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Limits on phonon information extracted from neutron pair-density functions
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We explore the possibility of extracting information about lattice dynamics in simple crystal structures from
the neutron pair-density functiofPDF) through inverse data analysis. Contrary to the claims by Dimitrov,
Louca, and Rder [Phys. Rev. B60, 6204 (1999], and in agreement with recent work by Reichardt and
Pintschoviug Phys. Rev. B63, 174302(2001)], we find that the PDF alone is not sufficient for constructing
accurate phonon dispersions in the entire Brillouin zone in systems with complex lattice dynamics. However,
our numerical simulations show that for monatomic fcc and bcc crystal structures it is, in principle, possible to
obtain phonon moments of complex metals as well as phonon frequencies of simple metals within a few
percent accuracy.
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[. INTRODUCTION constants of the phonon model and its dispersion or PDF
spectrum.

Our goal in this work is to determine whether it is pos-  Our study of the inverséndirect problem of extracting
sible to obtain high-quality information about the phononphonons from a given PDF spectrum complements the pre-
dispersion and lattice dynamics over the entire Brillouinvious studies by Reichardt and Pintschoviugho studied
zone without having to measure the phonon dispersion ihe forward (direch problem of obtaining a unique PDF
single crystals. This is an important question for materialssPectrum from very different phonon dispersion curves.
where no single crystals are available, or when performing
measurements at high pressure and high temperature. This Il. ANALYSIS
work was motivated by the claim of Dimitrov and
co-workers that it is possible to extract accurate phonon
dispersions by properly modeling the phonon system an 17-9
applying an inverse data analysis technique tortteasured (d).
neutron pair-density functiodPDF). In principle, the PDF
contains all the lattice dynamical information, although most o(r)=0o+ 1
of it is lost after the integration over dynamical and direc- 27°r
tional degrees of freedom is performed. Very recently, . ) i o
Reichardt and Pintschovitiseriously questioned the results With atomic number densitg,. For simplicity, we neglected
of Dimitrov et al,} and concluded that the PDF is rather Multiphonon processeé.e., two-phonon and higher-order
insensitive to the precise shape of the dispersion curves, anarocelsose)sn the computation of the diffuse scattering part of
therefore, that there is no hope for extracting lattice vibra-S().° Thus, we assumed that the one-phonon scattering
tions from experimental PDF measurements. Similar conPr0Cess Is the dominant inelastic sc_atterlng process in the
cerns were raised by Melleighand McGreevy. range of _lljsually measured scattering vectors,<112<Q

Experimental PDF data obtained from neutron powder~35—40 A™%. However, as was pointed out earffef; one
diffraction require various corrections to the raw data, whichn€eds to be more careful about multiphonon contributions
introduce additional errors in the analysis. Thus, in this papefVhen comparing with actual experiments.
we studiedsyntheticdatasets to avoid any ambiguity in the  We fitthe synthetic PDF datasets,{(r;) with respect to
analysis. We tested and utilized standard reverse Montie force constants of the model by minimizing the function

We calculated the PDF spectrum by Fourier transforming
e powder-averaged, coherent static structure factor

Q
fo dqggsin(qr)[S(q)—1], (1)

Carld® and Levenberg-Marquartimethods for the inverse N 5
analysis of the PDF spectra to determine how much lattice- , 1 3 [OsynTi1)—0(r))] ©
dynamical information can be recovered. To do that, we gen- Xpdf ™ N—F = a?(r;) '

erated synthetic PDF datasets for various monatomic fcc and

bce crystal structures from published tables of generalizetvhereF is the number of force constants being fitted, and
Born-von Kaman (BvK) force constant§.We used a BvK N>F. The number of spatial points is of the order Mf
model to describe the lattice dynamics since it is easy to-1000, ando(r;)=e,0(r,)r,/r; is an error estimate for
implement and is well documented in the literature, alth0ugmsymh(ri).9 We use a relative errar,~0.03 at the first PDF

