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Comment on ‘‘Renormalization-group picture of the Lifshitz critical behavior’’
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We show that the recent renormalization-group analysis of Lifshitz critical behavior presented by Leite
@Phys. Rev. B67, 104415~2003!# suffers from a number of severe deficiencies. In particular, we show that his
approach does not give an ultraviolet finite renormalized theory, is plagued by inconsistencies, misses the
existence of a nontrivial anisotropy exponentuÞ1/2, and therefore yields incorrect hyperscaling relations. His
e-expansion results to ordere2 for the critical exponents ofm-axial Lifshitz points are incorrect in both the
anisotropic (0,m,d) and isotropic (m5d) cases. The inherent inconsistencies and the lack of a sound basis
of the approach makes its results unacceptable even if they are interpreted in the sense of approximations.
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Leite1 recently formulated a new renormalization-gro
~RG! picture of Lifshitz critical behavior. This work is buil
on his previous one2 in which e-expansion results to ordere2

were reported for the critical exponentsnL2 , hL2, andgL of
an m-axial Lifshitz point. We have pointed out elsewher3

that these results, which are in conflict with ours,4–6 are in-
correct due to an erroneous evaluation of Feynman integ
While the main points of our criticism in Ref. 3 appl
equally well to Ref. 1, the latter makes mistakes on an e
more basic level, as is discussed below.

~i! Leite’s renormalization schemedoes not yield an ul-
traviolet (uv) finite (renormalized) theory, and the structure
of the RG he formulates is incorrect.

To see this, note that in dealing with the anisotropic c
(mÞ0, d), he introduces a renormalization of the bare co
pling constantu0 and two renormalization factorsZf and
Zf2 to renormalize the vertex functionsG (N,L) with N.0 f
fields andL insertions off2. Thus asingle renormalization
factorZf is available to absorb theq-dependent primitive uv
divergences ofG (2,0)(q), where q5(k,p)PRm3Rd2m is a
d-dimensional momentum. Yet both]G (2,0)(k,p)/]k4 as well
as]G (2,0)(k,p)/]p2 are primitively divergent. Using his nor
malization conditions~2a!–~2e!, one can determineZf such
that the uv singularity;p2/e of G (2,0) gets absorbed byZf ,
i.e., via the counterterm (Zf21)u¹(d2m)fu2/2. But a pole
;k4/e will then remain in his ‘‘renormalized’’GR

(2,0)(k,p)
because, with this choice ofZf , the counterterm

That not both primitive divergences can be absorbed b
single renormalization factorZf is borne out by the fact tha
the renormalization factors associated with the above co
terterms, calledZf andZfZs in Ref. 5 and explicitly given
in its equations~40! and ~41!, differ. ~Fixing them by an
appropriate normalization condition rather than by minim
subtraction of poles would change their regular, but not th
singular, parts.!
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~ii ! Leite’s insufficient choice of countertermsis biased
towards giving the incorrect valueu51/2 for the anisotropy
exponentu5nL4 /nL2.

That is, if his renormalization scheme worked, rather th
being plagued by the unacceptable inconsistencies~i!, the
ratio of the renormalization factors associated with the co
terterms}u¹m

2 fu2 and }u¹(d2m)fu2, i.e., the renormaliza-
tion factorZs of Ref. 5, would have to be uv finite. This in
turn would imply the valueu51/2 for the anisotropy expo
nent to all orders ine. Indeed, Leite finds the value 1/2 fo
bothn l4 /n l25u andhL2 /hL4 .9 Yet this is wrong becauseZs

must have poles ine as we saw above. As a consequence,
e2 term of u is nonzero@cf. Eq. ~84! of Ref. 4 and Sec. 4 of
Ref. 5#.

~iii ! Leite obtainedincorrect hyperscaling relationsbe-
cause he missed the fact thatu is an independent exponen
not identical to 1/2 for alle.0.

