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Vibrational dynamics of solid poly„ethylene oxide…
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Molecular-dynamics simulations of crystalline poly~ethylene oxide! have been carried out in order to study
its vibrational properties. The vibrational density of states has been calculated using a normal mode analysis
and also through the velocity autocorrelation function of the atoms. Results agree well with experimental
spectroscopic data. System size effects in the crystalline state, studied through a comparison between results
for 16 unit cells and that for one unit cell, have shown important differences in the features below 100 cm21.
Effects of interchain interactions are examined by a comparison of the spectra in the condensed state to that
obtained for an isolated oligomer of ethylene oxide. Calculations of the local character of the modes indicate
the presence of collective excitations for frequencies lower than 100 cm21, in which around 8 to 12 successive
atoms of the polymer backbone participate. The backbone twisting of helical chains about their long axes is
dominant in these low-frequency modes.

DOI: 10.1103/PhysRevB.68.064304 PACS number~s!: 63.50.1x, 82.35.Lr
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I. INTRODUCTION

Solid polymer electrolytes~SPE’s!, composed of inor-
ganic salts solvated in solid, high-molecular-weight polym
matrices, have been the focus of intense theoretical and
perimental research because of their applications as s
state batteries.1,2 In spite of their wide technological applica
tions, the precise mechanism of conduction in these mate
is still unclear and remains a pursuit of interest. In nonpo
meric crystalline and glassy electrolytes, the ionic spec
hop from one site to another within a rigid host frame. Ho
ever, the conduction mechanism in solid polymer electroly
is believed to be different.3–5 Nuclear magnetic resonanc
~NMR! studies of line shape and relaxation rates in poly~eth-
ylene oxide!-lithium salt complexes have demonstrated a
lationship between the motion of the Li1 ions and the seg
mental motion of the poly~ethylene oxide! ~PEO! chains.6

This notion gains support from other experimental stud
such as field-gradient NMR spin-echo technique,7 and quasi-
elastic neutron scattering.8 SPE’s, in general, contain bot
amorphous and crystalline regions, with conduction be
facile in the amorphous regions. This is probably due to d
ferences in the chain dynamics.9 The work of Armand and
co-workers has shown that ion mobility in solid electrolyt
is of a continuous, diffusive type, in the amorpho
regions.10 NMR, differential scanning calorimetry, and ele
trical conductivity studies have demonstrated that both
ions and anions are mobile in the amorphous phase.11 Re-
cently, Bruce and co-workers have shown that a SPE wi
ratio of ether oxygen to lithium of 6:1, exhibits higher co
ductivity in its crystalline phase as compared to its am
phous phase and that the ion transport is dominated by
cations.12 In such complexes, crosslinking between a pair
polymer chains results in a channel-like structure. The
moves in this channel, aided by the segmental motion of
polymer chain pair.

A large number of simulations have been carried out
PEO and PEO-salt complexes, both in their crystalline a
amorphous phases over the last decade. Molecular-dyna
studies by de Leeuwet al., using an united atom model fo
0163-1829/2003/68~6!/064304~10!/$20.00 68 0643
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PEO chains in their molten state, have examined the mo
of methylene groups, which they term as segmen
motion.13 Neyertz et al. have performed extensiv
molecular-dynamics~MD! simulations of bulk crystalline
PEO,14,15 PEO melts,16 crystalline NaI-PEO,17 and amor-
phous NaI-PEO~Ref. 18! systems. The simulations o
Müller-Plathe and co-workers on PEO-LiI complexes19 have
demonstrated that the ether oxygens belonging to cons
tive monomers of a PEO chain coordinate to the same1

ion and that this segmental coordination is argued to be
driving force for salt dissolution. Laasonen and Klein ha
performed MD simulations of both crystalline and amo
phous PEO-NaI complexes.20 Their study showed that ion
pairing is most probable in the crystalline rather than in
amorphous phase. Halley and co-workers have studied
structure of amorphous PEO using the Parrinello-Rahm
method recently.21 MD simulations have also been employe
by Smith and co-workers to elucidate the structure and
namics of poly~propylene oxide! melts,22 PEO-salt
complexes,23 and aqueous PEO solutions,24 using a potential
model derived fromab initio calculations.25

