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with a bowing parameter bwhich describes the overall de
viation from the linear interpolation betweenVAC andVBC .
Whenever a constant bowing parameterb without further
specification is mentioned in this work, it refers to such
quadratic fit. The situation becomes more complicated ifV
depends in a nonquadratic manner onx. In this case a
concentration-dependentbowing functionb(x) can be de-
fined as

b~x!5
V~x!2xVAC2~12x!VBC

x~12x!
. ~2!

If defined in this way,b(x) constitutes~at eachx) a relation-
ship betweenV(x) and the end-point valuesVAC andVBC .
Note thatb(x) as defined in Eq.~2! does not coincide with
the second derivative21/2 ]2V/]x2 ~which would be an-
other possibility of defining a concentration-dependent bo
ing!. Also, note that the average parameterb as defined in
Eq. ~1! does not necessarily equal the concentration ave
of b(x). In many cases, the concentration-dependentb(x)
approximately shows a linear dependence onx.

Before focusing on the alloys, we give a short summ
of the electronic structure of their bulk constituents Al
GaN, and InN.1 These nitrides occur both in the hexagon
wurtzite and the cubic zinc-blende structure, the latter
which is in the focus of our work.

The existence of cubic AlN has been reported by Schw
and Mader15 and by Gerthsen and co-workers.16 Ab initio
calculations predict cubic AlN to be an indirect semicondu
tor ~minimum transitionG15

n →X1
c) with a LDA band gap of

Eg
LDA53.2 eV and a quasiparticle~QP! band gap ofEg

QP

54.9 eV.17 To our knowledge there is no experimental ve
fication of these results, up to now.

Cubic GaN, on the other hand, is a direct semiconduc
Optical absorption measurements18–20 yield a band gap of
Eg

GaN53.2 eV which compares reasonably well wi
the quasiparticle band gaps ofEg

QP
53.1 eV and Eg

QP

53.6 eV, as obtained by Rubioet al.17 and by some of the
present authors,10 respectively. DFT-LDA calculations, on
the other hand, yield a band gap ofEg

LDA52.0 eV showing
the typical underestimation of the fundamental gap in LD
If the Ga 3d states are explicitly included within the pseud
potentials as valence states, the LDA band gap even red
to Eg

LDA51.1 eV. The Ga 3d states are found at
213.6 eV, being in resonance with the N 2s state. DFT
calculations using self-interaction and relaxation-correc
pseudopotentials7 ~DFT-SIRC! are able to lift thissd degen-
eracy and correctly predict the energetic position of thed
states at216.7 eV which is now below the N 2s band. In
addition, the band gap increases toEg

SIRC53.5 eV and
matches the experimental value much more closely than
LDA result.

The low thermal stability of cubic InN makes this com
pound semiconductor the least-studied group-III nitride
has been observed that InN is a direct semiconductor wi
band gap ofEg

InN51.9 eV.21 When using a conventiona
In(5s,5p) pseudopotential we find a very small LDA ban
gap of Eg

LDA50.2 eV ~in agreement with the results o
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Ref.22!. If the chemically active indium 4d semicore elec-
trons are included among the valence electrons by using
In(4d,5s,5p) pseudopotential, we obtain a semimetallic i
verted band structure with a negative LDA band gap
Eg

LDA521.0 eV. All-electron LDA linear muffin-tin orbital
~LMTO! calculations also report an inverted band struct
with Eg between20.1 eV~Ref. 1! and20.4 eV~Ref. 23!. It
has been shown that this inversion, which is an artifact of
LDA, can be overcome by including self-interactio
corrections.7,8 In DFT-SIRC the band gap results asEg

SIRC

51.3 eV in much closer agreement with experiment.

II. METHODS

Many of our calculations employ density function
theory together with the local density approximation to so
the electronic structure problem. In some cases we also
clude self-interaction and relaxation corrections7 to compen-
sate the artificial self-interaction of electronic states with
the LDA. Such SIRC-DFT calculations have been shown7 to
yield band gaps of heteropolar wide-band-gap semicond
tors ~GaN, ZnO, etc.! in very good agreement with measure
data. In addition, we also carry out quasiparticle calculatio
in order to scrutinize whether the LDA gap problem has
important influence on band-gap bowing. The QP correcti
of the LDA band structure are evaluated within theGW ap-
proximation of the electron self-energy operator.9,10 The
GWA yields highly accurate band structures for a large va
ety of systems and thus constitutes the state of the art
calculating electronic spectra. It should, therefore, serve
reliable basis for the determination of band-gap bowing,
well.

The wave functions are expanded in a basis of ato
centered Gaussian orbitals ofs, p, d, ands* symmetry with
several decay constants per atom.24 These basis sets ar
found to be sufficiently flexible to guarantee basis-set c
vergence at all concentrationsx. All elements~Al,Ga,In,N!
are described by norm-conservingab initio pseudopotentials
~PP’s! of the Hamann type,25,26 except for the SIRC calcula
tions that require specific pseudopotentials.7

If not stated otherwise, we employ pseudopotentials t
treat the conventional valence orbitals as valence states~i.e.,
Al 3s2p1, Ga 4s2p1, In 5s2p1, and N 2s2p3). For Ga and
In, we label these potentials ‘‘31 pseudopotentials’’ referring
to the three valence electrons. Thed states of the Ga and In
semicore shells~i.e., Ga 3d and In 4d, respectively! have a
significant influence on the structural and electronic prop
ties of GaxIn12xN. This can be taken into account in
straightforward way by including thed states among the va
lence states in the pseudopotential construction, leadin
potentials that we label ‘‘131 pseudopotentials,’’ referring to
the 13 valence electrons (Ga 3d104s2p1 and In 4d105s2p1,
respectively! described by them.