it is not the best-suited phonon model for metals. This gavepeak maximum at distanag, , which is typical for experi-
us full control when testing the robustness and accuracy afents with good neutron counting statistics and proper back-
the inverse analysis methods being used. We emphasize thgitound corrections. Values as low &g~0.01 are feasible in
we wished to determine whether a unique relationship existhigh-precision diffraction experiments. Sineg, enters in
between the phonon dispersion and the corresponding PDIEQ. (2) only as an overall scaling factor, none of our results
of the systempot a unique relationship between the force depend on the absolute valuef. The sums run from just
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below the first peak throughy=1 nm. Extending the sum 107 —

to ry=2 nm does not lead to any significant changes in our 1078

results. The model PDB(r;) depends implicitly on the pho- s 100 |

non dispersion and, thus, on the fitted force constants. s g oo #1 »
One starts the loop of the fitting procedure witlisanal)) 10 .t o--0 #2 S

set of plausible force constants and calculates the phonol 10° :

frequencies (ks) and eigenvectors(ks) on a fine mesh in & 04 r T

the Brillouin zone(BZ). The computation of the static struc- =, O e T

ture factor in the one-phonon approximation is straightfor- EN i ,

ward, once the frequencies and eigenvectors are known. Fi < 0 . B

nally, one computes the model PDF by convoluting the static ' 6 i

structure factor with the instrumental resolution function of 40t ey Y

the diffractometer® and compares it with the synthetic PDF. g g N

An update of the force constants follows. These steps ar¢'s< 28T

repeated until a termination criterion is met, either in the 0.0 : : : =

implemented reverse Monte Carlo or Levenberg-Marquardt
method. Since the Monte Carlo method is computationally
intensive and Sllo'vv'compared to a generalized nonlinear FiG. 1. (Color onling Fitting the synthetic PDF of Ni, generated
least-squares minimizer, we tested the reverse Monte Carlgith a 4NN BvK force model. Top: PDF fits vs number of nearest-
method only for models with a small set of fitting param- neighbor shells of force constants for two different s@tsind 2.
eters. Center: Relative error df, in percent offgy”‘h:8.03 THz. Bottom:
Next we checked the quality of the resulting phonon dis-Figure of merit of computed phonon dispersions shown in Fig. 2.
persions by comparing the second phonon monfgrand
the phonon dispersiof(ks) with the synthetic phonon data. {q e constantgsets 1 and Rto start the fit procedure, in
The second moment of a monatomic crystal is definetl by o er 10 test the robustness of the minimization methods. In

NN shells of force constants

3 2 the fcc simulations shown in Figs. 1-8, we initialized the
fo— ° S S f2(ks) &) first shell (LNN) of force constants onlyi.e., three param-
2 | 9Ng; & EEz ’ eters, either by using the correct elastic constafsest 1), or

. ] by the corresponding values of the 1NN force constants of
with wave vectork, phonon branch indes, and Ngz k  the synthetic modelset 3. Note that in cubic systems the

points in the summation over the Brillouin zone. ~ three independent elastic constants are uniquely defined by
_In order to quantify the goodness of the phonon disperyyree force constantsee the Appendix In the case of the
sion, we introduce the merit function bce structures we initialized the combined four force con-

stants of the INN and 2NN shelisith the 2NN force con-
stantXY,=0), either by using the correct elastic constants
(set 1) or by the corresponding values of the synthetic model
(set 2.

whereN, is the number of phonon frequencies. Their esti- Also, for large numbers of force constants the Levenberg-
mated errorsr, are taken to be 2% of the frequency, but at

least 0.04 THz. These are typical error estimates reported for X . r N
neutron triple-axis spectroscopy experiments. 10 ' '

) 1 X [feymkis)—f(kis)]?

Xphon_Np_F i=1 Ulzj(kisi)

