
PHYSICAL REVIEW B 68, 054515 ~2003!
Vortex nucleation in phase-slippage experiments in ultrapure superfluid4He below 0.5 K
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We examine anew the problem of vortex nucleation in ultrapure4He with particular attention on the regime
below 0.15 K, which is thought to involve quantum tunneling. The critical velocity data obtained in phase-
slippage experiments on two samples with less than 1 ppb of3He impurities are reanalyzed so as to provide in
a direct way the vortex nucleation rate. The analysis is carried out in the theoretical framework that has been
developed for the escape problem of a Brownian particle from a metastable cubic potential. This theory, which
has been applied successfully to superconducting Josephson junctions, gives a fully consistent account of the
experimental observations in both the temperature-dependent regime above 0.15 K and the low-temperature
plateau.
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I. INTRODUCTION

As Feynman suggested in 1954,1 vortices are believed to
be formed when superfluid4He is forced to flow through a
constriction and its superfluid property is destroyed. F
critical flow through submicron-size apertures, vortex form
tion takes place according to a scenario in which vortex h
rings nucleate at the wall of the aperture, at a site where
local superfluid critical velocityvc is exceeded.2–7 In larger
channels, more complicated hydrodynamical processes c
into play, leading to the formation of self-sustained vort
tangles and turbulent flows.8 Some of the many phenomen
arising from the dynamics of quantized vorticity in superfl
ids are described in a recent book edited by Barenghi, D
nelly, and Vinen.9

Here, we restrict our scope to the formation of vortic
one by one in aperture flow. We present an analysis of
experimental data on phase slippage in ultrapure4He at tem-
peratures from;400 mK down to 17 mK already reporte
in Refs. 4 and 10. This more detailed analysis brings i
better focus the observations that have laid the experime
ground work for the half-ring scenario. Some pending iss
on quantum tunneling of vortices of mesoscopic sizes
reexamined in greater depth in light of these more prec
results.

The vortex nucleation problem has been considered f
the theoretical point of view by, in particular, Iordanskii,11

Langer and Fisher,12 Volovik,13 Muirheadet al.,14 Sonin,15,16

Fischer,17,18 and others~see, for instance, Ref. 5 for mor
references!. The description of a vortex involves few macr
scopic variables, and one only–the radius—in the case
circular, or semicircular, vortex. The problem can thus
modeled by the escape of a particle confined in a metast
potential. For vortex rings, or half rings, the well is on
dimensional as pictured in Fig. 1.

Two regimes in temperature are distinguished. At h
temperature, the particle can be thermally excited to an
ergy above the top of the potential barrier and fall down
the continuum side. The inverse decay time for such a p
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cess, that is, the number of events per unit timeG, is ex-
pressed by the Arrhenius law

GA5
v0

2p
expH 2

Eb

kBTJ . ~1!

The attempt frequencyv0/2p characterizes the dynamics o
the system; the energy barrierEb is the depth of the potentia
well.

As T decreases, the rate~1! becomes vanishingly sma
and, quantum mechanics prevailing, the particle escape
tunneling under the potential barrier at a rate that can
expressed in the Wentzel-Kramers-Brillouin approximati
asA exp(2S/\), S being the action of the particle along th
saddle-point trajectory at the top of the potential barrier,
so-called ‘‘bounce.’’ Full expressions forG in the various
regimes are given below. The crossover from thermal act
tion to quantum tunneling takes place close to the temp
ture at which the rates are equal,T0;\v0/2pkB .19,20

FIG. 1. Potential well trapping a particle in one dimension. T
particle can escape to the continuum of states to the right.
lowest mode at the bottom of the well has angular frequencyv0 ;
vb would be the corresponding quantity if the potential was
verted bottom over top.
©2003 The American Physical Society15-1
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Fully documented cases of macroscopic quantum tun
ing are few. Definitive work has only been conducted
artificial structures, namely, electrodynamic Joseph
junctions,21 but most mesoscopic structures that form at l
temperature, including helium vortices, can possibly qu
tum tunnel out of their confining potential.

Our purpose here is to show that the experimental data
phase slippage in ultrapure4He at low temperature can b
interpreted in their very details in a model in which vortic
are nucleated by quantum tunneling. We first summarize
theoretical results for the escape of a Brownian particle~Sec.
II !. We next lay the ground work for the statistical analysis
the experimental observations in a detailed and comp
manner in order to clearly distinguish the various, no
equivalent approaches that have been used in previous
~Sec. III!. The outcome of this analysis is given in Sec. I
Finally, we state how these results provide support for
nucleation model, compare the various ways to derive va
for the energy barrier from the data, and discuss the influe
of damping, which, albeit small, can be estimated from
data~Sec. V!. We summarize our work in Sec. VI.

