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Dynamical structure factor in copper benzoate and other spin-1Õ2 antiferromagnetic chains
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Recent experiments of the quasi-one-dimensional spin-1
2 antiferromagnet copper benzoate established the

existence of a magnetic field induced gap. The observed neutron scattering intensity exhibits resolution limited
peaks at both the antiferromagnetic wave number and at incommensurate wave numbers related to the applied
magnetic field. We determine the ratio of spectral weights of these peaks within the framework of a low-energy
effective field theory description of the problem.
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I. INTRODUCTION

Recent experiments1,2 have investigated the behavior o
the quasi-one-dimensional spin-1

2 antiferromagnet coppe
benzoate in a magnetic field. Neutron scatter
experiments2 established the existence of field-dependent
commensurate low-energy modes in addition to low-ene
modes at the antiferromagnetic wave number. The inco
mensurability was found to be consistent with the one p
dicted by the exact solution of the Heisenberg model in
magnetic field. However, the system exhibited an unexpe
excitation gap, induced by the applied field. A theory for th
effect was put forward by Oshikawa and Affleck in Ref.
Application of a uniform magnetic fieldH induces a stag-
gered field perpendicular toH. The staggered field is gene
ated both by a staggeredg-tensor4 and a Dzyaloshinskii-
Moriya ~DM! interaction. The same physical mechanism h
been found also in other materials.5 The effective Hamil-
tonian describing such field-induced gap systems is gi
by3

Ĥ5(
i

JSi•Si 112HSi
z1h~21! iSi

x , ~1!

where

h5gH. ~2!

The constantg is given in terms of the staggeredg-tensor4

and the DM interaction. For copper benzoate the excha
constant isJ'1.57 meV and the induced staggered field
much smaller than the applied uniform field,h!H.

As long ash!J, or equivalently as long as the field in
duced gapD is much smaller thanJ, it is possible to describe
the low-energy degrees of freedom of~1! in terms of a mas-
sive, relativistic quantum field theory. This low-energy effe
tive theory is obtained by Abelian bosonization and is giv
by a Sine-Gordon model with Hamiltonian density,3

H5
v
2

@~]xF!21~]xQ!2#2m~h!cos~bQ!. ~3!
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HereF is a canonical Bose field,Q is the dual field and the
couplingb depends on the value of the applied uniform fie
and has been calculated in Refs. 6–8 by using the resul
Ref. 9. The spin velocityv also depends onH and is shown
in Fig. 9 of Ref. 6. It is useful to define

j5
b2

8p2b2
. ~4!

The spectrum of the Sine-Gordon model~3! in the relevant
range ofb consists of a soliton–antisoliton doublet and se
eral soliton–antisoliton bound states called ‘‘breathers.’3,7

The soliton gap as a function ofH andh was determined in
Ref. 6 in the regimeD!H, where

D

J
.S h

JD (11j)/2FBS J

H D (2p2b2)/4pS 22
b2

p D 1/4G2(11j)/2

~5!

with B50.422 169. Equation~5! is applicable as long asH is
sufficiently smaller thanJ or to be more precise as long a
the magnetization is small. For magnetic fields compara
to J it is necessary to take into account the magnetic fi
dependencies of the spin velocity and the normalizat
c(H) of the spin operator@see Eq.~8!#, whereas the effects
of the current–current interaction may be neglected. Us
the results of Ref. 10 we obtain the following expressi
for the gap in the regime ofH comparable toJ ~but still
h!J):

D

J
.

2ṽ~H !

Ap

GS j

2D
GS 11j

2 D F c~H !p

2ṽ~H !

GS 1

11j D
GS j

11j D
h

JG (11j)/2

.

~6!

Here ṽ5v/(Ja0) is the ‘‘dimensionless spin velocity,’’a0 is
the lattice constant, andc(H) is given below. The breathe
gaps are given by

Dn52D sinS pjn

2 D , n51, . . . ,F1

j G . ~7!
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II. DYNAMICAL STRUCTURE FACTOR

The staggered/oscillating components of the spin op
tors are expressed in terms of the continuum fieldsF andQ
as

Sn
z;~21!na~H !sinS 2p

b
F2

2d

a0
xD ,

Sn
x;~21!nc~H !cos~bQ!,

Sn
y;~21!nc~H !sin~bQ!. ~8!