, (4)

fce Ni@300K

Ill. RESULTS 81

We studied in detail elemental Ni, Ag, Al, Ce, and Pb
(fcc), as well as Fe and Nfbcg. Since we obtained very
similar results for Ni and Ag, we will not discuss Ag sepa-
rately. The results for bcc structures show very similar be-
havior to the ones with fcc structure. Ni has a simple phonon

f [THz]

dispersion typical of monatomic fcc crystals, which can be e .
. . . . o (synthetic)
described very well by including only the first few nearest- 2 /# —— 1NN (PDF fi)
neighbor(NN) shells of interatomic force constants in a BvK — ANN{PDFH)
model. On the other hand, Pb shows a complex dispersior . H |
(even when neglecting Kohn anomalig¢bat requires long- 0 05 10 05 1 05 0
[00h] [Oh1] [Ohh] [hhh]

range forces up through 8NN shells in a BvK model. Simi-

larly, Fe is the prototype of a monatomic bcc crystal with a  FiG. 2. (Color online Phonon dispersions along high symmetry

simple phonon dispersion, whereas Nb possesses a Vegijtections of the Brillouin zone obtained from fitting the PDF curve

complex dispersion. of a generalized 4NN BvK force modéRef. 6), using fit models
For each material we used two very different sets of initialwith ZNN and up to 4NN shellgset 1.
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FIG. 5. (Color onling Fitting the synthetic PDF of Ce, gener-
ated with an 8NN BvK force model. Top: PDF fits vs nhumber of
nearest-neighbor shells of force constants for two different (dets
and 2. Center: Relative error off, in percent of fJ™
=2.48 THz. Bottom: Figure of merit of computed phonon disper-

sions shown in Fig. 6.

FIG. 3. (Color onling Fitting the synthetic PDF of Al, generated
with an 8NN BvK force model. Top: PDF fits vs number of nearest-
neighbor shells of force constants for two different datand 2.
Center: Relative error df, in percent offgy”“E 8.28 THz. Bottom:
Figure of merit of computed phonon dispersions shown in Fig. 4

Marquardt algorithm does not always converge to the globajve study of the inverse problem of extracting phonons from
minimum. Instead, it gets easily trapped in local minima,pDF curves from elemental cubic materials.

depending on the initial values of the force constants. If the
initial values are chosen poorly, then this failure is almost
unavoidable.

In this section we address in detail the quality and diffi- It is obvious from our results for Ni, Al, Ce, and Pb dis-
culties of fitting the PDF curves and investigate the qualityplayed in Figs. 1-8, and for Fe and Nb in Figs. 9-12, that
of the corresponding phonon-dispersion curves, phonon mdhe PDF is rather insensitive to the zone boundary phonons.
ments, elastic constants, Debye-Waller factors, and PDFhis is best seen for the cases of Al, Ce, Pb, and Nb, which
peak widths for a large set of elemental materials. We showave complex phonon dispersions with anomalies close to
results for systems that range progressively from very simpl¢he Brillouin-zone boundaries. In other words, the PDF is not
to very complex phonon models by gradually increasing thesensitive enough to register the out-of-phase motions of
number of nearest-neighbor interatomic forces in a Born-neighboring atoms.
von Karman model. In Figs. 1-12 we present a comprehen- Also, there is no direct correlation between the goodness
of the PDF f|t)(pdf and the merit function of the phonon
dlspersmrp(phOn For example, in Fig. 7 it can be seen for the

A. Goodness of fit

T X X’ T L

12 T
fce Al@300K

r X X r L

10 !
fcec Ce@300K

f [THz]

f [THz]

0 8NN (synthetic)

—— 1NN (PDF fit)
2 —— 4NN (PDF fit) |
--- 8NN (PDF fif) 0 8NN (synthetic)
i || i | j —— 1NN (PDF fif)
% 05 10 05 1 05 0 05 — 4NN (PDF fit)
[00h] [Oh1] [Ohh] [hhh] I-I-- 8NN (PDFﬂt)l
0 1 L 1
FIG. 4. (Color onling Phonon dispersions obtained from fitting g [000?1] 10 [(;)hsl] ! [(;)hsh] 8 [hhh] 05

the PDF curve of a generalized 8NN BvK force modREf. 6),

using fit models with 1NN and up to 4NN and 8NN shebgt 1. FIG. 6. (Color online Phonon dispersions obtained from fitting
Only frequenciegcircles with error bars are included in the com- the PDF curve of a generalized 8NN BvK force modRkf. 6),
putation OfXShon in Fig. 3. using fit models with 1NN and up to 4NN and 8NN shekgt J.
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FIG. 7. (Color onling Fitting the synthetic PDF of Pb, gener-