II. ESCAPE OF A BROWNIAN PARTICLE FROM A WELL

Expression~1! assumes thermal equilibrium, that is, som
degree of interaction of the particle with a heat bath. T
particle is thus subject to random forces, experiences frict
and undergoes Brownian motion. Following the pioneer
approach of Kramers,22 the escape from a well of such
Brownian particle has been considered in particular
Langer23 in the classical, thermally activated regime, and
Caldeira and Leggett24 in the quantum regime. At tempera
tures where the thermal energy is large with respect to
well depth, the escape process results from the inelastic s
tering of thermal excitations by the metastable particle wh
quantum tunneling is a manifestation of the zero-point fl
tuations in the environment.25

Thermal activation and quantum tunneling are we
established phenomena for microscopic systems. How
quantum regime goes over to mesoscopic systems, w
involve a large number of coupled microscopic compone
and in which the effect of the environment affects quant
tunneling, has been considered by Caldeira and Legg24

and a number of other workers~for general reviews, see
Refs. 26–29!. Most of these studies were devoted to sup
conducting Josephson devices~see, in particular, the review
by Larkin, Likharev, and Ovchinnikov26 and by Grabert27!
and are remarkably well confirmed by experiments,
particular:30–33that quantum tunneling can take place in su
large systems is a well-established experimental fact.21

Hosts of other mesoscopic systems are thought to exh
quantum-tunneling phenomena, for instance, charge-den
waves in quasi-one-dimensional conductors,34,35 vortices in
superconductors,36,37 vortices and spin domains in Bose
Einstein condensates,38,39 cavitation of bubbles in
helium,40–42 crystalization in 4He,43 magnetic clusters.44,45

They are also believed to occur in the nucleation of sup
fluid vortices, both in ion propagation46,47 and in orifice
flow,10,13,16–18,48,49as well as for vortices in cosmology.50
05451
l-

n

-

n

e

f
te
-
rk

e
es
ce
e

e
n,
g

y

e
at-
e
-

-
he
ch
ts

t

-

it
ity

r-

In all these last instances, the evidence stemming fr
experiments is less convincing and the applicability of the
conveys less confidence than that for the Josephson dev
Some of the difficulties which arise in the case of vortices
fermionic systems have been brought forward by Volovik51

In the superfluid case, the energy spectrum of vortices h
gap,52,53 since extremely small vortices do not even exi
Also, angular momentum is conserved: it is difficult to env
sion vorticity spinning out of thin air into an already sizab
hydrodynamical object carrying one quantum of circulatio

However, as we have previously stated,4,10,54,55the experi-
mental observations of the critical velocity in aperture flo
and of its fluctuations in ultrapure4He at very low tempera-
ture are fully accounted for by thermal activation at tempe
tures above;0.12–0.15 K, and by quantum tunneling b
low. Redundancy in the experimental data allows to che
the energy barrier values extracted below and above the
served crossover temperature against one another. The
for a crossover from thermal to quantum vortex nucleat
appears well borne out by experiments.

Before turning to the detailed analysis of the critical v
locity measurements, from which this conclusion is deriv
we give a brief account of the theory of the escape o
particle from a metastable state in a potential well to a c
tinuum of states.

A. Thermal escape

The escape process is governed by the shape and heig
the potential barrier, pictured in Fig. 1, by the mass of t
particle, and by the interaction with an environment whi
acts as a thermal bath. The theoretical problem of the esc
rate of such a Brownian particle has been reviewed b
number of authors, in particular in Refs. 27–29, 56, and
Below, we follow mainly the work of Grabertet al.27,56

The effect of dissipation on the Arrhenius rate, Eq.~1!,
has first been evaluated by Kramers22 in the case of a
frequency-independent damping corresponding to a wh
noise spectrum. This type of friction, referred to as Ohm
damping, has been studied extensively as it applies to re
tively shunted Josephson devices. It may not necessaril
the most relevant to vortex nucleation in superfluids bu
does account in an approximate manner for the dissipa
associated with the radiation of phonons that accompa
the sudden appearance and growth of vortices during nu
ation, and, at nonzero temperature, with the interaction w
the normal fluid~here, thermally excited phonons!. As shown
below, damping is weak in superfluid4He below 0.5 K, as
can be expected, and extremely weak below 0.1 K. Diss
tion is characterized by a dimensionless coefficienta
51/2vbt, t being the time of relaxation of the system t
ward equilibrium.

According to Kramers22 ~see, e.g., Ha¨nggi et al.28! the
effect of damping on the escape rate in the thermally a
vated~classical! regime is to modify the prefactor in Eq.~1!:

GK5
v0

2p
@~11a2!1/22a#expH 2

Eb

kBTJ . ~2!
5-2
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VORTEX NUCLEATION IN PHASE-SLIPPAGE . . . PHYSICAL REVIEW B 68, 054515 ~2003!
For Eq. ~2! to hold, thermal equilibrium must be esta
lished, which requires thatEb@kBT@\v0, namely, escape
must be infrequent. This condition is not verified close to
lability point at whichEb vanishes. Also, damping cannot b
too small otherwise the system is in effect isolated from
environment. For vortex nucleation in helium, both con
tions would be violated at very low temperature, but, as w
be seen below, quantum fluctuations take over and cha
the picture.