A. Virtual crystal approximation

The majority of VCA calculations have been carried o
within empirical27 and semiempirical28 electronic structure
techniques. Recently various procedures to implement
3-2
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VCA within ab initio techniques, employing norm
conserving pseudopotentials, have also been suggest29

The method we present here relies on the mixing of ionicab
initio pseudopotentials that are transferred to the solid
model the VCA alloy. In the first step we construct norm
conserving pseudopotentials for Al, Ga, In, and N accord
to Hamann’s recipes.25 For each concentrationx and each
angular momentuml the pseudopotentials for the cation
sublattice~e.g., for GaxAl12xN) are linearly averaged on
radial grid:

Vl ,ion
PS ~r ,x!5xVl ,ion

Ga ~r !1~12x!Vl ,ion
Al ~r !. ~3!

All effective potentials are tested for the free GaxAl12x and
GaxIn12x ‘‘virtual atoms’’ to see how the atomic energy lev
els evolve as a function of concentration and to obtain
radial atomic wave functionsRl

PS(r ,x). The latter are finally
used to transform the semilocal effective pseudopotentia
its separable form.30

B. Cluster expansion approximation

For alloys that show significant structural relaxations
duced by lattice mismatch simplemean-fieldtheories, like
the VCA, often suffer from lack of accuracy. One example
GaxIn12xN due to the 10% lattice mismatch between G
and InN. In such materials more involved methods must
invoked. Such a method is the CEA which belongs to
class of lattice theories and mainly consists in expandin
physical quantity into a set of contributions of elementa
clusters. Periodic repetition of these clusters, as suggeste
Conolly and Williams,11 leads to representative periodic sy
tems to which Bloch’s theorem can be applied. Within t
Conolly-Williams approach the alloy concentrationx is di-
rectly linked to its respective lattice constanta(x). For a
detailed discussion we refer the reader to the literature.12 In
our present approach we restrict ourselves to the so-ca
tetrahedron approximation and use simple cubic unit c
containing eight atoms—i.e., four nitrogen atoms at the
ion sites and either Ga or In atoms at the four cation si
There are five different cation site configurations of su
clusters: In4N4 , In3GaN4, In2Ga2N4 , InGa3N4, and Ga4N4.
Within the cubic eight-atom unit cell there is only one i
equivalent configuration for each of these five clusters. I
totally random alloy, the configuration GanIn(42n)N4 occurs
with a binomial probability of (n

4)xn(12x)42n. Within this
tetrahedron approximation, the statistical average of, e.g.
band gapEg is thus finally given by

Eg~x!5 (
n50

4 S 4

nD xn~12x!42nEg
[n]
„a~x!…, ~4!

with Eg
[n] (a) being the gap of the GanIn(42n)N4 structure

with lattice constanta. If not stated otherwise,a(x) is the
linear interpolation between the lattice constants of the
constituents according to Vegard’s law31 and the electronic
structure of each configuration~i.e., for eachn) is obtained
by using ideal crystal geometries.

The CEA can also be used tocalculatethe composition-
dependent lattice constant, thus going beyond Vega
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assumption31 of a being linear inx. To do this we calculate
the total energies as a function of the concentrationx andthe
lattice constanta as independent variables,

Etot~x,a!ª(
n50

4 S 4

nD xn~12x!42nEtot
[n]~a!, ~5!

and then minimize these energies with respect toa:

min
a

Etot~x,a!⇒a~x!. ~6!

Another issue related to the structure concerns the inte
relaxations of each configuration. Since the cations differ
size, there will be internal relaxations within the GanIn42nN4
clusters due to bond length contractions and expans
which break the tetrahedral symmetry.

From the optimized internal structure of each cluster o
can calculate the concentration dependence of bond leng
e.g., ofdGa-N(x) by using

dGa-N~x!5 (
n50

4 S 4

nD xn~12x!42ndGa-N
[n] . ~7!

The CEA thus allows us to investigate the influence of b
volume relaxations~lattice constant! and binding relaxations
~bond lengths and angles! on the band-gap bowing.

Note that the tetrahedron approximation is only useful
physical quantities that are dominated by short-range pr
erties like the interatomic chemical bonds and quantities
sociated with them. Properties of long-range nature may
quire much larger clusters to be accurately described by
CEA.

III. RESULTS FOR Ga XAl1ÀxN

Before we present the results from our LDA and GW
calculations in Secs. III B and III C, we first briefly summ
rize a number of results from the literature.

A. Data from the literature

The cubic III-V alloy GaxAl12xN has attracted much in
terest due to its prospects in fabricating optical devices em
ting from the blue to the near ultraviolet. The system w
first synthesized by an epitaxial growth process
sapphire.32 The lattice constant of GaxAl12xN has experi-
mentally been shown33 to follow Vegard’s law. Later on,
some investigations focused on determining the band-
bowing parameter. Since GaN is a direct semiconduc
while AlN is indirect, a direct-indirect transition occurs at
concentrationxt . Recent calculations yieldxt in the range
from 0.41 to 0.48~see Table I!.