Herex5na0 and the parameterb and the incommensuratio
d are determined from the exact solution of the Heisenb
model in a uniform magnetic field8,9,11 @that is the Hamil-
tonian ~1! for h50]. The amplitudesa(H) andc(H) are at
present not known analytically, but can be determined
merically with high accuracy. We note that these amplitud
are also calculated in the absence of a staggered field
expectation being that the changes due to a smallh!H will
be negligible. The data used in this work are obtained in
scheme of Refs. 12 and 13: We calculate the spin polar
tion ^Sn

z& and the two-spin correlation function̂Sn
xSn8

x & in
the Heisenberg chain of 200 spins using the density-ma
renormalization group method, and then, fit them to anal
formulas obtained from the Abelian bosonization taki
a(H) andc(H) as fitting parameters. The results as well
other parameters, which are determined exactly,6,7 are listed
in Table I for several typical values of the magnetizationm.

The inelastic neutron scattering intensity is proportio
to

I ~v,k!}(
a,b

S dab2
kakb

k2 D Sab~v,k!, ~9!

wherea,b5x,y,z and the dynamical structure factorSab is
defined by

Sab~v,k!5(
l 51

N E
2`

` dt

2p
e2 ikla01 ivt^Sl 11

a ~ t !S1
b~0!&.

~10!

Herek denotes the component ofk along the chain direction
A schematic representation of which excited states will c
tribute to the various components of the dynamical struct
factor atk5p/a0 andk5(p62d)/a0 is shown in Fig. 1. At
the antiferromagnetic wave number there are several brea
excitations and at higher energies multiparticle continu7

These contribute to thexx and yy components of the dy
namical structure factor, which have been determined in
tail in Ref. 7. At the incommensurate wave numbersk5(p
62d)/a0 there are soliton and antisoliton states and
higher energies multiparticle scattering continua. The co
position of these continua can be inferred by observ
that the corresponding intermediate states must have t
logical charge71 at wave number (p62d)/a0 in order to
contribute to Szz. For example, at (p12d)/a0 there is
a two-particle soliton-breather continuum above
energyD1D1.
06441
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FIG. 1. Schematic structure of the lowest-energy excited st
relevant to neutron scattering experiments. Soliton and antisol
occur in the vicinity of the incommensurate wave numbersp62d
and are seen inSzz, whereas the first breatherB1 occurs in the
vicinity of p and contributes toSyy. At higher energies further
breather bound states as well as multiparticle scattering continua
present.

TABLE I. Amplitudesa andc, the spin velocityv, the coupling
b, and the fieldH as functions of the magnetizationm. The ampli-
tudes are determined numerically except form50.5, where exact
values are shown. The figures in parentheses fora andc indicate the
error on the last quoted digits.

m a c v b H

0.02 0.591~3! 0.4937~3! 1.54271 2.35016 0.17599
0.04 0.550~5! 0.4883~2! 1.51707 2.31088 0.34214
0.06 0.520~4! 0.4863~2! 1.48415 2.27738 0.50013
0.08 0.4947~6! 0.4853~2! 1.44425 2.24653 0.65001
0.10 0.475~1! 0.4847~2! 1.39796 2.21731 0.79164
0.12 0.454~1! 0.4842~2! 1.34593 2.18927 0.92489
0.14 0.437~2! 0.4835~2! 1.28879 2.16216 1.04965
0.16 0.422~2! 0.4825~2! 1.22720 2.13587 1.16589
0.18 0.4070~7! 0.4810~2! 1.16178 2.11029 1.27360
0.20 0.3938~8! 0.4790~2! 1.09314 2.08538 1.37287
0.22 0.3813~6! 0.4764~2! 1.02184 2.06107 1.46380
0.24 0.3700~8! 0.4731~2! 0.94844 2.03735 1.54656
0.26 0.3596~7! 0.4690~2! 0.87347 2.01418 1.62134
0.28 0.3499~4! 0.4639~2! 0.79741 1.99153 1.68839
0.30 0.3406~4! 0.4578~2! 0.72074 1.96940 1.74794
0.32 0.3330~2! 0.4504~2! 0.64387 1.94775 1.80030
0.34 0.3262~2! 0.4416~2! 0.56722 1.92658 1.84575
0.36 0.3200~3! 0.4310~2! 0.49116 1.90586 1.88462
0.38 0.3145~4! 0.4183~2! 0.41602 1.88559 1.91723
0.40 0.3094~2! 0.4029~1! 0.34212 1.86574 1.94390
0.42 0.3070~8! 0.3841~1! 0.26973 1.84631 1.96497
0.44 0.3058~2! 0.3601~1! 0.19912 1.82727 1.98079
0.46 0.3062~6! 0.3284~1! 0.13049 1.80863 1.99168
0.48 0.309~1! 0.2802~1! 0.06407 1.79036 1.99797
0.50 0.3183 0 0 1.77245 2
0-2
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In this paper we calculate the single particle solito
antisoliton contributions toSzz and compare them to th
dominant feature in the dynamical structure factor, the c
tribution of the lightest breather bound stateB1 to Syy.

