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Impurity effects in unconventional density waves in the unitary limit
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The Abdus Salam ICTP, Strada Costiera 11, I-34014, Trieste, Italy

Attila Virosztek
Department of Physics, Budapest University of Technology and Economics, H-1521 Budapest, Hungary

and Research Institute for Solid State Physics and Optics, P.O.Box 49, H-1525 Budapest, Hungary

Kazumi Maki
Department of Physics and Astronomy, University of Southern California, Los Angeles, California 90089-0484, USA

~Received 20 February 2003; revised manuscript received 27 May 2003; published 8 August 2003!

We investigate the effect of strong, nonmagnetic impurities on quasi-one-dimensional conventional and
unconventional density waves~UDW!. The conventional case remains unaffected similarly to s-wave super-
conductors in the presence of weak, nonmagnetic impurities. The thermodynamic properties of UDW were
found to be identical to those of ad-wave superconductor in the unitary limit. The real and imaginary part of
the optical conductivity is determined for electric fields applied in the perpendicular directions. A structure can
be present corresponding to excitations from the bound state at the Fermi energy to the gap maximum, in
addition to the usual peak at 2D. In the dc limit, universal electric conductivity is found.
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I. INTRODUCTION

The existence and behavior of conventional~i.e., with
constant gap! spin and charge density waves~SDW and
CDW! is well documented.1 The thermodynamics of thes
systems was found to be very close to those of ans-wave
BCS superconductor due to the similar, fully gapped den
of states but the transport properties are completely differ
After the discovery of unconventional superconductors,
extension of the field of density waves~DW! into DW with
wave-vector dependent gap~termed unconventional! looks
natural. In fact, after the earlier proposals in the context
the excitonic insulator,2,3 this topic was rediscovered in th
early 90’s in various dimensions and systems.4–10Since then,
the realization of unconventional or nodal density waves11,12

looks more and more possible: nonsuperconducting ph
transitions without charge or spin ordering have been
tected in a number of materials and one of the possible
planations is provided by the unconventional density wa
~UDW! scenario.13–16One of the main reasons of interest o
UDW arises from high-Tc superconductors, where one of th
competing models in the pseudogap phase is thed-density
wave state.17,18

Recently, we have studied the effect of impurities in t
Born limit in unconventional density waves.19 This treatment
was justified from the fact that this limit works very well fo
conventional density waves,20 and the investigated physica
quantities~for example, the threshold electric field! showed
convincing agreement with experimental data
a-(BEDT-TTF)2KHg(SCN)4.21–23 However, as is known
from high-Tc superconductors,24,25different impurities cause
distinct effects on the same ground state: the Born and
tary scattering limit seems to describe Ni and Zn impuriti
respectively.26 From this, it looks natural to extend our ea
lier analysis on the thermodynamic and transport proper
to the unitary limit.
0163-1829/2003/68~7!/075104~8!/$20.00 68 0751
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On the other hand, since conventional DW were mai
investigated in the Born scattering limit, it is instructive
study the effect of unitary scatterers on this state, partly
complete the picture and partly due the interesting physic
this subject.

In this paper, we study impurity effects on quasi-on
dimensional conventional and unconventional density wa
at T50. The basic advantage of quasi–one dimensionalit
that the nesting condition can be fulfilled at arbitrary filling
First we examine the effect of resonant scatterers on con
tional density waves. Interestingly, the density of states
the thermodynamics remains unchanged due to infini
strong impurities, similar to the effect of nonmagnetic imp
rities in s-wave superconductors in the Born limit.27,28 This
surprising result follows from the fact that the nonmagne

