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Comment on “Renormalization-group picture of the Lifshitz critical behavior”
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We show that the recent renormalization-group analysis of Lifshitz critical behavior presented by Leite
[Phys. Rev. B57, 104415(2003 ] suffers from a number of severe deficiencies. In particular, we show that his
approach does not give an ultraviolet finite renormalized theory, is plagued by inconsistencies, misses the
existence of a nontrivial anisotropy exponést 1/2, and therefore yields incorrect hyperscaling relations. His
e-expansion results to ordef for the critical exponents of-axial Lifshitz points are incorrect in both the
anisotropic (6<m<d) and isotropic tn=d) cases. The inherent inconsistencies and the lack of a sound basis
of the approach makes its results unacceptable even if they are interpreted in the sense of approximations.
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Leite! recently formulated a new renormalization-group  Hence Leite’s renormalized function 1“122,0> is ill defined,
(RG) picture of Lifshitz critical behavior. This work is built
on his previous orfen which e-expansion results to ordef
were reported for the critical exponenis,, 7, ,, andvy, of

and since the renormalization parts of I'>® appear as diver-
gent subgraphs of other vertex functions, his “‘renormalized”

ial Lifshi . h inted | R theory quite generally has this deficiency. The fact that the
an m-axial Lifshitz point. We have pointed out elsewhere counterterms he employs are insufficient to subtract all

that these results, which are in conflict with ofit§ are in- primitive g-dependent divergences of T'>9(q) implies that

correct due to an erroneous evaluation of Feynman integral:uv singular pieces of nonlocal form produced by higher-
While the main points of our criticism in Ref. 3 apply

order graphs containing the subgraph”®-€=-, such

equallg W?IIIIO Rlef' 1.’ tze latter (rjnzkles mistakes on an EVeiLs @ , will not get canceled by the subtractions provided
more basic [EVel, as 15 discussed below. by the counterterms to two-loop order.

i) Leite’s renormalization schem@oes not yield an ul- N . . . . N
) y (i) Leite’s insufficient choice of counterterms biased

traviolet (uv) finite (renormalized) thegrandthe structure S : . :
of the RG he formulates is incorrect. towards giving the incorrect valu@= 1/2 for the anisotropy
exponentd= v /v ,.

To see this, note that in dealing with the anisotropic case Lk o
(m#0, d), he introduces a renormalization of the bare cou- _That s, if his renormalization scheme worI_<ed, rgther than

RS L being plagued by the unacceptable inconsistenGigsthe
pling constantup and two renormqllzatlgp) factorg, and  a4ig of the renormalization factors associated with the coun-
Z,42 to renormalize the vertex functiod&™" with N>0 ¢ terterms=<|V2,¢|? and =|V,g_né|2 ie., the renormaliza-
fields andL insertions of¢2. Thus asingle renormalization tion factorZ, of Ref. 5, would have to be uv finite. This in
fa}ctorZ(/, is available to absorb thg-dependent primitiye UV turn would i(rrnply the valugg=1/2 for the anisotropy expo-
divergences of*%(q), whereq=(k,p) e R"XR*"™is @ pnent to all orders ire. Indeed, Leite finds the value 1/2 for
d-dimensional momentum. Yet bot"*9(k,p)/dk* as well  poth 1, /v,= 6 and /7,42 Yet this is wrong becausz,
asdl"*9(k,p)/ap? are primitively divergent. Using his nor- must have poles ie as we saw above. As a consequence, the
malization conditiong2a)—(2e), one can determin&, such  ¢2 term of 6 is nonzero[cf. Eq. (84) of Ref. 4 and Sec. 4 of
that the uv singularity- p% e of I'?9 gets absorbed b¥,,  Ref. 5.
i.e., via the countertermZL/,—1)|V(d,m)¢|2/2. But a pole (iii) Leite obtainedincorrect hyperscaling relationde-
~k* e will then remain in his “renormalizedT 2%(k,p) cause he missed the fact thais an independent exponent,
because, with this choice ofZ,, the counterterm not identical to 1/2 for alle>0.
(Zy— 1)| V2 ¢|/2 does not cancel this divergence, as can be For example, his reSUItés4a)__(54O) _for 82, BL2, SLas ]
seen from our result (B4) in Ref. 5 for the graph €= . and g, 4 do not hold. These relations violate standard scaling
Conversely, if Z, is determined so as to cancel the diver- laws such as
gence ~k*/e, employing, e.g., his normalization conditions
(4a)—(4c), then a term ~p?/e will remain in F;Z’O)(k,p). BLZZ%[d_Z"' Mot m(o—1)] (1)
That not both primitive divergences can be absorbed by a
single renormalization factat , is borne out by the fact that \wheneverg+ 1/2.1°
the renormalization factors associated with the above coun- (iv) The author apparentiyisunderstandgherole played
terterms, called , andZ,Z,, in Ref. 5 and explicitly given by the variableo, as his remarks in the last paragraph of
in its equations(40) and (41), differ. (Fixing them by an Sec. lll and in Sec. VI.A indicate.
appropriate normalization condition rather than by minimal Since the classical scaling dimensions of the momentum
subtraction of poles would change their regular, but not theicomponentg and k differ, a dimensionful parameter is
singular, parts. indeed needed to relate them*%? andp both have dimen-
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sion (length) *. It is true thato could be set to unity. How- From our above critique it is clear that neith@y nor (b)
ever, the important point the author misses is that an initials fulfilled by Leite’s analysis. Note that the gadl) is not at
value o=1 gets mapped under RG transformatignss ¢ all trivial to achieve When.following the rationale of .defining
onto a scale-dependent 6r§e7(€) different from unity an approximate renormalized theory. If_one de_tgarmmes coun-
(v) The author'sO(e?) results for the critical exponents terterms such thf_;lt they absorb the uv smgulqutles of approxi-
of theisotropic Lifshitz poind=m) are also falsethe dis- mate Feynman integrals of the corresponding renormaliza-