The lightest breatherB1 has a gapD1 and contributes to
Syy as7
a
he

ai

l-

06441
/

-
SyyS v,

p

a0
1qD U

B1

5Cy~H !d~v22~vq!22D1
2!, ~11!

where
Cy~H !52ṽJc2~H !F2 cos~pj/2!A2 sin~pj/2!expS 2E
0

pj dt

2p

t

sint D G2S D

Jṽ

Ap

2

G~~11j!/2!

G~j/2! D b2/2p

3expF2E
0

`dt

t S sinh2~2b2t !

2 sinh~b2t !sinh~8pt !cosh@~8p2b2!t#
2

b2

4p
e216ptD G . ~12!
d
r

-

en

ong

.

Here we have used the normalizations of Ref. 14. The le
ing contributions to the longitudinal structure factor at t
incommensurate wave numbersk5(p62d)/a0 are due to
soliton and antisoliton. Using the results of Ref. 15 we obt

SzzS v,
p62d

a0
1qD U

s,s̄

5Cz~H !d~v22~vq!22D2!,

~13!

where

Cz~H !5
ṽJ

2
a2~H !S C 1

4j

4C2
D 21/4S ApDGS 3

2
1

j

2D
JṽGS j

2D D 2p/b2

3expF E
0

`dt

t S exp@2~11j!t#21

2 sinh~jt !sinh@~11j!t#cosh~ t !

1
1

2 sinh~ tj!
2

2pe22t

b2 D G . ~14!

Here the constantsC1,2 are given by

C15expS 2E
0

`dt

t

sinh2~ t/2! sinh@ t~j21!#

sinh~2t !sinh~jt !cosh~ t ! D ,

C25expS 4E
0

`dt

t

sinh2~ t/2!sinh@ t~j21!#

sinh~2t !sinh~jt ! D . ~15!

As was pointed out in Ref. 6, atH50 the low-energy effec-
tive theory of~1! is SU~2! symmetric. In our notations this
implies that

lim
H→0

Cy

c2~H !
52 lim

H→0

Cz

a2~H !
. ~16!

Equation ~16! is easily verified numerically. In order to
evaluateCy,z we need to know the constant of proportiona
ity g that relates the induced staggered fieldh with the ap-
d-

n

plied uniform fieldH. This constant differs from compoun
to compound. On the other hand,g enters the expressions fo
Cy,z only via the soliton gapD. Hence it is useful to isolate
the g dependence and consider the quantities,

Cy8~H !5Cy~H !S D

J D 2(b2/2p)

J21,

Cz8~H !5Cz~H !S D

J D 2(2p/b2)

J21. ~17!

The amplitudesCy,z8 (H) are shown as functions of the mag
netization in Fig. 2.

III. COPPER BENZOATE

We are now in a position to determine the ratio betwe
the spectral weights of the first breather~seen in the trans-
verse structure factorSyy) and the soliton~seen in the longi-
tudinal structure factorSzz). In an ideal situation one would
carry out measurements with momentum transfers only al

FIG. 2. AmplitudesCy,z8 (H) as functions of the magnetization
0-3
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the y and z directions, respectively. In practice, the expe
ments on Copper Benzoate were carried out with momen
transfersk1,2 respectively, where

~k1•a,k1•b,k1•c!52p~20.3,0,1!,

~k2•a,k2•b,k2•c!52p~20.3,0,1.12!. ~18!