There have been several theoretical and experimenta
vestigations of GaxAl12xN ~see Table I!. Empirical VCA cal-
culations by Fanet al.27 and semiempirical VCA invest-
igations by Pughet al.,28 as well as LMTO cluster expan
sions by Albanesiet al.34 and Agrawalet al.,35 have been
reported. In all these calculations a nearly linear concen
tion dependence of the band gap (b'0.0 eV) has been
found. A plane-wave36 and a linear combination of atomi
3-3
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orbitals ~LCAO!37 pseudopotential calculation have yielde
considerably stronger bowing of20.53 eV and20.56 eV,
respectively.

In an experiment, Yoshidaet al.38 have determined a bow
ing of 20.8 eV. Koideet al.39 observed a band-gap bowin
of b521.0 eV by measuring the optical absorption spe
trum of GaxAl12xN films prepared by metalorganic chemic
vapor deposition~MOCVD! for x between 0.6 and 1.0. Itoh
et al.40 extended the growth method by using AlN buff
layers to obtain higher-quality crystalline films. They al
found b521.0 eV for the bowing parameter. Finally, pho
toluminescence spectra recorded by Khanet al.41 for 0.76
<x<1.0 resolved a bowing parameter ofb520.98 eV. On
the other hand, Khanet al.,42 as well as Wickendenet al.,43

measuredb'0.0 eV although these authors used basica
the same growth techniques. The origin of these exp
mentally determined deviations in the bowing parame
(b521.0 eV↔b'0.0 eV) is still unclear. Further below
we try to rationalize these discrepancies between the var
experiments by discussing the role of restricted concentra
intervals used in some of the works cited above.

B. VCA calculations within the DFT-LDA

We start our investigations by mixing the unscreen
ionic 31 pseudopotentials of Al and Ga for various conce
trations on a radial grid. The resulting potentials
representing mixed GaxAl12x ‘‘virtual atoms’’—are tested
with respect to their atomic levels. The LDA energies of t
valences level ~with Al 3s and Ga 4s at the end points!
and the valencep level ~with Al 3 p and Ga 4p at the end

TABLE I. Theoretical and experimental results from optic
spectroscopy for the average band-gap bowingb in zinc-blende
GaxAl12xN alloys from the literature. The column ‘‘Transition
shows the concentrationsxt for which an indirect-to-direct transi
tion of the band gap takes place.

Method b @eV# Transition

VCAa 20.05 0.48
VCAb '0.00 0.43
LMTO CEAc '0.00 0.43
LMTO CEAd '0.00 0.41
PW-PPe 20.53 –
LCAO-PPf 20.56 –
Experimentg 20.80 –
Experimenth 21.00 –
Experimenti 21.00 –
Experimentj 20.98 –
Experimentk '0.00 –
Experimentl '0.00 –

aReference 27. gReference 38.
bReference 28. hReference 39.
cReference 34. iReference 40.
dReference 35. jReference 41.
eReference 36. kReference 42.
fReference 37. lReference 43.
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points! depend onx in a slightly nonlinear way with a smal
bowing parameter ofbs510.25 eV for the s level and
bp520.01 eV for thep level. In the next step we transfe
the effective potentials to the solid. The lattice mismat
between AlN and GaN amounts to some 3%, only. Therefo
we assume in agreement with Ref. 33 that the lattice cons
of GaxAl12xN follows Vegard’s law:

a~x!5$4.50x14.37~12x!% Å. ~8!

We calculate the band structure for each concentratiox
from 0.0 to 1.0 in steps of 0.2. Figure 1 shows the result
direct (G15

v →G1
c) and indirect (G15

v →X1
c) band gaps by solid

and open circles. The lines for allx values interpolating be-
tween the calculated values are determined by a quadrat
according to Eq.~2!. Both band gaps are characterized by
weakly nonlinear concentration dependence with a sm
downward bowing ofbdir

LDA520.15 eV for the direct band
gap andbind

LDA520.10 eV for the indirectG15
v →X1

c transi-
tion. This seems to be in reasonable agreement with the
vious experimental and theoretical results ofb'0. In
addition—and in agreement with other calculations~see
Table I!—we predict theindirect-to-directtransition to occur
at xt

LDA50.46 ~see Table II!. At the transition concentration
the band gap of the GaxAl12xN alloy amounts to
Eg

LDA(xt
LDA)52.9 eV.