The gradual onset of quantum fluctuations as the temp
ture is lowered comes in as additional assistance to nu
ation while thermal fluctuations become weaker: the ther
activation rate~2! is multiplied by a factorf th , which is
expressed for frequency-independent~Ohmic! damping by

G th5 f thGK , ~3!

f th5
G~12mb

1/u!G~12mb
2/u!

G~12m0
1/u!G~12m0

2/u!
,

in which

u52pkBT/\v0 ,

mb
652a6~11a2!1/2,

m0
652a6 i ~@v0

2/vb
2#2a2!1/2.

The quantitiesm0
1 and m0

2 are complex conjugates and th
product of theG functions in the denominator of Eq.~3! is
real. The quantum correction factorf th goes to 1 in the high-
temperature limit, and, to leading order in 1/T, is indepen-
dent of damping:

f th5expH \2

24

~v0
21vb

2!

~kBT!2
1O~a/T3,1/T4!J . ~4!

Equation ~3! diverges asu→mb
1 becauseG(12mb

1/u)
diverges since its argument goes to zero. This mathema
singularity is of no physical consequence since another ch
nel for nucleation opens up in its vicinity, that of quantu
tunneling. The crossover temperature in the presence of
sipation is defined by the opening of the new channe
mb

15u:

T05\vb@~11a2!1/22a#/2pkB . ~5!

Equation~3! remains valid down to temperatures quite clo
to T0 as thermal fluctuations overtake quantum fluctuatio
in an exponential manner—the Boltzmann factor in E
~2!—in systems weakly coupled to their environment.

B. The quantum region

Below T0, quantum tunneling takes over. The full qua
tum regime sets in rapidly in the case of weak to moder
damping since thermal fluctuations die out exponentially
T decreases. Actually, there exists aroundT0 a crossover re-
gion where neither thermal fluctuations nor quantum fluct
05451
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tions dominate and where both contribute to the escape
cess but this region is very narrow for weak to moder
damping.

The quantum-tunneling rate is governed by the action
the tunneling particle along the minimal-action path ove
saddle point of the confining potential, which depends on
detailed shape and spatial extent of the potential well.
consider below a simplified form for this potential and justi
its use. In the problem at hand here, the potential barrie
controlled by the flow velocity past the obstacle about wh
vortices nucleate: the higher the velocity, the smaller a
narrower the barrierEb until, eventually, it becomes so sma
that the nucleation rate becomes very high; vortices nucle
very readily at high flow velocities. This lability property ha
been shown to exist in numerical simulations using
Gross-Pitaevski equation.53,58,59

Consider the analytic potentialV(q) pictured in Fig. 1. It
can be represented by the first terms of the Taylor expan
about the well bottom, taken to be atq50

V~q!5V01
1

2

]2V

]q2 U
q50

q21
1

6

]3V

]q3U
q50

q31 . . . .

If terms of order higher than 3 can be neglected, which is
case close to the lability point at whichqb and Eb5V(qb)
2V(0) vanish, the barrier top lies at

qb522
]2V

]q2 U
q50

Y ]3V

]q3U
q50

,

so that the potential reduces to the so-called ‘‘cubic’’ wel

V~q!5V01
m

2
v0

2q2S 12
2q

3qb
D . ~6!

The angular frequency of the particle oscillations at t
bottom of the well is v05@(1/m)]2V/]q2uq50#1/2, m
being the particle mass. It is easily seen th
vb52@(1/m) ]2V/]q2)uq5qb

] 1/25v0. The ‘‘cubic’’ poten-
tial, which represents the general form of analytic potenti
close to the lability point, involves only one characteris
frequency.

The rate at which a Brownian particle escapes by qu
tum tunneling from such a cubic potential has been cal
lated explicitly. In the case of weak Ohmic damping (a
!1), this rate takes the form24,56,57

Gqt5
v0

2p S 864p
Eb

\v0
D 1/2

expH 2
36

5

Eb

\v0
F11

45z~3!

p3
aG

1
18

p
a

T2

T0
2

1OS a2,a
T4

T0
4D J . ~7!

The Riemann numberz(3)51.202 05 . . . . Damping both
decreases the zero-temperature escape rate and introdu
temperature dependence to the quantum regime. Equatio~7!
is accurate only belowT0/2 and for lowa. Grabertet al.56

have given numerical tables to compute the rate up to;T0
5-3
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when Eq.~7! fails. This temperature range is found partic
larly relevant in the following.