impurity enhances the renormalized order parameterD̃n in
the unitary limit like it does ins-wave superconductor in th
Born limit. As a result, a clean gap exists in the excitati
spectrum for arbitrary impurity concentrations, and the lo
temperature physics is described by exponential functi
with an activation energy. The unconventional situation giv
more ‘‘conventional’’ results in the unitary limit. The ther
modynamics looks very close to those of ad-wave supercon-
ductor in the unitary limit,24,25and localized states are visibl
around the Fermi energy. Similar phenomenon was obse
in the density of states of isotropicp-wave supercon-
ductor,29,30 where a small island of states develops arou
the Fermi energy in the unitary limit. As a result of the
states at the Fermi energy, depending on the direction of
applied electric field and on the structure of the gap, so
features are found forv5D in the optical spectra along with
the pair breaking peak at 2D, whereD is the gap maximum.
In general, the gapless nature of optical excitations was
tected experimentally ina-(BEDT-TTF)2KHg(SCN)4,31

which coincide with our theoretical results but for furth
©2003 The American Physical Society04-1
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conclusions, more experiments are needed in the l
temperature range.

II. FORMALISM

We consider the simple model Hamiltonian describi
density waves given by:15

H5( 8
k,s

@j~k!~ak,s
1 ak,s2ak2Q,s

1 ak2Q,s!

1D~k,s!ak,s
1 ak2Q,s1D~k,s!ak2Q,s

1 ak,s#, ~1!

whereak,s
1 andak,s are, respectively, the creation and an

hilation operators of an electron of momentumk and spins.
In a sum with primekx runs from 0 to 2kF (kF is the Fermi
wave number!, Q5(2kF ,p/b,p/c) is the best nesting vec
tor. D~k,s! is the density wave order parameter and satis
D~k,s!52D~k,2s! for ~U!SDW andD~k,s!5D~k,2s! for
~U!CDW. Our system is based on an orthogonal lattice, w
lattice constantsa,b,c toward directionx,y,z. The system is
anisotropic, the quasi-one-dimensional direction is thex axis.
The linearized kinetic-energy spectrum of the Hamilton
is:

j~k!5vF~kx2kF!22tbcos~kyb!22tccos~kzc!2m. ~2!

By introducing spinor

C~k,t!5S ak,↑~t!

ak2Q,↑~t!

ak,↓~t!

ak2Q,↓~t!

D , ~3!

the single-particle thermal Green’s function of DW is o
tained from Eq.~1! as19,32

G~k,ivn!52E
0

b

dt^TtC~k,t!C1~k,0!&Heivnt

5@ ivn2j~k!r32r1s3ReD~k!

2r2s3ImD~k!#21, ~4!

wherevn is the fermionic Matsubara frequency,r i and s i
( i 51,2,3) are the usual Pauli matrices19,33acting on momen-
tum and spin space, respectively, and for~U!CDW s3 should
be replaced by 1. Here,s3 reflects the odd nature of th
~U!SDW gap function with respect to spin.D(k)
5Deif f (k), f (k)51 in the conventional case and cos(bky)
or sin(bky) in the unconventional case.f is the unrestricted
phase~due to incommensurability! of the density wave.

The Hamiltonian describing the interaction of the ele
trons with nonmagnetic impurities is given by

H15
1

V (
k,q,j

e2 iqRjC1~k1q!U~Rj !C~k!, ~5!

U~Rj !5S U~0! U~Q!e2 iQRj

U~Q!eiQRj U~0!
D , ~6!
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Rj is the position of thej th impurity atom, andQ is the
nesting vector.

The explicit wave-vector dependence of the mat
elements21,34 is neglected since no important changes are
pected from it. Following the method of Ref. 19@Eqs.~13!–
~15! in Ref. 19#, the self-energy correction from impurities
given by

SR~ ivn!5niS U~R!212E d3p

2p3
G~p,ivn!D 21

, ~7!

where theR index in SR( ivn) means the position of an
impurity over which the average should be taken,ni is the
impurity concentration. Here, following the standard a
proach, only noncrossing~rainbow type! diagrams were
taken into account.28,33,35This approach is justified from the
fact that our system is, in factnot, one dimensional but rathe
three dimensional~we need at least one more dimension
be able to describe UDW due to the wave-vector depende
of the gap! and the standard arguments about crossing
grams hold in our case similar to normal metals a
superconductors.28,33We note here that the mean-field theo
@Eq. ~1!# itself would not work in the strictly one-
dimensional systems either.

