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Effects of fermion-boson interaction in neutral atomic systems

Nobuhiko Yokoshi and Susumu Kurihara
Department of Physics, Waseda University, Okubo, Shinjuku, Tokyo 169-8555, Japan

~Received 7 April 2003; published 4 August 2003!

We investigate the collective excitations of3He–4He mixture films at zero temperature within the random
phase approximation and linear response theory. In a low concentration regime of3He, a level repulsion
between zero sound and third sound modes is derived, which opens the possibility to observe quantum
mechanical coherence between a3He particle-hole pair and the condensate of4He. We also investigate the
3He–4He vertex corrections in the ladder approximation, and show that the third branch, the combined mode
of fermionic particle-hole pair and the third sound quanta, provides a unique correction to the Landauf
function. Some implications for a fermion-boson mixture of alkali atoms in a potential trap are discussed.
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A two-dimensional~2D! Fermi liquid is one of the mos
important subjects in condensed matter physics; it is i
deep connection with high-temperature superconductivity
cuprates and alkali-doped fullerenes, and with the quan
Hall effect. Free surfaces of superfluid4He bulk liquid or
films provide ideal fields for 2D Fermi systems free fro
impurities and inhomogeneities in chemical potential due
the randomness of walls or substrates. In particular, ph
separated3He–4He mixture films have been the subject
theoretical and experimental interest for the last t
decades.1 At very low temperature, it is well known that3He
atoms are bound to the surface of superfluid4He,2 and be-
have as well-defined 2D Fermi liquids.3,4 Therefore, they are
regarded as good candidates for 2D fermion-boson syste
The nature of3He and4He films depends strongly on syste
parameters such as concentrations, temperature, and th
der Waals potential from substrates. This richness of the
rameters has provided various suggestions such as Co
pairing5 and the dimerization6–8 of 3He, as well as the sup
pression of the superfluidity9 and Casimir effect10,11of super-
fluid 4He films.

In this 2D fermion-boson system,3He particles interact
with one another through a thickness variation of4He films,
i.e., the third sound driven by the van der Waals potential,5 as
well as direct interactions. A fascinating feature of this s
tem is that characteristic energies can be easily tuned
varying the thickness of3He and 4He films continuously.
Therefore, it is expected that interference between exc
tions is enhanced, and the nonadiabatic effect becomes
evant when suitable parameters are chosen. In this pape
report a theoretical study of the response to the spectrum
collective excitations when the thickness of the mixture fil
is varied at zero temperature. We will show that a level
pulsion between zero sound and third sound modes ta
place. Moreover, a third branch is derived, which we int
pret as a combined mode of a fermionic particle-hole p
and a third sound phonon, by calculating the vertex funct
in some detail. We also calculate the contribution of t
collective excitation to the Landauf function.

We assume that the system forms a phase-sepa
double layer, i.e., a normal3He liquid covering4He which
consists of a superfluid layer and a nonsuperfluid ‘‘in
0163-1829/2003/68~6!/064501~5!/$20.00 68 0645
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layer.’’9,12 In this system, particles are sensitive to the mod
lation of the substrate van der Waals potential due to
thickness variation of3He and 4He films, especially at low
concentrations. We take account of this effect in interactio
between particles and include other effects in hydrodyna
masses. An effective Hamiltonian which consists of th
sound phonons and3He quasiparticles interacting with on
another and with phonons was derived by one of
authors,5 and has the following form:

Heff5(
k,s

\2k2

2m3
ck,s

† ck,s1v3(
q

rq,_r2q,↓1(
q

\vqbq
†bq

1(
q,s

gq~bq1b2q
†

…r2q,s , ~1!

where the correlation between superfluid and inert layers
the surface tension of the films is neglected for simplici
These approximation may be allowed, except the reg
where the structure normal to substrate becom
remarkable.13 Here,rq,s5(kck,s

