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Dynamical structure factor in copper benzoate and other spin-12 antiferromagnetic chains
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Recent experiments of the quasi-one-dimensional épam{iferromagnet copper benzoate established the
existence of a magnetic field induced gap. The observed neutron scattering intensity exhibits resolution limited
peaks at both the antiferromagnetic wave number and at incommensurate wave numbers related to the applied
magnetic field. We determine the ratio of spectral weights of these peaks within the framework of a low-energy
effective field theory description of the problem.
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[. INTRODUCTION Here® is a canonical Bose fiel® is the dual field and the
coupling B8 depends on the value of the applied uniform field
Recent experiment$ have investigated the behavior of and has been calculated in Refs. 6—8 by using the results of
the quasi-one-dimensional spjn-antiferromagnet copper Ref. 9. The spin velocity also depends oHl and is shown
benzoate in a magnetic field. Neutron scatteringin Fig. 9 of Ref. 6. It is useful to define
experimentSestablished the existence of field-dependent in-
commensurate low-energy modes in addition to low-energy B?
modes at the antiferromagnetic wave number. The incom- &= 877—/32' (4)
mensurability was found to be consistent with the one pre-
dicted by the exact solution of the Heisenberg model in arhe spectrum of the Sine-Gordon mod8) in the relevant
magnetic field. However, the system exhibited an unexpecterthnge of3 consists of a soliton—antisoliton doublet and sev-
excitation gap, induced by the applied field. A theory for thiseral soliton—antisoliton bound states called “breathe¥s.”
effect was put forward by Oshikawa and Affleck in Ref. 3. The soliton gap as a function éf andh was determined in
Application of a uniform magnetic fieltH induces a stag- Ref. 6 in the regimeA<H, where
gered field perpendicular td. The staggered field is gener-

ated both by a staggeregitensof and a Dzyaloshinskii- A (h\@+O7 g\ @7 p)an g2\ va| (o
Moriya (DM) interaction. The same physical mechanism has 3~ j) (ﬁ) (2_ .

been found also in other materidlslhe effective Hamil- (5)
tonian describing such field-induced gap systems is given . ) ) ) )
by? with B=0.422 169. Equatiofb) is applicable as long as is

sufficiently smaller thard or to be more precise as long as
the magnetization is small. For magnetic fields comparable
ﬂzz JS-S,—HS+ h(—l)iSIX, (1) to J it is necessary to take into account the magnetic field
i dependencies of the spin velocity and the normalization
c(H) of the spin operatofsee Eq.(8)], whereas the effects
where of the current—current interaction may be neglected. Using
the results of Ref. 10 we obtain the following expression
h=yH. (2)  for the gap in the regime off comparable taJ (but still
h<J):
The constanty is given in terms of the staggeregtensof )

and the DM interaction. For copper benzoate the exchange £ 1 a+or
constant isJ~1.57 meV and the induced staggered field is A 2y (H) r 2 c(H)m r +¢/ h
much smaller than the applied uniform fieltk<H. - = T = 1

As long ash<J, or equivalently as long as the field in- J Jm r(%) 2v(H) F(ngg J

duced gap\ is much smaller thaid, it is possible to describe
the low-energy degrees of freedom(@j in terms of a mas- ©6)
sive, relativistic quantum field theory. This low-energy effec- 07 =v/(Jap) is the “dimensionless spin velocityd, is

tive theory is obtained by Abelian bosonization and is giventhe lattice constant, and(H) is given below. The breather
by a Sine-Gordon model with Hamiltonian density, gaps are given by

1

—l. (7)