By fixing the ratio of U(Q)/U(0) and takingU(0) to
infinity, the self-energy is given by

S~ ivn!52niS E d3p

2p3
G~p,ivn!D 21

. ~8!

The same result is obtained from Eqs.~16!–~18! in Ref. 19.
We note here that in the special case ofU(0)5uU(Q)u, the
U(R) matrix is singular and the above calculations are
valid but this condition corresponds to the fact that in re
space, the electron-impurity interaction is ultrashort ran
namely,U(r );d(r ), which is not the case in real system
From Eq.~8!, the self-energy correction in the convention
case is obtained as

S~ ivn!52
G

Aun
211

S iun 2eif

2e2 if iun
D , ~9!

whereg(0) is the density of states per spin in the norm
state at Fermi energy,G52ni /pg(0), un5ṽn /D̃n , ṽn , and
D̃n are the renormalized frequency and gap:

vn5ṽnS 12
G

Aṽn
21D̃n

2D , ~10!

D5D̃nS 12
G

Aṽn
21D̃n

2D . ~11!

From this, relationun5ṽn /D̃n5vn /D holds. On the other
hand, in the unconventional case, the self-energy correc
is obtained as
4-2
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IMPURITY EFFECTS IN UNCONVENTIONAL DENSITY . . . PHYSICAL REVIEW B68, 075104 ~2003!
S~ ivn!5G
p

2

Aun
211

unKS 1

Aun
211

D , ~12!

whereK(z) is the complete elliptic integral of the first kind
The gap remains unrenormalized due to the zero averag
gap function f (k) over the Fermi surface,un5ṽn /D, and
the Matsubara frequency is renormalized as

vn5Dun2G
p

2

Aun
211

unKS 1

Aun
211

D . ~13!

This is the same as ind-wave superconductors, the presen
of backscattering@U(Q)# drops out from the calculation an
does not modify the result as in the Born limit. It is useful
introduce quantityun(vn50)5C0, which is determined
from

KS 1

AC0
211

D 5
pG

2D

A11C0
2

C0
2

~14!

and will be used in further calculations.

III. CONVENTIONAL DENSITY WAVE

The density of states~DOS! is obtained as

N~v!

g~0!
52

1

2pV (
k

8 ImTr~GR~k,v!!

5Im
u

A12u2
5

uvu

Av22D2
Q~ uvu2D!, ~15!

whereu5 iun( ivn5v1 id) andQ(z) is the Heaviside func-
tion and the second equality follows from Eqs.~10! and~11!.
Hence, the density of states remains unchanged in the p
ence of infinitely strong impurities, which is identical to th
behavior ofs-wave superconductors in the presence of we
nonmagnetic impurities.27,28 As a result of the unchanged
gapped density of states, the thermodynamic properties,
as the transition temperature or the specific heat, remain
same as in the pure conventional density wave. This can
understood from the simple one impurity picture studied
Tüttő and Zawadowski in Refs. 36 and 37. The basic eff
of impurities, the pinning, comes from the interference b
tween the Friedel oscillation and the density wave. For in
nitely strong backscattering, however, the phase of outgo
electron is the opposite of the incoming one, hence the F
del oscillation dies out.36 This simple picture has to be mod
fied in the presence of the DW condensate but the lack
Friedel oscillation still holds in the unitary limit and no pin
ning is possible.

In the transport properties, there are differences betw
the pure and impure systems. The optical conductivity
07510
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electric fields perpendicular to the chain direction still exh
its a clean gap forv,2D but the divergent peak at 2D turns
into a sharp but finite cusp.