In the immediate vicinity ofT0, neither Eq.~7! nor Eq.
~2! supplemented by Eq.~4! yield good estimates of the es
cape rate. Either the numerical tables of Grabertet al.56 or
the following closed-form asymptotic expression of the r
valid in the crossover region aboutT0 for Ohmic damping
and a cubic potential~see also Ha¨nggi, Talkner, and
Borkovec28! can then be used:

Gco5 f coGK ,

f co5S prEb

\v0
D 1/2

u0

G~12mb
2/u0!

G~12m0
1/u0!G~12m0

2/u0!

3erfc~u!exp~u2! ~8!

in which

u052pkBT0 /\v05~11a2!1/22a,

r 512p
11a2

u0

112u0
2

114u0
2

,

u5S rEb

\v0
D 1/2

~u2u0!,

and erfc(x) is the complementary error function. The validi
of Eq. ~8! is limited to the temperature rangeuuu&1.

A numerical evaluation of Eqs.~3! and ~4! shows that
quantum fluctuations affect the thermal activation proces
temperatures as high as 3T0, depending on damping, an
become dominant when Eq.~8! takes over. In the crossove
region, the barrier is traversed by a combination of therm
ie

ia
em

05451
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activation part way up the well and of quantum tunneli
through the part of the barrier that has not been surmoun
The quantitiesf th and f co join in a nearly smooth manner; th
resulting~numerical! combination will be denotedf q in the
following.60

C. The depopulation factor

For Kramers’ expression~2! of the thermally assisted es
cape rateGK to hold, the Brownian particle must be in the
mal equilibrium with its environment. In particular, dampin
must not be vanishingly small. Kramers also discussed
1940 ~Ref. 22! the limit of very small damping in which
energy levels are not populated according to the Boltzm
factor in Ref. 2 but the full turnover problem from vanishin
damping to intermediate and large damping was solved o
in the 1980s.

Grabert61 first worked out a proper formulation in th
classical regime (T@T0) in terms of the normal modes o
the coupled system formed by the metastable particle and
thermal bath,62 and, more specifically, the unstable mo
with frequency vb@(11a2)1/22a#. The extension to the
temperature rangeT*T0 was then carried out by Rips an
Pollak63 who showed that the rate for arbitrary damping
the temperature rangeT.T0 can be factorized into physi
cally meaningful terms:

G5
v0

2p
@~11a2!1/22a# f qYexpH 2

Eb

kBTJ , ~9!

namely, the classical Kramers rateGK , the quantum correc-
tion factor f q , and the depopulation factorY, which is unity
at largea and decreases to zero asa→0.

For a cubic potential with Ohmic dissipation, the depop
lation factor is expressed by63
ln Y5
z

2p
sinS z

2D E
2`

`

dt

lnH 12expF2
27p

4 S 11
1

m D 3

~m221!I ~t,m;z!
Eb

kBTG J
cosh~tz!2cos~z/2!

, ~10!
e
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rly
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he
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m
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tum
a
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with

I ~t,m;z!

5E
0

`

dy
y4~y211!

~y21m2!sinh2~py!

cosh~zy/2!2cos~tzy!

~zy/2!sinh~zy/2!
,

m5
~11a2!1/21a

~11a2!1/22a
, z5

2pT0

T
.

According to Rips and Pollak,63 below T0 the particle does
not need energy from the bath to tunnel through the barr
Y is taken to be unity.

This theoretical description of the escape of a Brown
particle has been compared to the behavior of actual syst
r:

n
s,

Josephson devices.30,32,33,64,65The study of these man-mad
devices, in which various parameters including dissipat
can be tuned externally, has brought forward particula
convincing experimental checks of the existence of quan
collective variables that exhibit quantum tunneling, of t
reality of quantum tunneling in macroscopic systems, and
the effect of dissipation on macroscopic quantu
tunneling.21 As stated above, other physical systems, vorti
in superconductors and in helium, and bubble cavitation
helium, are also believed to undergo macroscopic quan
tunneling, i.e., their behavior can be likened to that of
Brownian particle in a well.

Given a particular system characterized by an energy
rier Eb , a ground-state energy\v0, and a damping param
eter a, the escape rate can easily be evaluated numeric
5-4
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FIG. 2. Peak amplitude charts at 100.7 mK~top! and 201.5 mK~bottom!. Peak absolute amplitudes during each half-cycle are plotte
a function of half-cycle index; time runs from left to right. The peak membrane amplitudeAm is normalized to the amplitude jump of a sing
slip DA1. The expanded traces at the very top and bottom of the graph show the slip sizes in signed winding numbers~according to flow
direction, in and out of the resonator chamber!.
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from expressions~3!, ~7!, ~8!, and ~9! and the numerica
tables in Ref. 56 over the whole range of temperature w
modest computing power. Our task, however, is to wo
backward and, from the knowledge of the experimental
cape rate and the critical velocity at various temperatures
find Eb(v), \v0, anda. This task is performed in a numbe
of iterative steps. Before we begin, we need to expound
different ways of analyzing the raw data and to find the le
biased one to obtain the experimental nucleation rate.