A more detailed analysis of the data shown in Fig. 1
veals that the dependence of the band gaps on concentr
is not strictly quadratic, indeed. For a better comparison w
other theoretical and experimental work, we fit ourb(x) re-
sults by a linear function ofx. For the direct band gap we
then find a concentration-dependent bowing functionb(x)

FIG. 1. Concentration-dependent band gap of GaxAl12xN, cal-
culated within the VCA employing the DFT-LDA~lower curves!
and the GWA~upper curves!, respectively. Both the direct (G15

n

→G1
c) transition ~solid circles! and the indirect (G15

n →X1
c) transi-

tion ~open circles! are displayed. The intersection points betwe
direct and indirect band gaps mark the LDA (xt

LDA50.46) and GW
(xt

QP50.37) transition concentrations. It should be noted that in t
and the following figures the symbols show results as calculated
the particularx values in steps of 0.2. The connecting lines res
from a quadratic fit of the points according to Eq.~2!.
3-4
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'(20.71x10.1) eV ~see Table II!. This may provide an ex-
planation for the difference between the experimentally
served bowing parameters. The average bowing paramet
bdir

LDA520.15 eV, obtained from a quadratic fit toEgap(x)
and considered valid for the entire concentration range
indeed very weak. This corresponds to the experimental
discussed by Khanet al.42 and Wickendenet al.43 The ex-
periments by Koideet al.,39 Itoh et al.,40 and Khanet al.,41

on the other hand, that have been carried out at much hi
concentrations betweenx50.7 andx51.0, exhibit a quite
significant bowing ofb'21 eV. For such high concentra
tions, our bowing functionb(x), indeed, yields a significan
bowing of, e.g.,b(0.9)520.54 eV.

We summarize our DFT-VCA results in three statemen
~i! The virtual crystal approximation within the LDA is
useful approximation to calculate the electronic structure
GaxAl12xN alloys. ~ii ! The VCA formulation in terms ofab
initio pseudopotentials is a practicable extension of empir
VCA implementations.~iii ! The band gaps of the alloys ar
characterized by a concentration-dependent bowing func
b(x). The direct LDA band gap, e.g., reaches a substan
bowing of b(x)520.61 eV atx51.0. The average bowing
of the band gap, on the other hand, which is obtained fro
quadratic fit at allx values, is rather weak.

C. VCA calculations within the GWA

The DFT-LDA underestimates the band gaps of Al
GaN, and InN which is a well-known shortcoming of th
LDA for semiconductors. Thus, it is important to investiga
the band-gap bowing also on the basis of a more relia
band-structure method. Therefore, at the next level of
calculations, we include quasiparticle corrections to the L
band gaps within VCA. They are obtained fromGW calcu-
lations based on the preceding LDA calculations. The die
tric screening is evaluated within the random-phase appr
mation ~RPA!. Details of the procedure can be foun
elsewhere.10 The resulting band gaps for GaxAl 12xN are
shown in Fig. 1, as well, and the respective bowing para
eters are summarized in Table II. The bowing parameters
direct and indirect transitions between the QP bands are
slightly positive and the absolute value of the bowing h
slightly decreased, as compared to that of the LDA gaps.
bowing parameters are given bybdir

QP5bind
QP510.05 eV.

Since the QP corrections to the indirect (G→X) transitions
are larger than those to the direct (G→G) transitions, the
direct–indirect transition now occurs at a smaller concen
tion xt

QP50.37 than in the LDA~see Table II!. At xt
QP we

TABLE II. VCA bowing parameters and their concentration d
pendences for the direct band gap of zinc-blende GaxAl12xN as
calculated in this work. The column ‘‘Transition’’ shows the co
centrationsxt for which an indirect-to-direct transition of the ban
gap takes place.

Method b(x) @eV# b(0.9) @eV# b @eV# Transition

DFT-VCA 20.71x10.10 20.54 20.15 0.46
QP-VCA 20.25x10.04 20.19 10.05 0.37
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find a QP band gap ofEg
QP(xt

QP)54.9 eV which is the larg-
est direct band gap that can be realized in GaxAl12xN. The
change of the band bowing due to the QP corrections~e.g.,
bdir

LDA520.15 eV→bdir
QP510.05 eV) results from a slightly

nonlinear dependence of the dielectric screening on the c
centration. As an illustration, Fig. 2 shows the calculat
macroscopic RPA dielectric constant for GaxAl12xN as a
function of x. It can be expressed ase`(x)5xe`

GaN

1(12x)e`
AlN1bx(12x) with a bowing parameter ofb

520.36. For concentrations aroundx50.5 the dielectric
screening causes a nonlinear behavior of the QP correctio
the gap. Weaker screening leads to stronger QP correcti
i.e., the QP corrections of the gap are stronger than linea
x with an additional upward bowing of 0.2 eV for the dire
band gap. This also affects the concentration dependenc
b(x). For the direct band gap we findbQP(x)5(20.25x
10.04) eV, resulting inbQP(x)520.19 eV at high Ga con-
centrations (x50.9). Although this value is remarkabl
lower in magnitude than the respective DFT-LDA result~cf.
Table II!, we find again the same qualitative behavior; i.e.b
becomes less negative for decreasingx.

IV. RESULTS FOR GaXIn1ÀxN

Before addressing the results of our calculations a b
survey on the experimental and theoretical literature se
useful.

A. Data from the literature

The metastable cubic phase can be synthesized
plasma-assisted molecular beam epitaxy~PA-MBE! on
GaAs.19 The band-gap bowing of zinc-blende GaxIn12xN al-
loys has been analyzed recently.19,20 The authors reported
concentration dependent bowing of21.4 eV ~see Table III!.
The concentrations were derived from Rutherford ba
scattering experiments.