NN shells of force constants

NN shells of force constants

FIG. 9. (Color onling Fitting the synthetic PDF of Fe, generated

ated with an 8NN BvK force model. Top: PDF fits vs number of with a 5NN BvK force model. Top: PDF fits vs number of nearest-
nearest-neighbor shells of force constants for two different (dets neighbor shells of force constants for two different gdtsand 2.

and 2. Center: Relative error off, in percent of f™  Center: Relative error df, in percent off""=8.77 THz. Bottom:
=1.99 THz. Bottom: Figure of merit of the computed phonon dis- Figure of merit of computed phonon dispersions shown in Fig. 10.
persions shown in Fig. 8

Ce), and that both fits improve asymptotically by adding
metal Pb thaty 2y of set 1 is an order of magnitude smaller more force constants to the phonon models. This demon-
than Xpdf of set 2 for 4ANN and 5NN BvK models. However, strates that our algorithm successfully solves the inverse
their correspondingy? phon @re reversed. This means that a problem for simple cases if the PDF spectra can be obtained
good PDF fit can result in a bad description of the phonorwith arbitrarily high accuracy. At this point it is not clear if
dispersion, and vice versa. Similar conclusions follow fromthis is a robust result that will survive once actual experi-
our study of Nb in Fig. 11. This is a very important finding, mental datasets are studifay including statistical and sys-
since it demonstrates the failure of the inverse method betematic errors into the computation 8€q)]. Thus, it is gen-
cause the inverse transformation does not preserve the orderally not possible to quantifya priori the quality of the
ing of the merit functiorp(gdf. Hence it is generally not pos- extracted phonon dispersions based)(tﬁ[,}.
sible to provide a useful mapping between PDF spectra and
phonon-dispersion curves to solve the inverse problem. We r H N PN r Poow
find that)(gdf and)(f,hon are correlated overall only for simple
metals (Ni, Ag, and F¢ and semicomplex metal®l and

r X X r L

fcc Pb@ 100K

P

1 E
3 o 5NN (synthetic)
- L | — 2NN (PDFfit) | 4
0 8NN (synthetic 8

—— 1NN EPyDFfit) — 5NN (PDF fit)

—— 4NN (PDF fit)

--- 8NN (PDF fit) J
0 . I ) [ . k 0 ) ) )
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[00h] [Oh1] [Ohh] [hhh] [00h] [hh1] [.5.5h] [hhO] [hhh]

FIG. 8. (Color online Phonon dispersions obtained from fitting FIG. 10. (Color online Phonon dispersions obtained from fitting
the PDF curve of a generalized 8NN BvK modRkf. 14, using fit ~ the PDF of a generalized 5NN BvK force mod&ef. 6), using fit
models with 1NN, and up to 4NN and 8NN shells of force constantamodels with up to 2NN and 5NN shellset 1. Only frequencies
(set 1. Only frequenC|e$C|rcIe9 with error bars are included in the (circles with error bars are included in the computatlonxrjf10n
computation Ofxphonln Fig. 7. Fig. 9.
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10° i ; ; ; : 2. In any realistic experiment, where statistical and system-
10:; i °‘*-.\u_ bce Nb @’:},’b’dk‘“ at.ic measurement errors may result iqaf of order. one, it
y 107§ - N 1 will be nearly impossible to attribute small reduction of less
“w 10 F e e P - 2 1 than103in X5ar 0 @ significantly improved fit. Hence, in a
10 | o-o#2 g 1 realistic simulation a PDF fit with a simple 1NN BvK pho-
S S T non model will be almost indistinguishable from one with a
g "‘::.Q " more complex 4NN or 8NN BvK model.
Q<N 5 D'// )
= B. Phonon moments
203 L . . Since phonon moments are an integrated quantity of the
] ol VAN / phonon-dispersion curves, it is plausible to expect them to be
£ 100 | \\ AN SR less sensitive to the details of the phonon models being used
R to generate them. This is indeed the case, as can be seen for
the second moment shown in Figs. 1, 3, 5, 7, 9, and 11. Here

NN shells of force constants

we focus on the second moment only, becauset is more
sensitive to high frequenciéaear the zone boundarjethan