Herec points along the chain direction and the antiferroma
netic wave number corresponds to 2p/c (c56.30A) as there
are two copper atoms per unit cell along thec-axis. To make
contact with our previous notations we need to seta05c/2.
The measurements with momentum transfersk1 andk2 probe
the dynamical structure factor aroundp/a0 and the incom-
mensurate wave number (p12d)/a0, respectively. In order
to make direct comparisons with the experiments we nee
relate the (a,b,c) coordinate system describing the crys
axes to the (x,y,z) spin coordinates. By definitionz andx are
the directions of the uniform and staggered fields, resp
tively. In the experiments of Ref. 2 the uniform field wa
applied along theb-direction. Based on a polarization anal
sis it was suggested in Ref. 6 that the staggered field lie
the ac plane and encloses an angle ofa5272° with the
a-axis. In the vicinity ofp/a0 the dominant contribution to
the structure factor comes from the transverse correlat
This implies that

I ~v,k1!}~0.083 cos2a10.917 sin2a!SyyS v,
p

a0
D

1~0.083 sin2a10.917 cos2a!SxxS v,
p

a0
D

'0.84SyyS v,
p

a0
D10.16SxxS v,

p

a0
D . ~19!

On the other hand at momentum transferk2 the dominant
contribution to the structure factor is due to the longitudin
component

I ~v,k2!}SzzS v,
p12d

a0
D . ~20!

As was pointed out in Ref. 6 there are unresolved iss
concerning the polarization analysis and the estimate of
anglea should be regarded with some caution. It is possi
to infer a by analyzing other experiments such as spec
heat and ESR measurements. The analysis of the spe
heat data suggests thata'282°,8 which leads to a contri-
bution of about 90% ofSyy in ~19!.

The neutron scattering experiments of Ref. 2 were p
formed in a uniform magnetic field of 7 T, which corre
sponds to a magnetization per site ofm'0.06. The breathe
and soliton gaps were observed at

D'0.22 meV,D1'0.17 meV. ~21!

Using the expression~5! for the soliton gap we can infer th
coefficient of proportionality between the uniform fieldH
and the staggered fieldh as g'0.06. Takingg50.06 and
06441
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m50.06, Eq.~5! givesD50.215 meV,D150.171 meV and
we will use this set of parameters for our further analysis

Under the above assumptions we may now determine
spectral weights of the coherent soliton and breather pe
in the dynamical structure factor. The results are sho
in Fig. 3.

At a magnetization ofm50.06 we have

Cy~H !

Cz~H !
'2.88. ~22!

The spectral weights are obtained by integrating the
spective structure factors over frequency at fixed moment
i.e.,

I B1
5E dvSyyS v,

p

a0
D U

B1

,

I s5E dvSzzS v,
p12d

a0
D U

s

. ~23!

The ratio of spectral weights between the first breatherI B1

and the solitonI s is approximately

I B1

I s
5

Cy~H !

Cz~H !

D

D1
'3.64. ~24!

In order to compare to experiment, we need to take i
account the different momentum transfers in the meas
ments ofSyy and Szz respectively. From~19! and ~20! we
arrive at the following theoretical prediction for the ratio
intensities,

R50.84
I B1

I s
'3.06. ~25!

The experimentally observed2 ratio of peak heights betwee
the breather and soliton peaks is approximately 2.8. Thi

FIG. 3. AmplitudesCy,z(H) as functions of the magnetization
0-4
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in reasonable agreement with our result. For a better c
parison one should take into account the resolution func
of the instrument in both momentum and energy, but t
goes beyond the scope of our present analysis.

IV. DISCUSSION

We have determined the~anti!soliton contribution to the
dynamical structure factor for field-induced gap syste
such as copper benzoate within a low-energy field the
description. We find reasonable agreement with neutron s
tering experiments. Our calculations are valid as long as
induced gap is small compared to the exchangeJ and the
uniform magnetizationm is not too small. The latter condi
tion has to be imposed in order to justify neglecting t
interaction of spin currents. Although this interaction is irre
G

06441
-
n
s

s
y

at-
e

evant in the renormalization group sense, its scaling dim
sion is close to 2 form!1 and its effects on, e.g., the defi
nition of the amplitudesc(H) and a(H) needs to be taken
into account.
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