FIG. 2. Calculated dielectric constant of GaxAl 12xN as a func-
tion of concentration. The observed nonlinear behavior is the rea
for the change in the VCA band-gap bowing when going fro
DFT-LDA to GWA calculations~cf. Fig. 1!.
3-5
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Hexagonal GaxIn12xN can be grown on sapphire sub
strates by MOCVD.44 Buffer layers of GaN or AlN are well
suited to improve the crystalline quality of the epitax
films.44,45 Because GaxIn12xN is characterized by a larg
miscibility gap from approximatelyx50.2 tox50.8, experi-
mental investigations were only carried out for a few co
centrations within the restricted regime fromx50.8 to x
51.0. Band-gap bowing of hexagonal GaxIn12xN has been
experimentally investigated by Nakamura,44 Wetzel et al.,45

Takeuchiet al.,46 McCluskeyet al.,47 and Osamuraet al.48

For the results, see Table III. All these authors have foun
concentration-dependent bowing functionb(x) and have
pointed out that the lattice constant depends nonlinearly
concentration. Since the experimental determination of
concentration often relies on measuring the lattice cons
and inverting Vegard’s law, some earlier investigation44

should be viewed with caution.
In order to discuss the concentration dependence of

direct band gap of GaxIn12xN we will use two different types
of bowing parameters. Theaveragebowing parameterb cor-
responds to a quadratic fit ofEgap @analogous to Eq.~1!#. In
addition, we consider arestrictedbowing parameterbGa-rich
that describes the bowing in the Ga-rich range fromx50.8
to 1.0. We definebGa-rich as the average of the concentratio
dependentb(x) betweenx50.8 and x51.0; i.e., bGa-rich
5b(0.9). This restricted bowing parameter thus correspo
to the experimental data obtained in the limited concen
tion range ofx50.8–1.0.

Various calculations have addressed the band-gap bow
in GaxIn12xN ~see the compilation in Table IV!. A different
bowing behavior of hexagonal and cubic GaxIn12xN is sup-
ported by semiempirical VCA calculations by Pughet al.28

These authors calculatedbGa-rich522.08 eV for cubic and
bGa-rich523.49 eV for hexagonal GaxIn12xN. The latter re-
sult has been confirmed by an empirical VCA calculatio49

(bGa-rich523.3 eV). Ab initio VCA calculations50 by
Lambrecht51 found a much loweraveragebowing for the
cubic modification (bLDA520.60 eV) and a concentratio
dependence ofbLDA(x)5(0.32x20.88) eV, which yields a
restricted bowing ofbGa-rich

LDA 520.59 eV. Calculations em

TABLE III. Experimental bowing parameters for the band g
of GaxIn12xN in the restricted Ga-rich concentration regime, d
rived from optical spectroscopy.

Author Structure bGa-rich @eV#

Goldhahnet al.a zincblende 21.4
Nakamurab wurtzite 21.0
Wetzelet al.c wurtzite 23.2
Takeuchiet al.d wurtzite 22.8
McCluskeyet al.e wurtzite 22.9
Wetzelet al.c wurtzite ~ideal! 23.8
McCluskeyet al.e wurtzite ~ideal! 24.2
Osamuraet al.f polymorph 21.0

aReference 19 and 20. dReference 46.
bReference 44. eReference 47.
cReference 45. fReference 48.
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ploying the CEA~see Sec. V! have yielded slightly stronge
averagebowing parametersbLDA520.89 eV~Ref. 51! and
bLDA520.68 eV~Ref. 13! with a concentration dependenc
of bLDA(x)5(1.05x21.92) eV and bLDA(x)5(20.10x
20.64) eV, respectively. For the concentration regime
tween 0.8 and 1.0 this leads tobGa-rich

LDA 520.98 eV and
bGa-rich

LDA 520.73 eV, respectively. In a recent publicatio
based on CEA calculations for 64-atom clusters, Ferhat
Bechstedt14 have determined a larger bowing of21.61 eV
for x50.75 which we have roughly extrapolated to a val
of 21.65 eV at x50.9, as given in Table IV. Note tha
bLDA(x),0 for all concentrations.

B. VCA calculations

The lattice constants of GaN~4.50 Å! and InN ~4.98 Å!
differ by more than 10%. It can thus be expected that sign
cant internal relaxations will occur in GaxIn12xN, which
cannot be handled by the VCA. The bowing parameters
sulting from our VCA calculations are summarized in Tab
V. In fact, both within the LDA~first line! and in the GW QP
theory ~second line! we obtain bowing results in disagree
ment with experiment~cf. Table III!. The bowing does not
have a negative sign at all concentrations; nor does the
stricted bowing parameter agree with the measured bow
at high concentration.

Another possible source of the discrepancy could be
neglect of the Ga 3d and In 4d semicore states which hav
been eliminated in constructing the 31 pseudopotentials
Such states significantly affect the electronic properties

-
TABLE IV. Theoretical bowing parameters and their concent

tion dependences for the band gap of zinc-blende GaxIn12xN ex-
tracted from band-gap results published in the literature.

Author Method b(x) @eV# bGa-rich @eV# b @eV#

Pughet al.a VCA 21.70x20.55 22.08 21.41
Lambrechtb VCA 10.32x20.88 20.59 20.60
Lambrechtb CEA 11.05x21.92 20.98 20.89
Teleset al.c CEA 20.10x20.64 20.73 20.68
Ferhatet al.d CEA 21.65

aReference 28. cReference 13.
bReference 51. dReference 14.