FIG. 11. (Color onling Fitting the synthetic PDF of Nb, gener- the lower moments, an(®) it enters the free-energy func-
ated with an 8NN BvK force model. Top: PDF fits vs number of tional in the high-temperature limit, and can be obtained in-
nearest-neighbor shells of force constants for two different @ets dependently in a specific heat measurement. For simple and

and 2. Center: Relative error off,

in percent of

synth
f3

semicomplex dispersion curvéNi, Ag, Fe, and Al, Ce the

=5.86 THz. Bottom: Figure of merit of computed phonon disper-relative errors of the computed second phonon moments

sions shown in Fig. 12.

track the overall goodness of the PDF fit. Unfortunately, this
is not true for more complex dispersiof®b and Nb, where

All PDF fits to the synthetic datasets are almost indistin-we could not establish a correlation between the goodness of

guishable, as follows from the extremely small valueyhf,

2

Xpar and the relative error of the second moment

(see the figures Note that the smallness of this value de- (Af,/E9M=f,— " /£9"™) | However, even systems

pends on the overall scaling factey,. for the accuracy of the  with complex phonon dispersions allow the extraction of
measuredPDF. Only in the controlled analysis of synthetic phonon moments within a few percent of accuracy. Several
data has such a small value any significant meaning. ThiSears ago, Knappt al® arrived at similar conclusions while
means that even the crudest BvK phonon model with onlystgying the mean-square relative displacement of the central

INN interatomic forces deviates on average less thaRiom in fcc materials with extended x-ray absorption fine-

agreement with the analysis of tfi@ward problem in Ref.

f [THz]

Finally, our computations for Ce, Pb, and Nb show that
the second phonon moment is too insensitive to the phonons
at the zone boundaries of the Brillouin zone to be useful for
determining zone-boundary phonons.

C. Elastic constants

Dimitrov and co-workerssuggested that by addingea-
sured elastic constants as constraints to the PDHditn-
strained fif one can improve upon the extracted phonon dis-
persions. This is contrary to our own results. We could not
observe any significant changes to our extracted phonon dis-
persions by using constrained PDF fits; i.e., constraining the
PDF fit to give force constants that yield the correct elastic
constants does not result in better phonon dispersions near

o 8NN (syntheti)| 1[ the zone boundaries. Of course, it results in slightly more
— 2NN (PDF fit accurate phonon dispersions near the zone center. This is not
- QEE EﬁBERIi surprising since the elastic constants determine the long-
. 7 M wavelength limit of the phonon dispersions at the center of
v 8 T & i oo B the Brillouin zone [ point) and not at the zone boundaries,

where the discrepancies between gymtheticphonon dis-

FIG. 12. (Color onliné Phonon dispersions obtained from fitting Persions and the PDF-fitted phonon dispersions are largest.
the PDF of a generalized 8NN BvK force mod&ef. 6), using fit ~ Here the extracted phonon dispersions could improve by pro-
models with up to 2NN, 7NN, and 8NN sheliset 1. Only fre-  Vviding additional constraints on zone-boundary phonons.
quenciedcircles with error bars are included in the computation of ~ Furthermore, our analysis shows that, in many cases, the
Xghonin Fig. 11. unconstrained PDF fits already yield elastic constants that
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deviate only a few percerfapproximately 1—6 %from the 0.004
values of the elastic constants of thentheticdatasets, when Ni @300K
a significantly large number of force constants are being
used. By “sufficiently large” we mean at least a 3NN BvK 0.003 | T m’t\’lygv’\l’?de
force model for Ni, Ag, Ce, and Fe, and a 5NN BvK model '

for Al and Pb. This does not work for Nb, however, where -
the extracted elastic constants are more than 10% off, eve
for the best fit. For a definition of the elastic constants in
terms of a BvK force model for fcc and bcc crystal struc-

tures, see the Appendix.

ts]

uni

0.002

W(w) [arb

°©
o
S
=

D. Debye-Waller factor

Reichardt and Pintschovius suggested that it might be
possible to improve the quality of extracted phonon disper- , , , ,
sions by adding constraints to the PDF fit, e.g., thermal pa- 0 2 4 6 8 10
rameters independently measured by a Rietveld analysis. Th /2 [THz]
thermal parameters, which are given by the exponent of the
Debye-Waller factore™ 2V, measure the mean-square atomic
displacementu?). For cubic crystals the Debye-Waller ex-
ponent simplifies tb

FIG. 13. (Color onling A comparison of the Debye-Waller spec-
tral functions of Ni at 300 K for a realistic 4NN BvK phonon model
(Ref. 6 with its corresponding Debye phonon model.