3

v [ aén
H= E[(&X(I))z-i-(0X®)2]—,u(h)cos(ﬂ®). (3 A,=2A Sm(T)’ n=1,...,
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II. DYNAMICAL STRUCTURE FACTOR TABLE I. Amplitudesa andc, the spin velocity, the coupling

o . B, and the fieldH as functions of the magnetization The ampli-
The staggered/ogcﬂlatmg Components of the SPIN OP€r&ydes are determined numerically except o= 0.5, where exact
tors are expressed in terms of the continuum fidddand® 51yes are shown. The figures in parenthesea tordc indicate the

as error on the last quoted digits.
2 26
S,Z]~(—1)“a(H)sin(?CI>—a—x : m a ¢ v B H
0 0.02 0.5913) 0.49373) 1.54271 2.35016 0.17599
SEN (— 1)”C( H)cog 80), 0.04 0.5505) 0.48832) 1.51707 2.31088 0.34214
0.06 0.5204) 0.48632) 1.48415 2.27738 0.50013
S~ (—1)"c(H)sin(8O). (8) 008 0.4947) 0.48532) 144425 224653 0.65001

. . 0.10 0.47%1) 0.48472) 1.39796 2.21731 0.79164
Herex=na, and the parametgs and the incommensuration 1, 0.4541) 0.48472) 1.34593 2.18927 0.92489
o are determined from the exact solution of the Heisenberg ; , 0.4372) 0.48352) 1.28879 2.16216 1.04965
model in a uniform magnetic fiefd'!* [that is the Hamil- 0.16 0'4222) 0148252) 129720 213587 116589

present hot knowh anaytical, but can be determined nul-8 040700 048102) LGS Z1l029 127360
merically with high accuracy. We note that these amplitude '22 0'3813 0'47622; 1'02184 2'06107 1'46380
are also calculated in the absence of a staggered field, the : : : : :

expectation being that the changes due to a shvalH will 0370(8) 0.47312) 0.94844  2.03735 1.54656
be negligible. The data used in this work are obtained in thd-26  0.359¢7) 0.46942) 0.87347 201418 1.62134
scheme of Refs. 12 and 13: We calculate the spin polarizap'28 0.349¢4)  0.46392) 079741 1.99153  1.68839
tion (S) and the two-spin correlation functiof§;S;,) in 0.34064)  0.45782) 0.72074  1.96940  1.74794
the Heisenberg chain of 200 spins using the density-matri>(<)'32 0.333(2)  0.45042) 064387  1.94775  1.80030
renormalization group method, and then, fit them to analytico':"‘4 0.326@2) 0.44162) 0.56722 192658 1.84575
formulas obtained from the Abelian bosonization takingo' 0.320(8) 0431G2) 049116 1.90586 1.88462
a(H) andc(H) as fitting parameters. The results as well as0-38  0.3148%)  0.41832) 041602 1.88559 1.91723
other parameters, which are determined exdctlgre listed 040  0.30942) 0.40291) 0.34212 1.86574 1.94390
in Table | for several typical values of the magnetization 042~ 0.307(8) ~ 0.38411) 0.26973 1.84631  1.96497

The inelastic neutron scattering intensity is proportional0-44 ~ 0.305&) 0.36011) 0.19912 1.82727 1.98079

to 0.46 0.30626) 0.32841) 0.13049 1.80863 1.99168
0.48 0.3091) 0.28021) 0.06407 1.79036 1.99797
kakB 0.50 0.3183 0 0 1.77245 2
H(w,K)% > | 8up— —5- | S™(w,K), 9)
a,B k
wherea, 8=Xx,y,z and the dynamical structure factsf? is
defined by
N g ® A
Saﬁ(w,k)zlzl J Ee*ik|a0+iwt<$a+l(t)sf(0)>.
(10)

Herek denotes the component bfalong the chain direction. \/
A schematic representation of which excited states will con-
tribute to the various components of the dynamical structure A \\/ B, \\/
factor atk=7r/ag andk=(7+28)/a, is shown in Fig. 1. At s \/ s
the antiferromagnetic wave number there are several breather
excitations and at higher energies multiparticle contihua. B,
These contribute to th&x andyy components of the dy-
namical structure factor, which have been determined in de- .
tail in Ref. 7. At the incommensurate wave numbkes( 28 T s .
+28)/a, there are soliton and antisoliton states and at k