TABLE V. VCA and CEA results for the band-gap bowing an
its concentration dependence for zincblende GaxIn12xN. Different
methods~LDA vs SIRC! and different pseudopotentials~PP’s! have
been used.

PP Method b(x) @eV# bGa-rich @eV# b @eV#

31 VCA/LDA 11.65x21.18 10.31 20.36
31 VCA/GW 11.90x21.28 10.43 20.36
131 VCA/LDA 22.97x20.99 23.66 22.49

31 CEA/LDA 20.08x20.35 20.41 20.50
131 CEA/LDA 10.14x20.87 20.74 20.82
131 CEA/SIRC 10.47x21.09 20.71 20.82
3-6
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DENSITY FUNCTIONAL AND QUASIPARTICLE BAND- . . . PHYSICAL REVIEW B 68, 075203 ~2003!
GaN and InN.10,52,53 For a reliable description of the elec
tronic structure they should be included in the calculation
valence states by using the corresponding 131 pseudopoten-
tials. The bowing parameters resulting from these calcu
tions are shown in the third line of Table V. Apparently the
results deviate even more strongly from the experime
data. The likely reason for this behavior is the complet
different localization of the Ga 3d and In 4d states. Ga 3d
states are nearly twice as strongly localized as In 4d states
which makes it difficult to mix them in a meaningful way i
terms of a virtual potential. The strong bowing can thus
identified as an artifact of the VCA when realized in terms
ionic pseudopotentials for very different atomic states.

The results discussed here show that the VCA is no
useful approximation for alloys of components with strong
differing lattice constants or when states with very differe
localization behavior are to be mixed. Instead, approac
like the cluster expansion approximation should be e
ployed.

C. Cluster expansion results

The CEA maintains the individual character of the diffe
ent atoms. It thus allows to incorporate the cationicd semi-
core states of Ga and In in a well-defined way and to inv
tigate the role of internal structural relaxations, in particu
of the different lengths of Ga-N and In-N bonds.

We first investigate the influence of the semicored states
keeping the geometry in the ideal zinc-blende structure w
Vegard’s law for the lattice constant. Again, we focus on
direct band gap and, in particular, on its bowing. The res
are compiled in Table V and Fig. 3.

When the conventional 31 pseudopotentials are em
ployed in CEA calculations, the resulting band gaps~not
shown in Fig. 3! are similar in magnitude to those of th
VCA. Their bowing~fourth line in Table V!, however, differs
significantly from the corresponding VCA results, in partic
lar in the high-concentration regime. The restricted bowi
e.g., changes from10.31 eV to20.41 eV, giving the cor-

FIG. 3. Concentration-dependent band gap of GaxIn12xN calcu-
lated within the CEA employing LDA and SIRC using 131 pseudo-
potentials. Note that the SIRC corrections modify the absolute
values but leave the bowing basically unchanged.
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rect sign ~downward bowing! at all concentrations. Still,
there are strong deviations from the experimental data.

Motivated by the importance of the cationicd states for
the electronic structure of the pure materials GaN and In
we now include thed states by using 131 PP’s. This has a
significant effect on the magnitude of the LDA band gap
which are now lower by more than 1 eV~see the lower curve
of Fig. 3!. Apart from this, the bowing of the band gap is al
affected, resulting in the data given in the fifth line of Tab
V. The negative bowing is enhanced by 0.3 eV at all conc
trations, yielding bowing parameters in good agreement w
the CEA calculations by Lambrecht51 (b520.89 eV) and
Teleset al.13 (b520.68 eV). In particular at high concen
trations, our result ofbGa-rich520.74 eV is in much better
agreement with the experimental data than our VCA resu
Nevertheless, there are still significant deviations from
measured data.

The significant underestimation of the LDA band gaps
the present 131 PP calculations can be overcome by inclu
ing QP corrections or, more easily, by incorporating SIR
corrections~see Sec. II!. The resulting SIRC band gaps a
indeed larger by more than 2 eV~see the upper curve in Fig
3! and agree well with the measured data for GaN and In
The bowing behavior, on the other hand, is only very wea
affected by the SIRC corrections~see Table V!, yielding ba-
sically the same bowing parameters. We remind the rea
that, on the basis of the discussion in Sec. III C,GW QP
corrections can be expected to have only a minor influe
on the bowing. This leads to the conclusion that the band-
bowing is only weakly affected by electronic correlation e
fects and can be calculated accurately already within
LDA. If deviations from experiment remain, they can be e
pected to be caused by more intricate features of the geo
ric structure of the alloy which can not be accounted for
simply using a linear dependence of the lattice constant
cording to Vegard’s law. These influences will be discuss
in the next section.

D. Composition-dependent lattice constants and structural
relaxations

The big advantage of the CEA is the possibility to stu
local structural relaxations and to carefully evaluate the
tice constant. Both issues have significant influence on
electronic properties of GaxIn12xN. Throughout this section
we employ the LDA and use cationic 131 PP’s for Ga and In
since 131 PP’s yield excellent structural properties for pu
GaN and InN which are much more reliable than the res
of 31 PP’s.