1 of the phonon dispersion. At high temperatures it depends
2W(q)={(q- u)2>=q2<u§)= §q2<u2>, (5)  only on a single parameter, namely, the inverse-squared pho-
non moment®
whereu, is the component of the displacement veaioin For those familiar with lattice dynamics, the following
the direction of the scattering vectqr This result may be Observation may be obvious, nevertheless we think that by
expressed another way, giving two simple examples we can clarify some of the con-
fusion surrounding various definitions of Debye tempera-
h |g-e(ks)|? fw(ks) tures and the phonon content in the Debye-Waller factor.
W)= 7N > b, w(ks) © ”( SkaT ) Since it is a common practice to compae-calledDebye
Bz s X< B temperaturedd,, derived from high-temperature Debye-
q (= Waller factors, 2NocT/®%W, with Debye temperature®
=M fo doW(w), (6) derived from ultrasound or low-temperature specific-heat
data,®px wp, we wish to point out tha® p# Oy, except
with the Debye-Waller spectral function given by for the special case of a Debye spectrum. When using elastic
constants(derived from ultrasoundwith a Debye phonon
N(w) hw model to estimate Debye-Waller factors, or when comparing
Mw)= © co r(m) () ®p with Op,,, one usually observes discrepancies of 10—

. . . 20%. This is not too surprising, becau®g, and O, are
whereM is the atomic massy(ks) is the angular frequency related to two very different phonon moments. Figures 13
of modes, ande(ks) is its normalized eigenvector. The pho- and 14 illustrate for Ni and Ce that at room temperature the

non density of states is normalized so that Debye-Waller spectral functiom(w), estimated from the
elastic modes, is only a crude approximation to the correct
* _ spectral function. It consistently underestimates the contribu-
doN(w)=1, (8) . . ; ;
0 tion of the intermediate frequency regi¢inansverse modes

near the zone boundargnd describes the high-frequency

andN(w)=0 for w larger than the maximum phonon fre- region (longitudinal modes near the zone boundagly on
quency. average. Here the Debye-Waller exponenty/ 2omputed

We used Eq(6) to compute the thermal parameters in ourfrom a Debye phonon model are 20% too small compared to
inverse PDF analysis. The thermal parameters computeghe ones using more realistic lattice-dynamical models. The
from the force constants of the best PDF fits were remarkother materials studied in this work show similar discrepan-
ably insensitive to the Specific form of the phOﬂOﬂ mOde'.CieS, except in the case of Nb where both the Debye and
Even for the simplest phonon models used, the relative errggttice model calculations of the thermal parameters acciden-
of (u?) was typically less than 1%less than 0.1% for Ni, tally agree within 1%.
Ag, Al, and PBH and less than 5% for Nb. Thus, measured
thermal parameters, whose absolute values are known only .
within a few percent, cannot give improved PDF fits or better E. PDF peak widths
phonon dispersions. Indeed, it is well known that the Debye- An important question that remains to be addressed is
Waller (DW) factor is rather insensitive to the detailed form how much phonon information is actually embedded in the
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FIG. 14. (Color online A comparison of the Debye-Waller spec-
tral functions of Ce at 300 K for a realistic 8NN BvK phonon model k5 15. (Color onlin® The spectral function of the first PDF
(Ref. § with its corresponding Debye phonon model. peak of Ni at 300 K. InsetsS;(w)/N(w) is nearly constant for

o . . . frequenciesw < w3, With @,,,=8.9 THz.
individual PDF peaks. Knowing the answer to this question