It is our endeavor here to characterize the vibratio
modes of the polymer backbone in the pristine polymer, w
an emphasis on the low-frequency modes. This could
hance our understanding of the exact relationship betw
the dynamics of the polymer and that of the cation in t
PEO-salt complexes. We carry out this study with t
thought that understanding the evolution of the vibratio
modes from the crystalline phase of pure PEO to its natur
the glassy state without and with the salt is crucial in ma
ping the precise mechanism of ion transport in the
systems.26,27 Normal mode analyses to characterize vib
tional spectra have been employed successfully to desc
the dynamics of glassy systems,28 and are likely to be em-
ployed in the study of jammed granular materials.29 These
calculations have also helped our understanding of vib
tional modes of polyethylene,30 of proteins in solution,31 in
determining the flexibility of proteins, and in the thermod
namics of hydration water in protein solutions.32 Unlike
polyethylene, PEO adopts a distorted helical conformation
©2003 The American Physical Society04-1
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its crystalline state, with the distortion arising from stro
intermolecular interactions. It is thus important that such n
mal mode calculations be performed for the crystalline st
rather than for an isolated oligomer. In this paper, we lim
ourselves to the study of the vibrational spectrum of PEO
its crystalline state. Analyses of these modes under o
state and phase conditions will be examined in future.
anticipation of our results, we have identified the existen
of segments in the polymer backbone consisting of aroun
to 12 atoms, to exhibit significant atomic displacements,
vibrational modes with frequencies up to around 100 cm21,
and that the modes with frequencies below 60 cm21 involve
twisting of the skeletal backbone. The paper is divided
follows. Details of the simulation and the methods of ana
ses are presented in the following section. Later, we disc
the results obtained from our study. Details on obtaining
elements of the dynamical matrix are provided in t
Appendix.

II. DETAILS OF SIMULATION

The unit cell of crystalline PEO is monoclinic with th
PEO chains in a~7/2! distorted helical conformation with
TTG sequence.33 A unit cell consists of four PEO chains wit
21 backbone atoms in each chain. The MD runs repo
here were initiated from configurations generated from t
crystal structure. The two ends of a polymer chain were
sumed to be bonded across the simulation cell boundary14,20

to eliminate end effects. MD simulations were perform
primarily for a system that we describe as^422&, which con-
tained four unit cells along thea axis, two unit cells along
the b axis and two unit cells along thec axis, containing a
total of 3136 atoms. To study system size effects and eff
of interchain interactions, we have performed additio
simulations of only one unit cell, and also of one isolat
finite length polymer chain. Thus the simulations for t
^422& cells and that for the one unit cell contained cha
that had no ends, while that for the isolated molecule c
tained a chain with two ends. An all atom model with e
plicit consideration of hydrogen atoms was used, to prope
account for the steric interactions expected to be dominan
the crystalline state. The simulations were carried out in
canonical ensemble at 5 K for the normal mode analysi
~NMA ! and in the constant pressure ensemble at 300 K a
atm to test the stability of the simulated crystal. Temperat
control was achieved by the use of Nose-Hoover ch
thermostats,34 using the PINY-MD program.35 Long-range
interactions were treated using the Ewald method with aa
value of 0.3 Å21, and 2399 reciprocal space points we
included in the Ewald sum.36 The methylene groups wer
treated as rigid entities, enabling us to employ a time ste
1 fs. To obtain the vibrational density of states~VDOS!, we
performed these calculations at a temperature of 5 K, wh
the atoms could be expected to be near their equilibr
positions. The equilibration period for the single molecu
the unit cell, and thê422& system were 65 ps, 100 ps, an
750 ps, respectively. These were followed by an analysis
of duration 30 ps during which the coordinates and veloci
of each particle were stored at regular intervals. Velocit
06430
r-
e,
t
n
er
n
e
8
r

s
-
ss
e

d
s
s-

ts
l

s
-

ly
in
e

1
e
n

of

re

,

n
s
s

were dumped every time step to obtain the power spect
of their time correlation functions and the coordinates w
dumped every 10 fs.