† ck1q,s is the Fourier trans-
formation of the density operator ands5↑,↓ and N4 are
spin indices and the number of4He atoms respectively. The
spectrum of the third sound phonon and coupling energ
are respectively given by

~\vq!25~\cBq!21S \2q2

2m4
D 2

, ~2!

v35
3u3

2n3
2~d1h31h4!4S

, ~3!

gq5
1

AN4

3u3h4

n3~d1h31h4!4 S \2q2

2m4\vq
D 1/2

, ~4!

where the subscripts 3 and 4 denote3He and4He; ni , andhi
are the average bulk densities and average thickness o
films, andmi andui are the hydrodynamic masses and ch
acteristic van der Waals energies.Sandd are the surface are
and thickness of the inert layer. In the equations above,cB is
©2003 The American Physical Society01-1
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the velocity of third sound phonon which strongly depen
on concentrations throughh3 and h4, and can be obtained
by5,14

cB5~12D!
3u4h4

m4n4~d1h4!4
,

~5!

D5
u3

u4
F12S d1h4

d1h31h4
D 4G .

It is suggested that the third sound velocity@Eq. ~5!# needs
some corrections when the submonolayer regime of3He is
considered.15 We neglect these corrections here, because t
do not play a crucial role in this paper.

A similar model has been studied in detail to investig
the equation of state and correlation energy of3He,16,17

whereas we will focus on the low energy collective beha
iors of the mixture below. To investigate the spectrum
collective excitations, we shall consider a 232 susceptibility
matrix, which is in connection with area density fluctuatio
~thickness variation! in linear response theory, in which in
teractions are treated within the random phase approxima
~RPA!.18,19 The unperturbed susceptibility and interacti
matrix of the mixtures has the following forms

x̂ (0)5S x3 0

0 x4
D , V̂5S v3 gq

gq 0 D . ~6!

Here,x3 andx4 are the susceptibilities of 2D pure fermio
and boson systems, and at zero temperature they are giv

x3~q,v!5
S

~2p!2
E d2k

n~ek2qÕ2!2n~ek1qÕ2!

ek2qÕ22ek1qÕ21\v1 i01

52
N~0!

2 S 11

iv

vFq

A12S v

vFq
D 2D ~7!

and

x4~q,v!5
2vq /\

v22vq
21 i01

, ~8!

where ek5\2k2/2m32eF with eF being the Fermi energy
and n(ek), vF , and N(0)5m3S/p\2 are the Fermi-Dirac
distribution, the Fermi velocity, and the density of states
the Fermi surface of3He, respectively. In the equation
above, terms of orderq4 are neglected since we are inte
ested in low energy excitations.

Within the RPA treatment, the susceptibility matrix
mixture films can be obtained as a solution ofx̂5x̂ (0)

1x̂ (0)V̂x̂,19 which is
06450
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x̂RPA5
1

12v3x322gq
2x3x4

3S x3 gqx3x4

gqx3x4 x4~12v3x3!
D ,

~9!

where the factor 2 in the last term of the denominator com
as a result of summing over the spin indices. Ifgq50, it can
easily be seen that this susceptibility matrix becomes dia
nal, and that its elements are usually the RPA susceptibi
x3 /(12v3x3), andx4. Therefore, two poles of this matrix
correspond to the spectrum of two eigenmodes; one is
zero sound branch of3He due to the nonlinearity of the va
der Waals potential, and the other is third the sound bra
of 4He. For the third sound phonon, this RPA treatment
equivalent to solving Dyson’s equation in the Migd
approximation,20 where the effective self-energy of the thir
sound is 2gq