We discuss the influence of structural relaxations in fo
steps. The resulting band-gap parameters are compile
Table VI. Figure 4, in addition, shows the band gap
GaxIn12xN in the Ga-rich regime—i.e., for Ga concentr
tions between 0.8 and 1.0. The figure reveals that the b
gaps resulting from the four different approximations are
sically linear functions ofx in this restricted concentration
regime. The band-gap variation withx as resulting from Ve-
gard’s law ~no bowing! is included for comparison as th
dashed line. To allow for a direct comparison with expe

p
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TABLE VI. CEA band-gap bowing parameters and their concentration dependence for GaxIn12xN as
calculated for different sets of lattice constants. ‘‘Vegard experiment’’ stands for linear interpolated e
mental lattice constants~see fifth line of Table V. In ‘‘Vegard theory’’ the theoretical lattice constants for G
and InN have been connected linearly, while ‘‘Theory’’ shows bowing parameters calculated for the
zinc-blende configuration and for structurally relaxed clusters in the unit cell. All our CEA calculations
been carried out with 131 semicore pseudopotentials.

Lattice constant Structure b(x) @eV# bGa-rich @eV# b @eV# Egap
x50.82 @eV#

@1# Vegard experiment ideal 10.14x20.87 20.74 20.82 2.84
@2# Vegard theory ideal 10.06x20.99 20.94 20.96 2.81
@3# Theory ideal 21.32x21.08 22.23 21.74 2.65
@4# Theory relaxed 20.96x20.80 21.66 21.28 2.73

Experimenta 21.4 2.75

aReferences 19 and 20.
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ment, we rescale the calculatedEgap(x) curves linearly to
match the experimental band gaps ofEgap

InN(0)51.9 eV and
Egap

GaN(1)53.2 eV. We compare our results with the da
measured by Goldhahnet al., in particular with the gap en
ergy of 2.75 eV atx50.82.19,20

The first set of data is the same as discussed in the
ceding sections: i.e., the results for the ideal zinc-blen
structure with the lattice constant depending linearly on c
centration~cf. fifth line of Table V!. As discussed above, thi
leads to a bowing which is too weak, in particular for lar
x(bGa-rich520.74 eV). After rescaling we obtain a value
Egap(0.82)52.84 eV, which is larger than the measur
value ofEgap

exp (0.82)52.75 eV.19,20

FIG. 4. Band gap of GaxIn12xN in the Ga-rich regime. The lines
@1#–@4# have been obtained from CEA calculations using DFT-LD
and 131 PP’s. For curves@1# and@2# the lattice constant is assume
to interpolate linearly~Vegard’s law! between the experimental o
theoretical lattice constants of InN and GaN, respectively. Cur
@3# and @4# have been obtained for total-energy-optimized latt
constants neglecting@3# or including@4# internal relaxation, respec
tively. In all cases the band-gap data have been rescaled to m
the experimental band gap for pure InN@Egap

InN(0)51.9 eV# and
GaN@Egap

GaN(1)53.2 eV# ~Refs. 19 and 20!. The dots denote experi
mental results by Goldhahnet al. ~Refs. 19 and 20! connected by a
dashed line to guide the eye. The upper dashed line denote
linear Vegard-like interpolation between the experimental band g
of InN and GaN~i.e., with zero bowing!.
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For the second set of data, we check the lattice constan
the pure materials GaN and InN. From our 131 PP’s we
obtain a theoretical lattice constant of 4.45 Å for GaN whi
is slightly lower than the experimental value of 4.50 Å a
4.98 Å for InN in coincidence with the experimental value
4.98 Å. These may seem to be minor deviations. One ha
keep in mind, however, that the band structure is quite s
sitive to the lattice constant. When we assume that the lat
constant of the alloy interpolates linearly between thesethe-
oretical lattice constants of GaN and InN rather than betwe
the experimental ones, the band-gap bowing change
bGa-rich520.94 eV and the band gap drops toEgap(0.82)
52.81 eV. This change originates from the fact that the t
oretical lattice constant resulting from total energy optimiz
tion agrees with experiment for InN while it deviates slight
from the experimental value for GaN.

In the third step, we go beyond Vegard’s assumption a
optimize the lattice constant at each concentrationx. At each
lattice constanta, we statistically average the total energy
the clusters, yielding a total energyEtot(a,x) for a given
concentrationx. The optimization with respect toa now
gives a theoretical lattice constanta(x) for a given concen-
tration. These lattice constants are displayed in Fig. 5~a!
~open circles!. In fact, they exhibit a significant deviatio
from the linear interpolation~i.e., from Vegard’s law, shown
by the dashed line!. At intermediate concentrations (x
;0.5) the optimized lattice constant is about 0.05 Å larg
than the linearly interpolated one. We believe that this beh
ior is not related to the different elastic constants of GaN a
InN. In fact, we obtain bulk moduli of 2.4 Mbar for GaN an
1.8 Mbar for InN. These data would suggest that, since
Ga-N bonds are stiffer than the In-N bonds, the lattice c
stant of the alloy should be even smaller than resulting fr
the linear interpolation. The expansion of the alloy is rath
related to the nonparabolicity~or anharmonicity! of the
bond-length dependence of the bond energies—i.e., to
fact that at large amplitudes bonds are easier expanded
compressed. To make this point more quantitative we c
sider the individual Ga-N and In-N bonds. When GaN
expanded to the lattice constant of InN~i.e., stretching all
Ga-N bonds by 0.22 Å!, the energy associated with a Ga-
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bond does not increase by 0.44 eV~as suggested by the Ga
bulk modulus! but by 0.35 eV, only. On the other hand, whe
InN is compressed to the lattice constant of GaN the In
bond energy increases by 0.54 eV, which is much higher t
the value of 0.39 eV corresponding to the InN bulk modul
Since we are still considering the ideal zinc-blende crys
for the alloy, all bond lengths~Ga-N and In-N! scale propor-
tional to the lattice constants which means that~at interme-
diate concentrations! both bond lengths will deviate signifi
cantly from their equilibrium values. The fact that, at su
large amplitude, it is easier to expand the Ga-N bonds ra
than to compress the In-N bonds finally results in effect
lattice constants larger than the linear average. The enla
lattice constants lead to smaller gaps at intermediate c
centration~note that]Egap /]a523.1 eV/Å for GaN and
22.0 eV/Å for InN!, resulting in an enhanced bowing o
b(x)5(21.32x21.08) eV. Atx50.82, the rescaled gap en
ergy amounts to 2.65 eV, which is now considerably low
than the experimental value of 2.75 eV~see Fig. 4!.