The simulations were performed with a force field o
tained from the work of Neyertz14 with the torsional param-
eters of the CHARMm model.37 The potential parameters ar
given in Table I. The nonbonded interactions were trunca
at 12 Å for the^422& crystal, at 3.25Å for one unit cell, and
at 12 Å for the single molecule runs. The lower cutoff val
for the unit cell run is necessitated by the fact that the int
action cutoff should be less than half of the minimum d
tance between any two opposite faces of the simulation c

The potential energy of the system can be expanded
terms of atomic displacements from an equilibrium config
ration as

U~q1 ,q2 , . . . ,qn!5U~q01,q02, . . . ,q0n!1S ]U

]qi
D

0

h i

1
1

2 S ]2U

]qi]qj
D

0

h ih j1•••, ~1!

where the subscript 0 represents the equilibrium configu
tion andh i are the deviations of the coordinates from eq
librium, represented as

qi5q0i1h i . ~2!

The elements of the Hessian matrix are given by

Hi j
ab5

1

Amimj
S ]2U

]b j]a i
D , ~3!

where i , j represent particle indices anda, b represent the
spatial coordinatesx,y,z. mi is the mass of particlei. A
simple scheme to obtain some of these Hessian elem
efficiently is provided in the Appendix.All Hessian elements
obtained from such analytical expressions were chec
against numerical second derivatives38within our normal
mode analysis code, and were found to match. The eigenval-
ues and eigenvectors of the Hessian matrix were examine
understand the vibrational dynamics of PEO. The freque
ns of a particular mode of vibration,s, is related to its eigen-
valuels by

ls5~2pns!
2. ~4!

With these set of interactions, the initial pressure of t
^422& system was found to be around 4000 atm. Hence,
performed a MD run in the NPT ensemble for 200 ps un
ambient conditions. The change in volume was found to
1.3% from that of the experimental crystal. Time correlati
functions of atomic velocities were calculated, and we
Fourier transformed to obtain the power spectra. These w
compared with the spectrum obtained from the NMA. T
spectra were convoluted with a Gaussian function of wi
4 cm21 so as to provide a width to the spectral features. T
helical axis of a PEO chain possesses a sevenfold rotati
symmetry. In addition, sevenC2 axes lie perpendicular to it
making the molecular symmetry of PEO to beD7.33 We have
4-2
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TABLE I. Parameters of the interaction potential~Refs. 14 and 37!.

Stretch r 0 ~Å! kr (K Å22)

C-C 1.53 237017.0
C-O 1.43 171094.8
C-H 1.09 Constrained
H-H 1.78 Constrained
Bend u0 ku (K rad22)
C-O-C 112° 110255.50
O-C-C 110° 76942.34
O-C-H 109.5° 30193.20
H-C-C 110° 45199.50
Torsions a0 ~K! a1 ~K! a2 ~K! a3 ~K! a4 ~K! a5 ~K! a6 ~K!