III. THE DATA ANALYSIS

A. The raw experimental data

Experiments were conducted in a miniature hydrom
chanical device, which is basically a flexible-diaphrag
Helmholtz resonator. This resonator is immersed into a b
of superfluid. The flexible diaphragm is constituted by
Kapton membrane coated with aluminum. There are t
openings connecting the resonator chamber to the super
bath. One is a microaperture in which the critical veloc
phenomenon takes place. The critical event consists of a
den jump in the resonance amplitude which correspond
an abrupt change in the flow velocity through the microa
erture and a loss of resonator energy. These dissipa
events are interpreted as resulting from single vortex em
sion, to which is associated a slip by 2p of the quantum
phase difference across the microaperturedw caused by the
motion of the vortex across the flow stream.

The other opening is a relatively open duct and provid
to the superfluid a parallel path along which the quant
phase remains well determined. A quantum of circulati
k452p\/m4 , m4 being the mass of a4He atom, builds up
for each 2p slip along the superfluid closed loop threadi
the two openings. A fraction 1/(11R) of the total volume of
fluid displaced by the membrane flows through the micro
05451
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erture, withR/(11R) flowing through the parallel channe
R is the ratio of the classical hydraulic inductances of the t
openings. The operation of these resonators is describe
detail in the literature~see, for instance Refs. 5 and 66–69!.

The resonator is driven on resonance with an electrost
ac drive at a fixed level. In the absence of dissipation,
resonance motion increases linearly in amplitude under
action of the drive. The displacement of the membra
which is proportional to the total flow in and out of th
resonator, is monitored by a superconducting quantum in
ference device, the output of which is converted into a dig
signal by a fast analog-to-digital converter. We monitor t
peak amplitude of the membrane motionAm at each half
cycle of the resonance. The peak amplitude data points
stored digitally in real time. The raw data consist of pe
amplitude charts as represented in Fig. 2. Phase slips are
as sudden drops of the peak amplitude from one half cycl
the next. An amplitude chart typically consists of a record
32 640 peak amplitude measurements, spanning a laps
time of 16 320 periods of the resonance, typically 20 m
and containing from several hundreds to several thousand
slips depending on the drive power. Temperature is meas
by a Speer resistor calibrated against a NMR platinum th
mometer.

The pattern of these peak amplitude data is processed
merically to identify all the slips and their multiplicity, and t
obtain the statej of the quantized circulation trapped in th
resonator loop. The actual flow in the microaperture is
sum of the flow driven by the membrane and of the persis
flow threading the microaperture and the parallel chann
which depends on the quantum state of the loopj.

The amplitude dropDA1 caused by a single phase slip
a given half cycle of the resonance corresponds to a cha
of dw by exactly 2p. Normalizing the membrane displace
ment Am by DA1, a quantity which is readily read off the
5-5
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E. VAROQUAUX AND O. AVENEL PHYSICAL REVIEW B 68, 054515 ~2003!
peak amplitude charts, provides a self-calibration of the d
which is independent of less well-known quantities such
the membrane stiffness and hydraulic area, the aperture
ometry, and the calibration factor of the displacement sen
The peak aperture velocityvp is deduced from the pea
membrane amplitude and from the trapped circulation by69,70

vp5
Am

DA1~11R!
1S j 1

kb

k4
D R

11R
. ~11!

In Eq. ~11! and in the following, aperture velocities are e
pressed by the~fractional! number of turnsdw/2p by which
the quantum-mechanical phase winds across the aper
The actual flow velocity averaged over the cross section
the microaperture is proportional todw, the multiplying fac-
tor being\/m4l H . The hydraulic lengthl H of the microap-
erture is of the order of 1mm in the present experiments.

The experimental parameters such askb , the circulation
in the loop which arises from remanent vorticity or appli
rotation,71 DA1, the amplitude drop of a single slip,dvd , the
increase in peak velocity from one half cycle to the next d
to the drive, andR, the ratio of the hydrodynamic induc
tances of the two openings~3.90 in the experiments on ultra
pure helium!, can be derived self-consistently with great a
curacy from the full analysis of the peak amplitud
charts.69,71

The velocity at which phase slips occur is a stocha
quantity, the value of which differs slightly from one event
the next. The analysis of the raw data outlined above p
vides sets of values, or slip velocity records, for these eve
These variations are caused by the statistical propertie
vortex formation; the background noise of the measuring
paratus, the hydromechanical resonator, is due mainly to
chanical vibrations and is significantly lower than phase-s
noise. Some uncertainty also arises from the analysis of
statistical properties of the phase-slip data. In view of
different methods of analysis which have been used,72–74we
give in full the definitions of the different statistical quan
ties which have been introduced and compare them in d
below.