can significantly constrain the amount of sophistication for &ejated atomic motion of nearest neighbors, this peak width
phonon model needed to model realistic PDF spectra. Wgeviates most significantly from the far-neighbor vate.
follow Warren'” and Chung and Thorpefor studying the  Therefore, the 1NN peak is the most promising peak for
local atomic structure properties. By using the real-space apjeconvoluting the embedded phonon information. Expand-
proach for computing PDF spectra, all multiphonon pro-ing cosk-r,) in Eqg. (10), it can be shown that at high tem-
cesses are automatically included. They showed in the hageratyres and for low frequencies the spectral functioa’of
monic approximation that the PD&(r) is approximately a s i first-order approximation, dominated by the phonon
series of Gaussian peaks, each centered at disanoéh  gensity of states. Let us define the spectral funclgw) of
width o3, i.e., theith peak as

o(r)~ >, wiexd —(r—r;)/207], 9 &:ﬁfcdw Siw), (11)
i " Mo :

where the weight factow; guarantees the correct coordina- . 5
tion number of atoms in each interatomic shell and Si(w)=W(w)(|ri-eks)|’[1—codk-r))]),, (12

where(- - -), is a normalized average over phonon modes
and k points at fixed frequencyp(ks)=w, and S;(w)=0
for frequencies larger than the maximum phonon frequency.
- ) It is important to realize that because of this average the
Iri-e(ks)| [1—cogk-r))] (10) spectral functionS;(w) in Eq. (12) contains additional
w(ks) v lattice-dynamical information compared to the Debye-Waller
spectral functionV(w) in Eq. (7). For sufficiently small
frequencies, we obtain in_leading ordéfr ;- e(ks)|[ 1
- . . . —cosk-ry)]),~k?a?~(alc)?w?, with the average sound
ri=r/r;. Inthe limitk-r;>1, the cosine term oscillates S0 ¢hee and Jattice constarit. Note that this approximation is
ra_p|dly across the BZ that its average van_lshes an_d the peajguivalent to an isotropic Debye approximation with,
widths of far-out atoms contain the same qurmatzlon zgs thP&C_ For temperatureEs# w/2kg , the width of the first peak
Debye-Waller exponent, namely, Iljmoca-i =0 is proportional to the integrated phonon density of states
=4W(q)/g>. This explains our results in the preceding sec-(which is unity times (:/M)(a?/c?), as can be seen in the
tion on why the inverse PDF fits reproduced the Debyeinsets of Figs. 15 and 16, whe&(w) tracks closelyN(w).
Waller factors so well, and why adding thermal parameters tdJsing the approximate form of the average to calculate the
the fitting procedure would not provide any extra constraintsINN PDF peak width for Ni and Ce, we find that it differs by
Since far-neighbor atom PDF peaks do not contain infor-a few percent from the exact value @f, respectively. Such
mation beyond the Debye-Waller factor, we focus on thesmall deviations, due to the full knowledge of the phonon
phonon content of the near-neighbor PDF peaks. In particudispersion, are very difficult to be picked up in aeal PDF
lar, we investigate the 1NN PDF peak. Because of the corexperiment. A similar result was found in the extensive PDF

5 f ﬁw(ks))

o = NNg, 2 2%, M T

Herer, is a position vector of an atom in théh NN inter-
atomic shell measured relative to an atom at the origin, an
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0.04 _ 1.5 T T TABLE |. Symmetries of the generalized BvK force constant
8 matrix ®,yy for monatomic fcc and bcc crystal structures. The
5 10 lattice indices[h;h,h3] refer to lattice positions H;,h,,h3)a/2
€ with h;=h,>=h,.
0:03 1 Bost . | Shell fce bce
oy =
= g ‘ ‘ 1NN [110] [111]
; 0.02 00, 1 2 3 XX, =YY, XX, =YY, =227,
=l w/2n [TH] XZ,=YZ,=0 XY,=XZ,=YZ;
= 2NN [200] [200]
8 YY,=2Z, YY,=2Z,
CQN 001 XY2:X22:Y22:O XY22X22:Y22:0
3NN [211] [220]
YY;=2Z7, XX3=YY;
XY3=XZ3 XZ3=YZ;=0
0 L L 4NN [220] [311]
0 1 2 3 XX4=YY, YY,=22,
/21 [THz] XZ,=YZ,=0 XY,=XZ,
FIG. 16. (Color online The spectral function of the first PDF SNN [310] [222]
peak of Ce at 300 K. InsetS;(w)/N(w) is nearly constant for XZs=YZs=0 XXs=YY5=275
frequenciesn < wmad4, With wmna=3.0 THz. - XYs=XZs=YZ;
6NN [222] [400]
study by Jeong and co-workefswho compared experimen- XXe=YYe=2Zg YYe=2Z4
tal PDF measurements with BvK and correlated Debye XYe=XZg=Y Zg XYe=XZs=YZs=0
model calculations. 7NN [321] [331]
The key results of this section af&) that there is little - XX;=YY7, XZ;=YZ,
lattice-dynamical information in the PDF peak widths, which 8NN [400] [420]
goes beyond the Debye model, ai®l that at high tempera- Y Yg=224 XZg=YZg=0