C-C-O-C 250.322 150.966 0.0 2201.288 0.0 0.0 0.0
C-O-C-H 250.322 150.966 0.0 2201.288 0.0 0.0 0.0
H-C-C-H 83.03 2249.090 0.0 332.120 0.0 0.0 0.0
O-C-C-O 265.70 21826.19 2144.72 3901.46 21667.17 142.91 1480.98
H-C-C-O 98.128 2294.384 0.0 392.512 0.0 0.0 0.0
Nonbonded A ~K! B(Å21) C(K Å6)
C . . . C 15909350.62 3.3058 325985.916
C . . . O 21604039.75 3.6298 177536.016
C . . . H 7571800.37 3.6832 91334.430
O . . . O 29337172.46 4.0241 96668.562
O . . . H 10282092.97 4.0900 49718.136
H . . . H 3603659.064 4.1580 25563.576

Atomic charges~e!

qC 0.103
qO 20.348
qH 0.0355
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characterized the symmetry of the normal modes by study
the transformation of atomic displacements, on applicat
of the symmetry operations for this group. Specifically, t
operation by theC2 axes enables a distinction between t
three irreducible representations,A1 , A2, andE.

We have also characterized the spatial extent of the mo
of vibration using a quantity called the local character, d
fined as31,39

L~ j !5(
i 51

3N

ui j
4 , ~5!

whereui j is the i th component of thej th eigenvector. The
local character value can range from 0 to 1 and it determ
the extent of localization of a particular mode.

To obtain quantitative information on the length of th
segment involved in the low-frequency modes, we have
fined a quantity called the continuous segment size~CSS!.
We calculate the displacement of thekth atom due to ai th
mode using the expression

^dr ik
2 &5kBT

uuW i
ku2

mkv i
2

, ~6!

wheremk is mass ofkth atom,uW i
k is the vector formed by the

components of thei th eigenvector contributed by thekth
06430
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atom, T is temperature, andv i is the frequency of thei th
normal mode. We then check if the displacement is grea
than a specified cutoff. Ifn successive backbone atoms of
chain each have displacements greater than the displace
cutoff, they are defined to constitute a segment with C
5n. Similarly, CSS was calculated for all possible mod
with different vibrational frequencies from which the ave
age segment size for a given frequency was calculated.

III. RESULTS AND DISCUSSION

For crystalline systems, a close match between the exp
mentally determined cell parameters and that obtained f
simulations is a crucial first step in the veracity of the p
rameters used. We show in Fig. 1, the time evolution of
cell parameters at 300 K and 1 atm, generated by a MD
in the constant pressure ensemble using the Parrine
Rahman method.40 The b and theb parameters of the uni
cell exhibit a relaxation from the zero time experimen
value, due possibly to relatively minor deficiencies in t
interaction model used to represent this system. The c
stancy of the cell parameters for over 100 ps shows that
simulated crystal is in a stable state, and that the poten
parameters are indeed able to reproduce the high deman
the crystal symmetry. Table II compares the cell parame
obtained from our simulations to the experimental data.

An interesting feature associated with polymer dynam
4-3
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is the variation of the various vibrational modes of a ch
encountered during its transformation from the isolated s
to the crystalline state. The vibrational spectra of a sin
molecule, one unit cell, and that of the^422& crystal are
compared in Fig. 2~a!. When the chains assemble to form
crystal, each chain might prefer a new conformational s
relative to its structure in the isolated state. A comparison
the vibrational spectra between that of one isolated mole

FIG. 1. Plot of instantaneous cell parameters of PEO cry
obtained from simulations:~a! cell lengths,~b! cell angles. The zero
time configuration corresponds to the experimental crystal struct

TABLE II. Lattice parameters obtained from simulation com
pared to experiment~Ref. 33!.