h'gh?r energies multlpa_lrtlcle scatterlng continua. The COM-" |G, 1. Schematic structure of the lowest-energy excited states
position of these continua can be inferred by observingeeyant to neutron scattering experiments. Soliton and antisoliton
that the corresponding intermediate states must have top@zcyr in the vicinity of the incommensurate wave numbers28
logical charge+ 1 at wave number{+26)/ao in order to and are seen i whereas the first breath@; occurs in the
contribute to S*%. For example, at £+26)/a, there is vicinity of = and contributes tc&"Y. At higher energies further

a two-particle soliton-breather continuum above anbreather bound states as well as multiparticle scattering continua are
energyA+A;. present.
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In this paper we calculate the single particle soliton/ T
antisoliton contributions toS?? and compare them to the Syy(w,a—Jrq =Cy(H)d(w?~(vq)?=AD), (11)
dominant feature in the dynamical structure factor, the con- 0 By
tribution of the lightest breather bound std&ie to S¥Y.

The lightest breatheB; has a gap\; and contributes to where

S ad

&dt

t I'((1+8)/2)
zm) T

A
W T (é/2)

Ju

) Be2m

Cy(H)= 20Jc2(H)| 2 cog w&l2) 2 sin rrf/Z)exr( — jow g

X I

Here we have used the normalizations of Ref. 14. The leadplied uniform fieldH. This constant differs from compound
ing contributions to the longitudinal structure factor at theto compound. On the other hangdgenters the expressions for

2(
2

_ B_ — 16t
4

~dt

T

sinkP(28%t)
2 sink( B%t)sinh(8rt)cosh (8 m— B2)t]

(12

incommensurate wave numbeks- (m+25)/a, are due to

C, , only via the soliton ga\. Hence it is useful to isolate

soliton and antisoliton. Using the results of Ref. 15 we obtairthe y dependence and consider the quantities,

, T*E26 5 ) )
1 w, +q]| =Cy(H)8(w?—(vg)2—A2),
> (13)
where
3 § 217/[3’2
53 (cte v NTAT|H 3
_ Y2 s
C,(H)= 5 a (H)(4Cz) T
JUF E

exd —(1+&6t]—-1
2 sinH( &ét)sini (1+ &)t]cosht)

<o |5

-2t

1 2me
* 2 sink(té) B B2 ' (14)
Here the constants, , are given by
B =dt sint?(t/2) sinHt(é—1)]
Cl_ex"( N fo T “sinh(2t)sinh( £t)cosht) )
=dt sintf(t/2)sinHt(é—1)]
szexp(4fo 't sinh(2t)sinh(&t) ) (19

As was pointed out in Ref. 6, & =0 the low-energy effec-
tive theory of(1) is SU?2) symmetric. In our notations this
implies that

C,
H—0a2(H)

Cy

lim —
H—0C(H)
Equation (16) is easily verified numerically. In order to

evaluateC, , we need to know the constant of proportional-
ity y that relates the induced staggered fibldith the ap-

(16)

A\~ (B%2m)
c;(H)zcy(H)<j> I

NSRS
Cé(H)=Cz(H)(3) N (17)

The amplitudei:;,,Z(H) are shown as functions of the mag-
netization in Fig. 2.

IIl. COPPER BENZOATE

We are now in a position to determine the ratio between
the spectral weights of the first breatheeen in the trans-
verse structure factd®”¥) and the solitor(seen in the longi-
tudinal structure facto8%?). In an ideal situation one would
carry out measurements with momentum transfers only along

o C’(H)
L o C’(H) ]
(@]
OOO
. ] OOOO
< %00,
o [m] OOOO
o2 o Cog
O Oop
5 O OO
=05+ DDD 0o -1
(6] DDDD
DDD
oo
DDDDDDDDDDDU
0 1 1
0 0.1 0.2 0.3

Magnetization

FIG. 2. AmplitudesC{,vz(H) as functions of the magnetization.
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the y and z directions, respectively. In practice, the experi- 0.4 . .
ments on Copper Benzoate were carried out with momentun
transfersk; , respectively, where oC (H)M