tures the width of the 1NN PDF peak is related@g, o3

XYg=XZg=YZz=0

«T/®3, whereas the thermal parameteradf is related to

2 2
DW, O-DOOCT/DW'

polycrystals may be the analysis of time-of-flight spectra

IV. CONCLUSIONS

In conclusion, our study shows that one cannot obtain
accurate phonon dispersions from an inverse analysis of the
pair-density function, unless the lattice dynamics is simple

from inelastic neutron scatterirtg?°
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to a small fraction of the Brillouin zone centered around the

I' point with wave vectok= m/4a. Unfortunately, these are

a posterioriresults and one never knowaspriori whether a

material has a simple or complex phonon dispersion. In a cubic crystal there are only three independent elastic
We found numerically that the pair-density function pro- constant£! For fcc crystal structures with lattice constant

vides an overall account of the lattice dynamics by yieldingthese are related to the force constaftp through 8NN

phonon moments within a few percent accuracy. In othefnteratomic shellsby

words, a rather simple phonon model suffices to describe the

lattice dynamics embedded in powder diffraction data. Neu-

tron or x-ray PDF studies play an important role in the stud-aCy1=4XX;+4XX;+ 16X X3+ 8Y Y3+ 16XX;+ 36X X5

ies of the local structure of crystals, but cannot provide

deeper insight into the dynamics of lattice vibrations. A more TAY Y5+ 16X Ko+ 72X X7 +32Y Y7+ 8227+ 16X X,

promising approach for extracting phonons from powders or (A1)

APPENDIX: ELASTIC CONSTANTS
IN A BORN -VON KARMAN FORCE MODEL
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LIMITS ON PHONON INFORMATION EXTRACTED FROM.. ..

aCyy=2X X+ 2ZZ; +4Y Yo+ 4X Xg+ 20Y Y3+ 8X X,
+8ZZ4+2X X5+ 18Y Y5+ 202 Z5+ 16X Xg+ 20X X,
+40Y Y;+522Z,+ 16Y Yg, (A2)

a(Cypt Cuy) =4XY,+8Y Zg+ 32X Zg+ 16X Y, + 24X Ys
+32Y Zs+ 96X Y, +48XZ,+32YZ,, (A3)
and for bcc structures these are given by
aCyy=2X X+ 2X Xy + 8X X3+ 18X X, +4Y Y, + 8X X5

+8XXg+36XX;+22Z;,+32XXg+8YYg, (A4)

aCay= 2X X1 +2Y Yo+ 4XXg+4Z Z5+ 2X X, + 20Y Y,
+8X X5+ 8Y Yg+ 20X X; + 1827, + 4X Xg+ 16Y Yq

+202Z;, (A5)

PHYSICAL REVIEW B58, 064305 (2003

a(Cot Cuy) =4XY+8XY3+4Y Z,+ 24XY,4+ 16X Y5
+24Y Z;+ 36XY7+ 32X Yg, (AB)

where we followed the derivation of Squir&s? Our elastic
constants agree with those in Ref. 22 where comparison is
possible, except for the termvy4y, in C,, for bcc structures.
The generalized BvK force matrix of theh NN interatomic
shell is defined by

XX,
XY,
XZ,

XY, Xz,
YY, Yz,
Yz, 72z,

D= (A7)

Its symmetry properties are listed in Table I.
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