As the fourth step of our investigation, we allow for fu
internal relaxation of the clusters in order to overcome
significant strain which is induced in both the In-N and t
Ga-N bonds when the calculations are restricted to the id
zinc-blende structure, as discussed above. In fact, we obs
a significant relaxation of both types of bonds towards th
intrinsic equilibrium bond length~1.95 Å for Ga-N and 2.16
Å for In-N! accompanied by a large gain in total energ
Again, we evaluate the total energy as a function of the
tice constant and the concentrationx, yielding a
concentration-dependent lattice constant. These lattice
stants@shown by the solid circles in Fig. 5~a!# are much
lower than the ones obtained without relaxation. In fact, th

FIG. 5. ~a! Concentration-dependent lattice constant
GaxIn12xN calculated within the CEA employing DFT-LDA an
131 pseudopotentials. The dashed line denotes the linear inte
lation between the theoretical lattice constants of InN and G
~Vegard’s law!. The open circles have been obtained from zin
blende-structured clusters, while the solid circles include the in
nal relaxation effects as shown in~b! ~see text!. ~b! Calculated
Ga-N and In-N bond lengths obtained from internal structural o
mization.
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are now again quite close to the linear interpolation of
lattice constants, confirming that Vegard’s law is a rath
good approximation for the lattice constants even
GaxIn12xN.

Figure 5~b! shows the average Ga-N and In-N bon
lengths as a function of concentration. Apparently, they
fairly close to their equilibrium values with only slight mod
fications due to the alloy environment. The In-N bonds b
come slightly shortened at increasing Ga concentrations
this shortening is one order of magnitude smaller than
shortening of the lattice constant. The Ga-N bonds beco
slightly longer with increasing In concentration which
again one order of magnitude smaller than the increase o
lattice constant when going from GaN to InN.

The relaxation of the bonds and the corresponding red
tion of the lattice constant enhances the band-gap en
accompanied by a weakening of the bowing tob(x)
5(20.96x20.80) eV. In particular at high Ga concentr
tions, the band gaps change significantly. Atx50.82, we
now obtain a gap energy ofEgap(0.82)52.73 eV in good
agreement with the experimental value of 2.75 eV.19,20 This
final result yields the best agreement of the calculated b
ing parameterbGa-rich521.66 eV with the experimental re
sult of 21.4 eV from Refs. 19 and 20. Furthermore, it yiel
the theoretically best-founded concentration-dependent b
gap in the Ga-rich regime~which is labeled as approximatio
@4# in Fig. 4!.

V. CONCLUSION

In conclusion, we have investigated the electronic str
ture of two wide-band-gap III-nitride alloys GaxAl12xN and
GaxIn12xN, within ab initio density functional and quasipar
ticle theory. We have focused in particular on the nonline
concentration dependence of the band gap expressed in t
of its bowing parameterb or bowing functionb(x), respec-
tively. Both the virtual crystal and cluster expansion appro
mation have been employed to simulate the alloy stati
cally. Based on density functional theory we have evalua
GW quasiparticle corrections, as well as self-interaction a
relaxation corrections, to overcome the systematical un
estimation of the band gap in semiconductors within
LDA.

For GaxAl12xN, in which the lattice mismatch betwee
AlN and GaN amounts only to some 3%, our VCA calcul
tions yield a reasonable description of the alloy. The ba
gap depends nearly linearly on the alloy concentrationx both
within the LDA and within the GWA. This is in agreemen
with most experimental data.

In the case of GaxIn12xN, the situation is more compli-
cated due to the large lattice mismatch between GaN and
amounting to some 10% and due to the influence of the
3d and In 4d semicore states. A reliable description
achieved within the CEA including thed electrons among the
valence states. A careful investigation of the internal latt
structure shows that significant bond-length relaxation ta
place which strongly influences the electronic band gap. T
fully relaxed structure yields electronic-structure results t
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are in good agreement with experimental data. This indica
that a reliable investigation of such alloys requires to tr
both the electronic and geometric structure on equal foot

In all cases we find that electronic many-body effects,
evaluated within the GWA or SIRC-DFT, significantly affe
the absolute size of the band gaps but leave the bow
nearly unaffected.
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