B. The probability of nucleation events

We start from the records of the velocities at which t
critical events have been taking place and we proceed
consider the probability distribution of the nucleation pr
cess. From this quantity, we define the actual critical veloc
vc for phase slips and the statistical width of the critic
transitionDvc . We follow Refs. 4 and 72. The quantities a
directly related toEb , v0, and a and can readily be ex
tracted from the records of the critical events, as we sh
below.

The energy barrierEb depends on the local fluid velocit
at the nucleation site, which is the control parameter
nucleation. It may also be expected on dimensional grou
that Eb is proportional to the~superfluid! densityrs which
itself is a function of temperature, pressure, and velocity. T
superfluid coherence length can also be expected to ente
problem. Isotopic impurities are known to strongly affe
phase-slip nucleation and their effect is largely understoo75
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Here we are mainly concerned with ultrapure4He containing
less than 1029 of 3He impurities, at pressures close to sa
rated vapor pressure~SVP! and at temperatures ranging fro
18 to 400 mK. Only the temperature and velocity depend
cies are studied here.

Let us denote the~Poissonian! probability to observe a
slip in a given time interval dt at a given flow velocityv by
G(T,v) dt. The differential probability dp(t) that a slip takes
place during the time interval dt at the specified timet of the
resonance motion is the product of the probabilities of
two statistically independent events that~i! no slip has taken
place before timet, and~ii ! a slip takes place during dt:

dp5@12p~ t !#G~T,v !dt. ~12!

Integrating Eq.~12! from t i to t f yields the probability that a
slip has taken place in the time intervalt f2t i :76

p512expH 2E
t i

t f
G@T,vpcos~vt8!#dt8J . ~13!

The sinusoidal time dependence of the velocity in Eq.~13!
follows from the fact that the resonator in which these pha
slip experiments are conducted has a high quality factor
is weakly perturbed by the external drive: in the absence
phase slips, its steady-state motion is purely sinusoida
angular frequencyv. The peak value reached by the veloci
at each half cycle isvp . The actual motion in the presence
slips has been analyzed in detail in Ref. 69: it is a pure s
before~and after! the slip. The time evolution of the velocity
is therefore taken asvpcos(vt) in expression~13! for p(t).

The rate at which slips occur in the various regimes
fluctuations, thermal, quantum, or mixed is given, as
scribed in Sec. II, by Eqs.~3!, ~7!, or ~8!, which we write for
short in this section as

G~T,v !5G0exp$2Ea /kBT%, ~14!

in which the prefactor reads

G05v0@~11a2!1/22a#/2p,

G05v0@864pEb /~\v0!#1/2/2p

and the exponent reads

Ea

kBT
5

Eb

kBT
2 ln~ f qY!,

Ea

kBT
5

36

5

Eb

\v0
F11

45z~3!

p3
aG2

18

p
a

T2

T0
2

1•••

in the thermal regime down to slightly belowT0 ~to the limit
of the validity of f q), and the deep quantum regime, respe
tively. The numerical tables in Ref. 56 must be used
bridge the gap between the crossover regime and the d
quantum regime. In this way, all temperature regimes can
treated formally on the same footing, the generalized act
tion energyEa including the full quantum corrections.

The time integral in Eq.~13! can be evaluated to
asymptotic accuracy by the method of steepest descent.77 We
5-6
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VORTEX NUCLEATION IN PHASE-SLIPPAGE . . . PHYSICAL REVIEW B 68, 054515 ~2003!
perform the integration over a half cycle of the resonan
and find the expression of the probability that a phase
takes place in a given half cycle in which the superflu
velocity reaches the peak valuevp :

p~vp!512expH 2
G0

vA 22pkBT

vp]Ea /]vuv5vp

expF2
Ea~vp!

kBT G J .

~15!

The critical velocity vc associated with the nucleatio
process is defined as the velocity for whichp(vc)5 1

2 . The
implicit equation yieldingvc reads

G0

vA 22pkBT

vc]Ea /]vuvc

expH 2
Ea~vc!

kBT J 5 ln 2. ~16!

It follows from Eqs.~14! and~16! that the nucleation rate a
vc , Gc , is given by

Gc5~v ln 2!Avc]Ea /]vuvc

22pkBT
. ~17!

The actual velocity at which each critical event tak
place is a stochastic quantity which departs slightly fromvc ;
its spread is characterized by the ‘‘width’’ of the probabili
distributionDvc defined3,4 as the inverse of the slope of th
distribution p(v) at vc , (]p/]vuvc

)21. This derivative can

be expressed as follows, assuming thatG0 does not depend
on v:

]p

]v
52

G~T,v !

v
@12p#A22pkBT

v]Ea /]v

3H 1

2 F1

v
1

]2Ea

]v2 Y ]Ea

]v G1
1

kBT

]Ea

]v J .