For example, his results~54a!–~54d! for dL2 , bL2 , dL4,
andbL4 do not hold. These relations violate standard scal
laws such as

bL25
nL2

2
@d221hL21m~u21!# ~1!

wheneveruÞ1/2.10

~iv! The author apparentlymisunderstandsthe role played
by the variables, as his remarks in the last paragraph
Sec. III and in Sec. VI.A indicate.

Since the classical scaling dimensions of the momen
componentsp and k differ, a dimensionful parameters is
indeed needed to relate them:s1/2k2 andp both have dimen-
©2003 The American Physical Society01-1
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sion (length)21. It is true thats could be set to unity. How-
ever, the important point the author misses is that an in
values51 gets mapped under RG transformationsm→m,

onto a scale-dependent one4,5 s̄(,) different from unity.
~v! The author’sO(e2) results for the critical exponent

of the isotropic Lifshitz point(d5m) are also false; the dis-
crepancies with known results6,11 are againdue to his incor-
rect calculation of Feynman integrals.

In his treatment of these integrals, he constrains inte
momenta over which one must integrate to be orthogona
other, external momenta. As a consequence he gets eve
simple one-loop integralI 2(K) defined in Eq.~150! wrong.
The error occurs already in the transition to Eq.~151!. Simi-
lar ‘‘approximations’’~mistakes! are made in his calculation
of two-loop integrals. He asserts that our results in Ref
could not be trusted because we absorbed a convenient f
Fd in the coupling constant. He is quite mistaken: The cho
of such a factor corresponds to a uv finite reparametriza
of the theory which does not affect universal quantities.

~vi! We fail to see that Leite’s ~incorrect! e-expansion
resultsqualify as acceptable approximations.

Being unaware of the fundamental problems of his
proach mentioned above, he obviously thinks that
e-expansion results are correct despite the approximation
made in his computation of Feynman integrals. Eviden
this is not the case.

We are convinced that the property of the dimensiona
expansion to yieldasymptotically exactseries expansions i
an extremely valuable one whichshould not be sacrificed
except for compelling reasons. Nevertheless, one may
whether Leite’s results~or small modifications thereof! might
be acceptable when interpreted in the sense of approx
tions, even though we see no need for approxim
e-expansion results. We believe that any such approxima
scheme ought to meet two important criteria:~a! It should be
justifiable by convincing physical and/or mathematical re
sons and~b! it should be consistent and yield a well-defin
approximate theory.

*Permanent address: Institute of Condensed Matter Phy
1 Svientsitskii str., 79011 Lviv, Ukraine.
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From our above critique it is clear that neither~a! nor ~b!
is fulfilled by Leite’s analysis. Note that the goal~b! is not at
all trivial to achieve when following the rationale of definin
an approximate renormalized theory. If one determines co
terterms such that they absorb the uv singularities of appr
mate Feynman integrals of the corresponding renormal
tion parts—rather than those of the true ones12,13—one
inevitably runs into the problem that these renormalizat
parts also appear as subgraphs of higher-order graphs o
same and other vertex functions. Since the approxima
determined lower-order counterterms do not cancel the
uv singularities of these subgraphs, nonlocal uv singulari
generally will remain unless one succeeds in designing
approximation scheme that produces approximate exp
sions for Feynman integrals of, in principle,arbitrary order
which comply with the local structure of their primitive u
singularities, so that a well-defined uv finite approxima
renormalized theory results.

As long as one works with the correct, unapproximat
Feynman integrals, the uv finiteness of the theory can
proved with the aid of the forest formula12 by explicitly giv-
ing the subtractions that a general Feynman integral requ
to render it uv finite and to relate the final subtractions of
primitively divergent graphs to the theory’s counterterms.
order to be sure that the approximation scheme yields a w
defined renormalized theory, one would have to extend s
proofs to the approximated theory or at least present c
vincing evidence for its renormalizability. Depending on t
choice of approximation scheme, a mathematically rigoro
proof may well turn out to be more involved than familia
renormalizability proofs of the proper, unapproximat
theory.

In summary, Leite’s analysis has no sound bas
is plagued by inconsistencies and uv problems, and
results are incorrect, failing even to qualify as accepta
approximations.
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