crepancies with known resutts' are agairdue to his incor- _t|on.parts—rather than those of the true dﬁé%—o_ne .
rect calculation of Feynman integrals inevitably runs into the problem that these renormalization

In his treatment of these integrals, he constrains internaf?artS also appear as subgraphs of higher-order graphs of the
momenta over which one must integrate to be orthogonal game f?‘”d other vertex functions. Since the approximately
other, external momenta. As a consequence he gets even tﬂ(@termmed lower-order counterterms do not cancel the true
simplle one-loop integral,(K) defined in Eq(150 wrong. uv singularit.ies of tr_\ese subgraphs, nonlocal_uv sin.guliarities

2 generally will remain unless one succeeds in designing an

The error occurs already in the transition to Etp1). Simi- roximation scheme that brod roximate expr
lar “approximations” (mistake$ are made in his calculation approximation scheme that produces approximate expres-
gions for Feynman integrals of, in principlabitrary order

of two-loop integrals. He asserts that our results in Ref. ich comply with the local structure of their brimitive uy
could not be trusted because we absorbed a convenient fact‘@fp Ply P

Fq4 in the coupling constant. He is quite mistaken: The Choicesmgularit_ies, so that a well-defined uv finite approximate

of such a factor corresponds to a uv finite reparametrizatioﬁen:ml]al'zed theory reiults..th th ¢ imated

of the theory which does not affect universal quantities. - s ‘ong a}[s onle V\f[?]r S W'f. it € correfc t,hung]pproxma eb
(vi) We fail to seethat Leite’s (incorrec} e-expansion eynman Integrais, the uv finfleness ot the theory can be

resultsqualify as acceptable approximatians proved with the aid of the forest formdfaby explicitly giv-

. . ing the subtractions that a general Feynman integral requires
Being unaware of the fundamental problems of his P45 render it uv finite and to relate the final subtractions of the

proach mentioned above, he obviously thinks that his . ~. . . )
. . L H:mmmvely divergent graphs to the theory’s counterterms. In
e-expansion results are correct despite the approximations he

made in his computation of Feynman integrals. Evidently,ord.er to be sure that the approximation scheme yields a well-
this is not the case. defined renormalized theory, one would have to extend such

We are convinced that the property of the dlmensmnalltyp.roqfS 0 Fhe approx_lmated theqry or at least present con
. . . . . .__’vincing evidence for its renormalizability. Depending on the
expansion to yielcasymptotically exacseries expansions is ! S . )
. e choice of approximation scheme, a mathematically rigorous
an extremely valuable one whicthould not be sacrificed . -

: roof may well turn out to be more involved than familiar
except for compelling reasons. Nevertheless, one may A8 &normalizability proofs of the proper, unapproximated
whether Leite’s resultéor small modifications therepmight y P Proper, PP
be acceptable when interpreted in the sense of approxima- - o . .

. . In summary, Leite’'s analysis has no sound basis,

tions, even though we see no need for approximate : . . '
: , . Is plagued by inconsistencies and uv problems, and his

e-expansion results. We believe that any such approximatior . i~ .

) . - results are incorrect, failing even to qualify as acceptable

scheme ought to meet two important criteli@: It should be o

s . . . approximations.

justifiable by convincing physical and/or mathematical rea-

sons andb) it should be consistent and yield a well-defined  We gratefully acknowledge support by the Deutsche For-

approximate theory. schungsgemeinschafdFG) via Grant No. Di-378/3.
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