Lattice parameter Simulation Experiment

a @Å# 8.08 8.05
b @Å# 13.17 13.04
c @Å# 18.45 19.48
a(deg) 89.98 90.0
b(deg) 123.01 125.40
g(deg) 89.99 90.0
06430
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FIG. 2. ~a! The vibrational density of states of a single molecu
~bottom!, for one unit cell~middle! and for the^422& crystal ~top!
of PEO, each obtained from normal mode analysis. The two s
tions of each spectrum are normalized independently to enable
ter comparison among the three system sizes. The spectra in~a!, ~b!,
and ~c! are convoluted with a Gaussian function of width 4 cm21.
~b! The vibrational density of states of the^422& crystal, obtained
by NMA shown in expanded scale.~c! Vibrational density of states
obtained from the NMA method~bottom panels! are compared with
experimental Raman~dashed lines! and infrared~continuous lines!
absorption intensities. Experimental data presented in the top
and top right panels were obtained from Ref. 41 and Ref. 44,
spectively. Note that the simulated spectrum is the raw density
states and does not contain any other terms that are needed t
culate the experimental absorption spectra. Thus only the peak
sitions are comparable, and not their intensities.
4-4
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VIBRATIONAL DYNAMICS OF SOLID POLY~ETHYLENE . . . PHYSICAL REVIEW B 68, 064304 ~2003!
of finite length and of thê422& system provides information
on the effect of intermolecular interactions. As expected,
vibrational states of the isolated molecule showed mar
differences from the crystalline state, particularly in the lo
frequency regions, where large amplitude, collective moti
are predominant~see later!. However, there are no significan
changes in the high-frequency regions of the spectrum.
spectrum for the one unit cell compares well with that of t
^422& crystal. However, the features in the VDOS of t
^422& crystal are much better resolved, particularly at lo
frequencies. For instance, the features at around 40 c21

and 75 cm21 are clearly evident in the larger system than
the spectrum for the unit cell, pointing to effects of lon
range interactions. The spectrum for the^422& system is
shown in an expanded scale in Fig. 2~b!. The split in the
feature below 100 cm21 is evident and compares well wit
experimental infrared~IR! spectra41 that shows features a
37 cm21, 52 cm21, 81 cm21, and 107 cm21. We do ob-
serve a prominent shoulder at 108 cm21 which has been at
tributed to modes involving C-O internal rotation earlier.41 A
comparison of the simulated vibrational density of sta
with the experimental IR and Raman spectra, exhibited
Fig. 2~c!, shows that the potential model captures well nea
all the vibrational modes.41–43 Note that the simulated spec
trum is the raw density of states and does not contain
other terms that are needed to calculate the experime
spectra. Thus only the peak positions need to be compa
and not their intensities. Almost all the features found in
IR and Raman spectra seem to be present in the simu
VDOS. Another noteworthy feature of the spectrum is t
absence of modes with imaginary frequencies which wo
have corresponded to either the presence of atoms away
equilibrium locations or to a mismatch between the empiri
potential function and the crystal structure.

We have also calculated the vibrational spectrum thro
the Fourier transformation of the velocity autocorrelati

FIG. 3. The vibrational density of states of^422& PEO crystal
obtained from normal mode analysis~top panels! is compared with
that obtained as the power spectrum of the velocity autocorrela
function of all atoms~bottom panels!. The two sections of each
spectrum are normalized independently to enable better compa
among the two methods. The spectra are convoluted with a Ga
ian function of width 4 cm21.
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function of the atoms. This is compared with the VDOS o
tained by the NMA in Fig. 3. The agreement between
spectra is excellent except for features above 1200 cm21.
Also, the peak at around 1470 cm21 is missing in the spec-

n
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ss-

FIG. 4. ~Color online! Atomic displacements of representativ
normal modes of the PEO crystal. For each mode, one of the ch
that exhibit significant atomic displacement is shown, for clar
Green spheres denote carbon atoms and red spheres denote
gens. Hydrogen atoms are not shown for clarity in all the mod
except the one with frequency 1244 cm21. Arrows denote the di-
rections of atomic displacements and their lengths are scaled u
the purpose of visualization. The mode at 0 cm21 is the rigid body
translation of the chain, and that at 1244 cm21 arises from wagging
of CH2 groups. Frequencies in cm21 are as provided in the figures
The representation of these modes in theD7 group, are as follows,
with frequencies in cm21 given in parantheses:A2 ~38!, A2 ~44!, E
~88!, A1 ~216!, E ~510!, E ~952!, andE ~1244!.
4-5
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trum obtained through the velocity autocorrelation functi
~VACF!. Visualization of the atomic displacements asso
ated with this mode revealed HCH bending in methyle
groups. Since all the CH2 groups were constrained to be rig
during the MD runs for the VACF analysis, the absence o
peak in the VDOS obtained from VACF, in this region can
rationalized. The comparison of the VDOS obtained from
two methods is good, despite the fact that the NMA meth
is only a harmonic approximation to the potential. Close
amination of the two shows a marginal~approximately
4 –5 cm21) shift to higher frequencies in the spectrum o
tained by the NMA method relative to that from the VACF