2x3 /(12v3x3). At zero temperature and long
wave length limits, the dispersion relation and damping r
are calculated numerically, and the results are shown in
1. Here, we employ the parametersui and d, modeling the
double layer system on the flat surface of graphite.3 For the
films, we fix the thickness of4He films, and alter the3He
concentration from a small fraction of the monolayer to o
layer ~a monolayer corresponds to the density 10.6mmol/m2

for 3He and 12.9mmol/m2 for 3He8!. One can see that thes
two branches exhibit a level repulsion characteristic of re
tively coupled oscillators. Hence, the two branch are w
hybridized and show a clear level splitting around the reg
h3'0.3 layer (;3.2 mmol/m2), wherecB crosses the bare

zero sound velocitycF5@(11 ṽ/2)/(A11 ṽ)#vF with ṽ
5N(0)v3. As the concentration of3He particles increase
further, one can see from the dynamical structure function
4He, S(44)(q,v), defined as

Ŝ~q,v!52
1

p
Imx̂~q,v!5S S(33) S(34)

S(43) S(44)D , ~10!

FIG. 1. Real and imaginary parts~inset! of the spectrum are
plotted with v/q5c1 ig as functions of the concentration of th
3He. Here we fix the thickness of4He films tod525.3mmol/m2

and h4525.8mmol/m2, and the graphite sheet is modeled as
substrate.
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EFFECTS OF FERMION-BOSON INTERACTION IN . . . PHYSICAL REVIEW B68, 064501 ~2003!
that the third sound spectrum evolves continuously from
upper branch (1) to the lower one (2), and moves into the
particle-hole continuum of3He ~see Fig. 2!. This situation
results in the strong damping of the bosonic third sound
resonantly absorbing the3He particle-hole pair. This behav
ior of the spectrum has not been verified.15,21 To our knowl-
edge, there is no experimental result carefully investigat
the region where the velocities of two components are cl
to each other.

As for the damping rate, the beginning of the damping
the hybridized mode can be seen in the discontinuous c
centration dependence of the sound velocity in the low
branch. Unlike conventional electron-phonon systems
metals, the ratio of the sound velocities of the two comp
nents is of order unity; therefore the effect of this damping
not small and has a possibility to be observed~see the inset
of Fig. 1!. Indeed, the imaginary part of the spectrum can
easily estimated to have a behavior;2@l/(21 ṽ)
3@cB /AvF

22cB
2#(cBq) at a high concentration regime o

3He, i.e., cB,vF . Here, l52N(0)gq
2x4(q,0).0 is a di-

mensionless phonon exchange coupling constant, whic
determined by the Fermi energy and the van der Wa
potential.5 Around the regioncB'vF , it has a strong peak
which amounts to about 15% of the spectrum. In the
case, a similar level repulsion and a damping of the boso
mode are discussed by Yip, with dilute boson-fermion m
ture gases of alkali atoms, such as39K–40K and 6Li– 7Li, in
mind.18 In his system, fermions are spin polarized because
magnetic trapping and fermion-fermion interaction is not
cluded, hence zero sound, due to phonon exchange inte
tion only, is discussed.

Having established the existence of the level repuls
and the damping within the RPA treatment, we will discu
the effect of the vertex function for the3He–4He exchange
interaction in more detail. Unlike conventional metals, t
‘‘Debye energy’’ is comparable to or greater thaneF in our
system. This situation opens the possibility of a scenario
which nonadiabatic effects are relevant, and new qualita
phenomena arise from vertex corrections. Here, we treat
vertex function in ladder approximation,22 i.e., as a solution
of the Bethe-Salpeter equation

G(q,ivm)5gq2kBT(
ikn

(
k

gk2p
2 x4~p2k,ipl2 ikn!

3G~k,ikn!G~k2q,ikn2 ivm!G~q,ivm!,

~11!

whereG(k,ikm) is a bare single-particle propagator of3He
quasiparticles, withikn andivm being fermionic and bosonic
Matsubara frequencies. We assume that the vertex func
depends only on the energy-momentum transfer. Here,
external fermion frequencyipl is set to zero after an analyti
continuation. This approximation may be justified when lo
energy particle-hole excitations give the dominant contri
tion. As for the external wave vectorp, we introduceqc as a
cutoff of the wave number transferup2ku,23 which is of the
order of the inverse of the coherence length of4He films. At
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zero temperature and the long wavelength limit, this equa
is solved analytically and the vertex function has the follo
ing forms:

G~q,v!5
gq

11
l

2 S C~q,v!1

iv

vFq

A12S v

vFq
D 2D

, ~12!