IV. THERMODYNAMICS OF UNCONVENTIONAL
DENSITY WAVES

The density of states is obtained as

N~v!

g~0!
5

2

p
Im

u

A12u2
KS 1

A12u2D 5Im
G

v2Du
, ~16!

where u5 iun( ivn5v1 id). It is identical to those of a
d-wave superconductor in the presence of nonmagnetic
purities in the unitary limit,38 and so is the thermodynamics
which can be borrowed fromd-wave superconductors~Refs.
24,25 and references therein!. Consequently the change o
the transition temperature is given by the Abrikosov-Gor’k
formula @Eq. ~29! in Ref. 19#:

2 lnS Tc

Tc0
D 5cS 1

2
1r D2cS 1

2D , ~17!

whereTc andTc0
are the transition temperatures of the im

pure and clean system, respectively, andr5G/2pTc , c(z)
is the digamma function. This formula holds also in the Bo
scattering limit19 for both conventional and unconvention
density waves as well as for unconventional superconduc
in the presence of impurities considered either in Born or
resonant scattering limit.39 The critical impurity scattering
rate is obtained as

Gc5
pTc0

2g
5

AeD00

4
. ~18!

Using the parameters ofa-(BEDT-TTF)2KHg(SCN)4,
namely,Tc510K, vF563104m/s and lattice constant in th
chain directiona51029m, the critical concentration is esti
mated asni50.001. In Fig. 1, we show the transition tem
perature, the residual density of states@i.e., N(0)] and the
zero-temperature gap coefficient as a function of the sca
ing rate. The density of states exhibits localized state du
impurities around the Fermi energy superimposed on
usual gapless density of states of the pure system, whic
manifested in the nonmonotonic nature of the DOS close
the Fermi energy,38 as shown in Fig. 1. This state gives ris
to a feature in the optical response, as we will demonst
later. The identification of the localized or bound states
clearer for fully gapped systems: similar localized sta
were found in conventional density waves in the presenc
one single, relatively strong impurity,37 and also the smal
island of states in unitary isotropic p-wave superco
ductors29,30 around the Fermi energy signals the presence
previously unknown bound states.

V. OPTICAL CONDUCTIVITY

We calculate the optical conductivity for electric field
perpendicular to the conducting chain. In this case, collec
modes do not show up or can be neglected, depending on
4-3
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FIG. 1. In the left panel,D(0,G)/D00 ~dashed line!, Tc /Tc0 ~solid line!, andN(0,G)/g(0) ~dashed-dotted line! are shown as a function
of G/Gc . In the right panel, the density of states is shown forG/D50 ~dashed line!, 0.01, 0.05, 0.1, 0.5, and 1 with increasingN(0). The
inset shows the localized state around the Fermi energy forG/D50 ~dashed line!, 0.0001, 0.001, 0.005, and 0.01 with increasingN(0).
o
ke
an
explicit wave-vector dependence of the gap.40 Henceforth,
the optical response is calculated from the one bubble c
tribution, where self-energy and vertex correction are ta
into account in the noncrossing approximation. The real
imaginary part of the optical conductivity atT50 is given
by:20,26

Resaa~v!5
e2g~0!va

2

v

4

Dp
ReI ~v!, ~19!
07510
n-
n
d

vImsaa~v!5e2g~0!va
2 4

Dp S ImI ~v!

12E
0

`

ImF„u~x!,u~x1v!…dxD , ~20!

where

I ~v!5E
0

v

@F„u~v2x!,u~2x!…2F„u~v2x!,u~2x!…#dx

~21!
FIG. 2. Real and imaginary parts of the optical conductivity in they direction for D(k)5D cos(bky) are plotted as a function of the
reduced energy for different scattering amplitudes:G/D50 ~dashed line!, 0.01, 0.02, 0.05, 0.1, 0.2, 0.5, and 1 with decreasing Res(2D),
Ims(2D).
4-4
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andvx5vF , vy5A2btb , andvz5A2ctc . In the following,
we discuss the different cases depending on the electric-
orientation and on the gap.

a. D(k)5D cos(kyb), a5y:

F~u,u8!5
1

u822u2 HA12u82FE8S 2uu82
2

3
1

u82

3 D
1K8S uu82

u82

3 D G1A12u2FES uu81
2

3
2

u2

3 D
1KS 2uu81

u2

3 D G J . ~22!

In the definition of differentF(u,u8) functions, the argumen
of E and K is 1/A12u2 while for E8 and K,’ 1/A12u82 has
to be used. In the present case, vertex corrections va
similar to the Born limit due to the mismatch of wave-vect
07510
ld

sh

dependence of the velocity and the gap, resulting in the s
F(u,u8) function as Eq.~55! in Ref. 19. In the real part a
small peak develops close tov50, and moves to higher fre
quencies with increasing impurity concentration but fina
disappears as curves more and more take the form o
Lorentzian. Here, the presence of bound states canno
seen because the weight of scattering from the Fermi en
to the gap maximum is zero due to the zero velocity of q
siparticles at the latter point. In the imaginary part the cusp
v52D smoothens asG increases, as seen in Fig. 2. The
conductivity is calculated atT50 as:

syy
dc,cos5e2g~0!vy

2 4

Dp S EA11C0
22

pG

2D D . ~23!

In the dc conductivities, the argument ofE and K is
1/A11C0

2.
b. D(k)5D sin(kyb), a5y.
F~u,u8!5
1

u822u2 FA12u2ES 2uu81
4

3
1

u2

3 D2A12u82E8S 2uu81
4

3
1

u82

3 D
2

u82

A12u82
K8S 2uu81

2

3
1

u82

3 D1
u2

A12u2
KS 2uu81

2

3
1

u2

3 D G
1

GpA12u2A12u82

2Duu8KK8

1

~u1u8!2

S E8A12u822EA12u21
u82

A12u82
K82

u2

A12u2
K D 2

11
Gp

2D

1

u1u8
S A12u82

u8K8
1

A12u2

uK D . ~24!

FIG. 3. Real and imaginary parts of the optical conductivity in they direction for D(k)5D sin(bky) are plotted as a function of the
reduced energy for different scattering amplitudes:G/D50 ~dashed line!, 0.01, 0.02, 0.05, 0.1, 0.2, 0.5, and 1 with decreasing Res~2D!,
increasing Ims~D!.
4-5
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DÓRA, VIROSZTEK, AND MAKI PHYSICAL REVIEW B 68, 075104 ~2003!
Comparing this to Eq.~57! in Ref. 19, the last term manifest
the differences in vertex corrections. The real part of
conductivity exhibits a sharp peak at 2D and a small bump a
D, indicating excitations from the localized state to the g
maximum for low concentrations. By increasingG, the
former is suppressed and the latter becomes dominant.
imaginary part changes sign sharply at 2D and a dip is
present atD, as can be readily seen in Fig. 3. The dc co
ductivity is obtained as:

syy
dc,sin5e2g~0!vy

2 2

D

C0
2~K2E!

pA11C0
22DC0

2E/G
. ~25!

The dc conductivity is shown in Fig. 4.
c. D(k)5D sin(kyb) or D cos(kyb), a5z.

F~u,u8!5
1

2~u822u2!
S 2A12u2E22A12u82E8

1K8
u8~u2u8!

A12u82
1K

u~u2u8!

A12u2 D , ~26!

The vertex corrections vanish because the velocity depe
on different perpendicular wave-vector component (kz) than
the gap (ky). The same function@Eq. ~59! in Ref. 19# was
found in the Born limit. AsG increases, the dominance of th
D peak becomes more prominent than in the previous cas
the real part of the conductivity. The imaginary part of t
conductivity is zero forv,2D in the pure case and exhibit
a sharp peak at 2D. The dc conductivity is obtained atT
50 as

szz
dc52e2g~0!vz

2 E

DpAC0
211

. ~27!

The latter two cases seem to be consistent with experime
data ona-(BEDT-TTF)2KHg(SCN)4 ~Ref. 31! as far as the
07510
e

p

he

-

ds

in

tal

gapless nature of the optical response is considered, w
the former with almost monotonically decreasing Res~v! is
different from the measured data. We refrain here from
evaluation of quasiparticle part of in-chain conductivity b
cause the sliding collective mode associated with the ph
of the condensate dominates this response.40 We note, how-
ever, that the quasiparticle part ofsxx(v) is expected to
behave very similar toszz(v).