We visualized the eigenvectors corresponding to differ
vibrational modes to assign the nature of atomic displa
ments that are responsible for the spectral features. In
eral, our assignments are consistent with ear
calculations.44,45 In Figs. 4~a! and 4~b!, we display a few of
the modes. The zero frequency mode characterizes r
body translation. The features at around 40 cm21, have ear-
lier been attributed to chain deformations.41 Based on visu-
alization of atomic displacements shown in Fig. 4~a!, we
assign these modes specifically to the twisting of the polym
backbone. The mode at 88 cm21 arises from torsional mo
tion around the C-O bond. TheA1 mode at 216 cm21 can be
assigned to torsions around the C-C bond, while
510 cm21 feature involves bending of CCO triplets. CO
bending is observed at 952 cm21 while the wagging motion
of the methylene groups is found to be present
1244 cm21, in good agreement with IR and Rama
measurements.44 The symmetries of the modes are al
shown in Figs. 4, which agree well with experimen
assignments.41,44,45

For characterizing the normal modes further, we have
culated the local character for each mode31,39which is shown
in Fig. 5. In the range, 0 to 160 cm21, the local character
value is very small, implying the participation of a larg
number of atoms. However, the local character does not
vide any information on the proximity of the atoms that e

FIG. 5. Local character indicator for the normal modes of P
crystal. The inset shows the frequency range where collective
tion is most probable with very small local character indica
values.
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hibit significant displacement in a mode. This quantity has
be augmented by a further analysis of the concomitancy
proximity of atoms excited in a mode.

We have developed such an index that takes into acco
the connectivity of the atoms involved in a mode. We det
mine the number of successive atoms,n, that participate in a
mode of a given frequency, by calculating the distribution
segment sizes,f (n), for that vibrational mode. As a repre
sentative example, the distribution of the CSS for one s
vibrational mode of frequency 44 cm21 is shown in Fig. 6
for four selected displacement cutoffs. It is our contenti
that a large number of atoms in proximity to each other p
ticipate in these modes. This is evident from the nonz
value of f (n) for n values in the range of 5 to 10, for som
of the cutoff values.

The average segment size was calculated by evalua
the following summation:

^CSS&5

(
n55

42

n f~n!

(
n55

42

f ~n!

. ~7!

In our study, we define a segment as a chain of conne
atoms whose displacements are larger than a specified cu
with n >5. Values with n,5, which correspond to intramo
lecular excitations that arise out of bonded interactions s
as the stretch, bend, and torsion, have been omitted in^CSS&
calculations, as their origin is trivially known. It should als
be noted that the exact values of the average segment
will depend on the chosen displacement cutoff. Hence,
have performed these calculations for a variety of cutoffs a
these are exhibited in Fig. 7 as a function of the frequency
the modes. Notice that the segment size for the zero
quency modes, i.e., translations, is 42, which is the num
of backbone atoms in a given chain. It is also evident fro
the figure that the average segment size decays with incr
in frequency. Figure 7 also shows the variation of^CSS& as a

o-
r

FIG. 6. The segment size distribution,f (n), corresponding to
the mode at 44 cm21 of the PEO crystal. The distribution is show
for four different displacement cutoffs. Such distributions are us
to calculate the average continuous segment size (^CSS&) which is
defined in Eq.~7!.
4-6
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VIBRATIONAL DYNAMICS OF SOLID POLY~ETHYLENE . . . PHYSICAL REVIEW B 68, 064304 ~2003!
function of frequency, for four different displacement cu
offs. The displacement cutoff that spans the frequency ra
relevant to collective motion, where the the local charac
value is almost zero is the one of significance. It can be s
that in the frequency range of 10 cm21 and 100 cm21,
which is the range of collective motion, around 8 to
successive atoms of the backbone are involved in
excitations.