The critical width atvc, setting p5 1
2 and using Eq.~16!,

finally can be written as

Dvc5S ]p

]v U
vc

D 21

52
2

ln 2 F 1

kBT

]Ea

]v U
vc

1
1

2 H 1

vc
1

]2Ea

]v2 U
vc

Y ]Ea

]v U
vc
J G21

. ~18!

At low temperatures and large critical velocities, the quan
in curly brackets on the right hand side~rhs! of Eq. ~18! is
small with respect to the first term so that Eq.~18! simplifies
to

Dvc52
2

ln 2
kBTS ]Ea

]v U
vc

D 21

. ~19!
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Equation~19! relates, within its range of validity,Dvc to the
slope of the energy barrier atvc . The minus sign comes from
the fact that the energy barrierEa decreases asv increases;
the widthDvc is defined as a positive quantity.

As defined above,vc andDvc are directly related to the
activation energy and are independent of the drive lev
They depend logarithmically on the resonator frequen
v/2p, which reflects the fact that the observation of a pha
slip involves a characteristic time depending on the mea
ing apparatus as discussed in Ref. 78.

C. Apparent critical velocity and width

The apparent critical velocityva is the arithmetical mean
of the peak velocities at which the slips occur. The harder
resonator is excited by the external drive, the higher will
this mean value. The quantityva is very readily obtained
from slip data records. The root-mean-square deviation
the slip velocities with respect to the mean isDva . The
values ofva andDva are related to the nucleation velocityvc
and widthDvc defined in the previous section in a mann
which we now derive.

Let us consider the situation met in the present exp
ments where the resonator is driven with a fixed ac-volta
level and where its peak amplitude increases~linearly! from
half cycle to half cycle bydvd for a number of half cycles
before a slip occurs. The probability for a slip to occur du
ing a half cycle with peak velocityvp is given by Eq.~15!.
The probability densityf (vp) that a slip takes place durin
the half cycle with amplitudevp , the resonator starting from
rest, is expressed as the product of the probability of a
during the half cycle under consideration multiplied by t
probability that the slip did not take place at previous h
cycles:

f ~vp!5p~vp!@12p~vp2dvd!#@12p~vp22dvp!# . . . .
~20!

Using Eqs.~15! and ~17!, we can rewrite Eq.~20! as

f ~vp!5p~vp!expH 2
G0ln 2

Gc

3 (
n51

N

expF2Ea~T,P,vp2ndvd!

kBT G J , ~21!

where N is the number of the previous half cycles durin
which no slip occurred. In the above, we have taken i
account that phase slips become probable only whenvp is
close tovc , and that the peak amplitude incrementdvd is
small with respect tovp . This last condition ensures, in pa
ticular, that the drive applied to the resonator is not strong
the extent of distorting the sinusoidal resonance motion.
further assume thatdvd is not vanishingly small so that th
probability f (v) becomes independent ofN for N moderately
large. The range of validity of our derivation is thus limite
to experimental situations in which phase slips occur on
average every few resonance cycles, as is the case fo
data represented in Fig. 2. Finally,G0 is taken independent o
v in the derivation of Eq.~21!.
5-7
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To proceed with the evaluation of Eq.~21!, we note that
the probability distributionf (vp) and the probabilityp(vp)
exhibit an extremely strong dependence onvp while the ac-
tivation energyEa is a moderately rapidly varying functio
of vp . The following expansion ofEa aboutvp ,

Ea~vp2ndvd!.Ea~vp!2
]Ea

]v U
vp

ndvd ,

covers a large span of variation for Eq.~21! and is accurate
enough for our purpose. We then rewrite Eq.~21! as

f ~vp!5p~vp!expH 2 ln 2
G0

Gc
expF2

Ea~vp!

kBT G
3 (

n51

N

expFn
dvd

kBT

]Ea

]v U
vp

G J , ~22!

and we express the peak velocityvp in terms of the critical
velocity vc and a small deviationdv, vp5vc1dv, in order
to use Eqs.~17! and ~19! to simplify Eqs.~15! and ~22!:

p~vp!512expS 2 ln 2
G0

Gc
expH 2

1

kBT

3FEa~vc!1
]Ea

]v U
vc

dvG J D
512expH 2 ln 2expS 2

ln 2

dv
Dvc

D J
512exp$2 ln 2ez%, ~23!

f ~vp!5p~vp!expS 2 ln 2
G0

Gc
expH 2

1

kBT FEa~vc!