C~q,v!5
1

2 S 1

A12S vFq

cBqc2v
D 2

1
1

A12S vFq

cBqc1v
D 2D . ~13!

Here, we neglect the polarization contribution of the seco
term on the right hand side of Eq.~11!, which has the same
dynamical (v→0, q50) and static (v50, q→0) limits, be-
cause it gives only quantitative difference in the denomina
of the vertex function. Obviously, the Migdal approximatio
breaks down qualitatively in the regionv'vFq and the ver-
tex function diverges to6`, as v→vC from above and
below, respectively. Here,vC is obtained as

vC.
11l/2

A11l
S vFq2

l~11l2/2!

8~11l/2!2

~vFq!3

~cBqc!
2D . ~14!

This means that the dynamical phonon-mediated3He–3He
interaction becomes strongly enhanced and even change
sign. Its behavior resembles the Feshbach resonance in a
atom gases,24 but this frequency dependent ‘‘potential’’ can
not be used in a Hamiltonian formalism such as the scat
ing length of alkali atoms, since the strong frequency dep
dence of interaction imposes one to take the stro
retardation effect into account.22 We expect this breakdown
of perturbation theory not to lead to a violation of Ferm
liquid theory. Indeed, the pole provides only a subdomin
correction to the imaginary part of single-particle self-ener
that behaves as ImSp(kF ,v);l3eF(\v/eF)2 for v→01

~subscriptp denotes the pole contribution!. Moreover, non-
zero quasiparticle residueZ at the Fermi surface can be de
rived with use of the Kramers-Kronig relation. Thus the qu
siparticle is well defined, even with the singularity in th
vertex function.

We shall investigate the effect of this phonon exchan
vertex function to the spectrum of excitations. The singul
ity of G(q,v) in the long wavelength limit implies the exis
tence of a low-lying excitation which obeys Bose-Einste
statistics. We interpret the pole as the excitation energy o
additional collective mode. Physically, this third branch co
responds to a combined mode of the3He particle-hole pair
and the third sound phonon. It may be considered as the
1-3
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of DC(q,v), which is Fourier transformation o
2(s^Tt@fq(t)r2q,s„0…1rq,s(t)f2q(0)#&.20 Here, Tt is
Wick’s usual time ordering operator,fq(t) is the field opera-
tor of the third sound phonon, and^•••& denotes the averag
for the ground state of the mixture. It should be noted t
this ‘‘susceptibility’’ contains multiphonon processes, th
the relation to area density fluctuations is no longer line
The third spectrum obtained by the numerical calculati
lies above particle-hole continuum and between the up
and lower branches. Furthermore, one can see from the
namical structure functionSC(q,v)521/pImDC that the
combined mode branch has a considerable spectral we
except for the region where the zero sound and third so
are well hybridized~see Fig. 3!. The behavior of this spectra
weight causes the resonant nature ofSC(q,v) at v'cBq.
Indeed, the combined mode is completely suppressed avC
→cBq. Physically, this behavior causes the mode-mo
repulsion.18

We also investigate the correction of the combined mo
to the Landau Fermi liquid parameter. At zero temperature
is obtained asf s,s8(u)5dSs(k,ek)/dns8(ek8) with k•k8

5kF
2 cosu.25 Since the combined mode does not contribute

f ↑↓(u), we can obtain the Landauf function as follows25:

f ↑↑~u!5 f ↑↓~u!2P.E ds

p

l

s

ImG~k2k8,s!

gk2k8

. ~15!