IV. CONCLUSIONS

We have studied the vibrational dynamics of crystalli
poly~ethylene oxide! using molecular dynamics and norm
mode analysis. The vibrational density of states obtai
from NMA matches well with that obtained from the Fouri
transformation of velocity autocorrelation function and a
with experimental IR and Raman data.41–43The VDOS of an
isolated PEO chain of finite length showed marked diff
ences from that of the crystal in the low-frequency reg
where collective modes are predominant. We have also
plored system size effects by comparing the VDOS obtai
from a simulation containing 16 unit cells and that of o
unit cell. The spectrum obtained from the former is mu
better resolved, particularly at low frequencies, where th
clear features, at 44 cm21, 70 cm21, and 88 cm21 are ob-
served. The results of our calculations agree well with
signments of mode symmetry by earlier workers, which u
standard methods for a single chain of PEO, or for an u
cell.41,44,45Such calculations have the added advantage, o
the MD route presented here, of being able to obtain dis
sion of the vibrational modes. However, the method
scribed here can be used to characterize these vibration
the amorphous and liquid phases of PEO.

The normal modes obtained from the present anal
were characterized by the local character indicator and b
new quantity that determines the number of concomitant
oms excited by a mode, called the CSS. In the range 0
160 cm21, the value of the local character indicator w
very small, indicating the participation of a large number

FIG. 7. Variation of the average continuous segment s
(^CSS&) with respect to the vibrational frequencies for differe
displacement cutoffs.
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atoms in the vibrational modes in this range. A distribution
segment sizes was calculated for each mode from which
average continuous segment size was calculated as a fun
of the vibrational frequency. The frequency dependence
^CSS& clearly shows collective modes to be present for f
quencies less than 100 cm21, in which around 8 to 12 suc
cessive atoms of the backbone participate. This quantita
analysis is also corroborated by visualization of the atom
displacements for the low-frequency modes.

The phase behavior of PEO and the evolution of th
vibrational modes as a function of temperature and th
properties in the amorphous phase will form the objectives
our study in future.
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APPENDIX

The form of the potential used in our simulations is g
neric to macromolecular interactions, and can be found
Ref. 14. Here, we provide only the torsional and Coulom
terms,

Ucoulomb5
qiqj

r i j
~A1!

and

Utorsion5 f ~cosf!5(
i 50

6

aicosif. ~A2!

We provide here a procedure to obtain the Hessian eleme
which is easy to program. To our knowledge, such a sche
has not been outlined so far,46 and hence we provide it her
for pedantic reasons. We limit these details to contributio
from the torsional interactions, the reciprocal space part,
the real space part of the Ewald sum. Contributions fr
other terms in the potential energy are much simpler to
rive and are not given here.

1. Hessian from the torsional interaction

The torsional anglef between the planes formed by th
bond vectorsrW12, rW23, andrW34 is

cosf5Â•B̂5AgBg , ~A3!

where the Einstein summation convention has been used

Â5
rW123rW23

urW123rW23u
and B̂5

rW233rW34

urW233rW34u
. ~A4!

The second derivative ofUtorsion with respect to a spatia
coordinatean , where a can be eitherx,y, or z and n
51,2, . . . ,N, can be written as

e

4-7
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]2Utorsion

]bm]an
5S ] f

] cosf D S ]2cosf

]bm]an
D

1S ] cosf

]an
D S ] cosf

]bm
D S ]2f

] cosf2D . ~A5!