(ki-aks bk -c)=2m(—0.3,0,, 03t o |

(Ky-a,ky- b,Ky- €)= 27(—0.3,0,1.12. 18 = 5 ©

Herec points along the chain direction and the antiferromag—% &l i i
netic wave number corresponds ta/2 (c=6.30A) as there ¢ ©
are two copper atoms per unit cell along thaxis. To make 0©°
contact with our previous notations we need to &gt c/2. 0.1t i
The measurements with momentum transkgrandk, probe qoooB8h oobUU00DDoDoDooooao
the dynamical structure factor arountda, and the incom-
mensurate wave numbetr(t+26)/a,, respectively. In order

to make direct comparisons with the experiments we need tc 0
relate the &,b,c) coordinate system describing the crystal

axes to theX,y,z) spin coordinates. By definitionandx are

the directions of the uniform and staggered fields, respec- Fig. 3. AmplitudesC, ,(H) as functions of the magnetization.
tively. In the experiments of Ref. 2 the uniform field was '

applied along thé-direction. Based on a polarization analy- m=0.06, Eq.(5) givesA =0.215 meV,A;=0.171 meV and

sis it was suggested in Ref. 6 that the staggezed _f|eld lies "We will use this set of parameters for our further analysis.
the ac plane and encloses an angle @& —72° with the

a-axis. In the vicinity ofw/a, the dominant contribution to Under the above assumptions we may now determine the

the structure factor comes from the transverse corrtzglr’;ltorspeCtral weights of the coherent soliton and breather peaks
This implies that ™ the dynamical structure factor. The results are shown

0 0.05 0.1 0.15 0.2
Magnetization

in Fig. 3.
- At a magnetization om=0.06 we have
I (w,kq)ec(0.083 c0§a+0.917siﬁa)syy(w,—>
ao Cy(H)
~2.88. (22
™ C,(H)
+(0.083 sifa+0.917 coda) S| w, —
o The spectral weights are obtained by integrating the re-

spective structure factors over frequency at fixed momentum,

T o .
~0.849Y 0, — +0.16SXX<w,— . (19 e,

ao ap
On the other hand at momentum transkgrthe dominant g :J dwsyy(w,Z) ,
contribution to the structure factor is due to the longitudinal ! o/lg,
component

T+20
T+26 Is:f dwS* w, (23
[(w,ky) xS w, . (20 A /g

. . . The ratio of spectral weights between the first breather
As was pointed out in Ref. 6 there are unresolved issues P . g_ @1
< IS approximately

concerning the polarization analysis and the estimate of th@nd the solitorl
anglea should be regarded with some caution. It is possible

to infer o by analyzing other experiments such as specific Iﬂ: Cy(H) 3%3 64 (24)
heat and ESR measurements. The analysis of the specific ls CyH)A, 7

heat data suggests that- —82° 8 which leads to a contri- ) )
bution of about 90% oYY in (19). In order to compare to experiment, we need to take into

The neutron scattering experiments of Ref. 2 were perdccount the different momentum transfers in the measure-
formed in a uniform magnetic field of 7 T, which corre- Ments ofS”” and S** respectively. From(19) and (20) we
sponds to a magnetization per siterof=0.06. The breather arrive at the following theoretical prediction for the ratio of
and soliton gaps were observed at intensities,

A=~0.22 meV,A;~0.17 meV. (21 R=O.84|—1~3.06. (25
Using the expressiofb) for the soliton gap we can infer the s

coefficient of proportionality between the uniform fieWl  The experimentally observédatio of peak heights between
and the staggered field as y=~0.06. Takingy=0.06 and the breather and soliton peaks is approximately 2.8. This is
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in reasonable agreement with our result. For a better comevant in the renormalization group sense, its scaling dimen-
parison one should take into account the resolution functiosion is close to 2 fom<1 and its effects on, e.g., the defi-
of the instrument in both momentum and energy, but thisition of the amplitudes(H) anda(H) needs to be taken
goes beyond the scope of our present analysis. into account.

IV. DISCUSSION
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