Here, P. denotes the principal value of the integral. The p
contribution, i.e., the collective mode contribution, com
from the delta function part of ImG, and is obtained as

N~0!@ f ↑↑
p ~u!2 f ↑↓

p ~u!#'2
l3

16F11
l

2

~vFkF!2

~cBqc!
2
sin2S u

2D G ,

~16!

FIG. 2. The Dynamical structure function S(44)(q,v) for a fixed
wave numberq is plotted as a function of the concentration of3He
and the velocity of excitation. The third sound evolves to the low
branch, and the spectral weight S(44)(q,v) is broadened as concen
tration of the3He quasiparticle increase. Parametersui , d, andh4

are the same as in Fig. 1.
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In addition, the contribution from the particle-hole co
tinuum of the vertex function can be obtained from the r
part of G with use of Kramers-Kronig relation, and has th
following form:

N~0!~ f ↑↑
ph~u!2 f ↑↓

ph~u!!'
2l

11
l

2
CF2kF sinS u

2D ,0G . ~17!

These contributions are not singular. Additionally, the po
gives rise to an additional factorl2 to the correction for the
Landauf function. Therefore, the third branch contributio
may become important in the strong coupling region.

As for the observability, this third branch may be o
served under a strong van der Waals potential, since
inherently related to the interaction. Therefore, an exp
ment with low-thickness superfluid4He films and a substrate
which has a strong van der Waals potential, such as gold
desired. A recent experiment made it possible to evaluate
Landau Fermi liquid parameter as a function of the3He
concentration4; therefore the third branch contribution@Eq.
~16!# has the possibility to be observed at the lo
concentration regime of3He. Further, it should be noted tha

r

FIG. 3. The dynamical structure function of the combined mo
SC(q,v), is plotted for three parameter regimes as a function
v/q. One can see that there exists a sharp spectral weight betw
the third sound and zero sound, which does not occur within
RPA treatment. AtvC /cBq51.4, the spectral weight of the third
branch is found to be about 30% of all. AtvC /cBq51.4, the spec-
tral weight of the third branch is found to be about 30% of all.
the regionvC'cBq, the combined mode is strongly suppressed
the mode-mode repulsion effect.
1-4
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EFFECTS OF FERMION-BOSON INTERACTION IN . . . PHYSICAL REVIEW B68, 064501 ~2003!
there is no restriction in system components in our meth
therefore, these discussions can be easily applied to quas
alkali atom gases in which phase separation does not oc
Regarding the existence of the third branch, an alkali
system may be better suited for experimental verification
cause fermion-boson interaction can be almost fre
changed as well as other system parameters. In such a
zero sound with higher spin channel may be taken i
account.26

In conclusion, we have investigated the effects of a p
non exchange process on the collective excitations of3He
and 4He at absolute zero. Two remarkable features h
been found. One is the level repulsion between the z
sound and third sound due to3He–4He interaction. This re-
pulsion becomes remarkable in the region where the so
velocities of the two components are close to each ot
This situation results in a hybridization of two eigenmod
and a finite level splitting in the spectrum. Furthermore,
damping of the third sound, resonant decay into the parti
hole pair excitation, is also shown to be significant when
ev

et

.
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third sound velocity is smaller thanvF . Also, Migdal’s theo-
rem breaks down when the nonadiabatic effect of3He–4He
interaction is considered. A third branch comes in; this m
be interpreted as a combined mode of a particle-hole pair
third sound quanta. The concentration dependence of the
namical structure factor and the correction to the Land
Fermi liquid parameter of this collective excitation are al
discussed.

In the discussions above, we have focused on the
energy collective behavior and we have not conside
the two-body scattering problem. It is expected that the
teraction between3He and 4He induces the effective
3He–3He attraction and leads to spin-singlet and neutral
perfluid formation.5–8 In future work we will consider the
possibility that nonadiabatic phonon exchange may eit
drive the system into a superfluid transition or polar
formation.
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