The derivates of cosf can be calculated as follows:

]2cosf

]bm]an
5Ag

]2Bg

]bm]an
1

]Bg

]an

]Ag

]bm

1Bg

]2Ag

]bm]an
1

]Ag

]an

]Bg

]bm
. ~A6!

We can writeAg as

Ag5
Ng

A

DA
~A7!

with

Ng
A5egnj~rW12!n~rW23!j ~A8!

and

DA5F(
l

~Nl
A!2G1/2

, ~A9!

whereg, n, andj stand for any of the three indicesx,y,z
andegnj is the antisymmetric Levi-Civita tensor of rank 3.
similar expression can be written forBg .

The first derivatives ofAg are

]Ag

]an
5

1

DA

]Ng
A

]an
2

Ng
A

DA
3 (

l
Nl

]Nl
A

]an
, ~A10!

where

]Ng
A

]an
5 (

n5x,y,z
egna@~rW12!n~dn32dn2!2~rW23!n~dn22dn1!#.

~A11!

The second derivative ofAg is calculated as follows:

]

]bm

]Ag

]an
5

]F 1

DA

]Ng
A

]an
G

]bm
2

]F Ng
A

DA
3 (

l
Nl

]Nl
A

]an
G

]bm
~A12!

with

]F 1

DA

]Ng
A

]an
G

]bm
5

1

DA

]

]bm

]Ng
A

]an
2

1

DA
2

]Ng
A

]an

]DA

]bm
, ~A13!
06430
]F Ng
A

DA
3 (

l
Nl

]Nl
A

]an
G

]bm

5
Ng

A

DA
3 H(

l
FNl

]2Nl

]bm]an
1S ]Nl

]an
D S ]Nl

]bm
D G J

1S (
l

Nl

]Nl

]an
D S 1

DA
3

]Ng

]bm
2

3

DA
4

Ng

]DA

]bm
D ,

~A14!

where

]

]bm

]Ng
A

]an
5egba@~dm22dm1!~dn32dn2!

2~dm32dm2!~dn22dn1!#. ~A15!

Using Eqs. ~A6!, ~A10!, and ~A12! we can calculate
]2cosf/]bm]an , which can be substituted in Eq.~A5! to get
the torsional contribution to the Hessian.

2. Hessian from the Coulomb interaction

The reciprocal space energy in the Ewald sum metho

Ureci5
1

Ve0
(
kWÞ0

e2k2/4z2

k2
~ak

21bk
2!, ~A16!

where

ak5(
j 51

N

qjcos~kW•rW j ! and bk5(
j 51

N

qjsin~kW•rW j !.

~A17!

Here,V denotes the volume of the simulation cell,z de-
termines the width of the Gaussian charge distribution c
tered on the point charges in the Ewald sum method,kW de-
note the reciprocal lattice vectors, ande0 denotes the
permittivity of free space.

It can be shown that

]2Ureci

]bm]an
5

1

Ve0
(
kWÞ0

e2k2/4z2

k2
ˆ2qnka$2kbdmn@akcos~kW•rWn!

1bksin~kW•rWn!#1qmkbcos@kW•~rWn2rWm!#%‰.

~A18!

The expression for the real space energy in the Ew
summation is

Ureal5
1

4pe0
(
i 51

N

(
j . i

N

qiqjr, ~A19!

where

r5
erfc~zr i j !

r i j
. ~A20!

The second derivatives ofUreal are
4-8
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]

]bm
S ]Ureal

]an
D5

1

4pe0
(
i 51

N

(
j . i

N

qiqj

]

]bm
S ]r

]an
D

~A21!

with

]

]bm
S ]r

]an
D5S ]r

]r i j
D ]

]bm
S ]r i j

]an
D1S ]r i j

]an
D ]

]bm
S ]r

]r i j
D ,

~A22!

]

]bm
S ]r i j

]an
D5

~d jn2d in!~d jm2d im!

r i j

3F dab2
~a j2a i !~b j2b i !

r i j
2 G . ~A23!

It can be shown that
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