The dc conductivities are shown in Fig. 4 atT50 as a
function of the impurity scattering parameter. In the perpe
dicular direction, the dc conductivities take the same value
the critical scattering parameter, namely,e2g(0)vy,z

2 /Gc @as it
follows naturally from Eqs.~63! and ~64! in Ref. 19#. Sur-

FIG. 4. The dc conductivity is plotted atT50 as a function of
the reduced scattering rate for a cosinusoidal~sinusoidal! gap in the
y direction: solid~dashed line! and in thez direction: dashed-dotted
line.
ent
FIG. 5. Real and imaginary parts of the optical conductivity in thez direction are plotted as a function of the reduced energy for differ
scattering amplitudes:G/D50 ~dashed line!, 0.01, 0.02, 0.05, 0.1, 0.2, 0.5, and 1 with decreasing Res~2D!, increasing Ims~D!.
4-6
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IMPURITY EFFECTS IN UNCONVENTIONAL DENSITY . . . PHYSICAL REVIEW B68, 075104 ~2003!
prisingly, for small concentrations the dc response increa
linearly with G, as opposed to the almostG independent be-
havior in the Born limit.19 This increasing behavior is attrib
uted to the fact that the creation of zero energy quasiparti
due to impurities is more efficient than the scattering of q
siparticles by impurities.41 It is worth mentioning that in the
dc conductivity, theG→0 and v→0 limit cannot be ex-
changed, as seen in Figs. 2, 3, 4, and 5; this is why we ob
different dc conductivities in the pure case, depending on
order of limits. However, we believe the right procedure
shown in Fig. 4, where thev→0 limit is taken first. The
dc conductivity in all cases turns out to be universa42

since regardless of the scattering limit, it takes the sa
value as G→0, namely, syy

dc,cos5e2g(0)vy
24/D00p, szz

dc

5e2g(0)vz
22/D00p, andsyy

dc,sin50. The last equality holds
since the electric current operator vanishes on the no
points of the gap.

VI. CONCLUSION

We have studied the effect of nonmagnetic impurities
conventional and unconventional density waves in the u
tary scattering limit in the standard noncrossing approxim
tion. In the conventional case, no changes are found in
thermodynamics compared to the pure system, simila
s-wave superconductors in the Born limit. In the presence
one single, infinitely strong impurity, the Friedel oscillatio
disappears,36,37since the phase of the incoming and outgoi
electron is opposite. Consequently, there is no interfere
between the density wave and the Friedel oscillation
there is no pinning. In the presence of impurities with fin
concentration, this simple picture seems to survive and
effect of impurities is canceled from the thermodynamics
,

ys
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As opposed to this, in the unconventional case, the th
modynamic properties are identical to those of ad-wave su-
perconductor in the unitary limit. From the density of stat
it is obvious that electrons are localized close to the Fe
energy while at larger energies they remain almost un
fected by the presence of impurities~aside from the broad-
ening of thev5D peak!. Also, the change in the transitio
temperature is given by the Abrikosov-Gor’kov formul
which was also found to be valid in the Born limit.19 Both
the real and imaginary parts of the optical conductivity se
to reflect the presence of localized states around the Fe
energy at certain gap structures by displaying bump atv5D.
This feature seems to dominate over the pair breakingv52D
peak as the impurity concentration increases. We found
versal electric conduction42 in the dc limit. The comparison
of the optical conductivity with experimental data seems
be difficult due to the lack of consistent investigations. Th
can be attributed to the fact that the material which posse
most likely quasi-one dimensional UCDW ground state,
a-(BEDT-TTF)2KHg(SCN)4 salt, enters this phase at 10
and optical experiments below this temperature are very
ficult. The only available data31 reports some kind of
pseudogap behavior belowTc , which is compatible with our
findings. Clearly, to make more decisive conclusions, furt
experiments are needed.
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