1
]Ea

]v U
vc

dvG(1

N

expF 22

ln 2

ndvd

Dvc
G J D

5p~vp!expH 2 ln 2expS 2

ln 2

dv
Dvc

D
3(

1

N

expS 22

ln 2

ndvd

Dvc
D J

5@12exp$2 ln 2ez%#expH 2 ln 2ez(
1

N

e2nzdJ .

~24!

We have introduced z52(vp2vc)/(Dvcln 2) and zd
52 dvd /(Dvcln 2) to simplify notations in the expression
of the probability that a~single! phase slip takes place durin
a given half cycle with peak amplitudevp , Eq. ~23!, and of
the probability distribution that a~single! phase slip takes
place during the half cycle with velocityvp after a sequence
of N half cycles starting from a resonance amplitude at wh
05451
h

p(vp) is low with an increase in peak amplitudedvd from
one half cycle to the next, Eq.~24!.

The cumulative probabilityP corresponding to the latte
case is given by

P5E
2`

z

f dz/N5E
2`

z

@12exp$2 ln 2ez%#exp$2mez%dz/N,

~25!

the normalization constant beingN5*2`
` f dz and

m5 ln 2e2zd
12exp~2Nzd!

12exp~2zd!
.

If the slip probability at the beginning of theN-half-cycle
sequence,p(vp2Ndvd), is low enough,N can be arbitrarily
increased in Eq.~21! andP becomes independent ofN. In the
large N limit, N can be shown to reduce tozd and P is
expressed in terms of the exponential-integral function79

P512@E1~mx1x ln 2!2E1~mx!#/zd ~26!

with x5e2z.
The apparent, or average, critical velocity at a giv

excitation level is then obtained as the statistical mean va
of v:

va5E
0

`

v f dv/zd5vc1
ln 2

2

Dvc

zd

3E
2`

`

z@12exp$2 ln 2ez%#exp$2mez%dz. ~27!

The integral in Eq.~27! again involves exponential-integra
functions and yields

va5vc2
ln 2

2
DvcFC1 ln~ ln 2!1 ln

e2zd/2

12e2zdG . ~28!

Euler’s constantC50.577 21 . . . andzd52 dvd /(Dvc ln 2)
as before. Equation~28! describes the effect of the driv
level on the apparent critical velocity in ac experiments, i
the mean peak amplitude at which slips occur is observe
rise when driving the hydromechanical resonator harder
resonance~see Ref. 68 for an example!.

The mean-square deviation of the apparent critical vel
ity, Dva , is similarly defined in terms of the probability dis
tribution given by Eq.~26! as

~Dva!25E
0

`

~v2va!2f dv/zd5~dv2!2~va2vc!
2.

The mean-square deviation(dv2) of dv5vp2vc is given by
the following integral,

~dv2!5
1

zd
S ln 2

2
DvcD 2E

2`

`

z2f dz,

which can be evaluated by differentiation with respect tom
under the integral sign and subsequent integrations. A so
what laborious calculation leads to the simple result
5-8
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~Dva!25
p2

6 S ln 2

2
DvcD 2

1
1

12
~dvd!2. ~29!

In the limit dvd!Dvc , the critical width is simply propor-
tional to the root-mean-square~rms! deviation of the appar-
ent critical velocity. The measurement ofDva givesDvc by
Eq. ~29! andGc by Eqs.~17! and ~19!; that of va yields the
true critical velocityvc by Eq.~28!. Hence, the knowledge o
va and Dva gives access to the nucleation rate at veloc
vc .

In the same limitzd<1, P, expressed in terms of tran
scendental functions by Eq.~26!, can be put under a simple
and more transparent form as follows. Consider integral~25!
for P and restrict the analysis toz52(vp2vc)/Dvcln 2&0.
In this case,ez is small and Eq.~25! can be readily integrated
as follows:

P.E
2`

z

@12exp$2 ln 2ez8%#exp$2 ln 2ez8/zd%
dz8

zd

.E
2`

z ln 2

zd
ez8expH 2

ln 2

zd
ez8J dz8

512exp$2 ln 2 exp~z2 ln zd!%. ~30!

Expressions~23! for p and ~30! for P are strikingly similar.
For small to moderate drive levels (zd&1) ~which implies
that phase slips occur at low resonance amplitudes so thavp
remains belowvc on average! Eq. ~23! even reduces exactl
to Eq. ~30! with a velocity atP51/2, the median velocity
shifted downward fromvc by an amount proportional to
ln zd :

v1/25vc1
ln 2

2
DvclnS 2

ln 2

dvd

Dvc
D . ~31!

The slope ofP at P51/2 is, in this parameter range, equ
to that ofp(vp) at vc . The critical widthDvc of the transi-
tion can be obtained indifferently from both probabili
curves butp involves no correction for the drive.

IV. THE EXPERIMENTAL RESULTS

The experiments on ultrapure4He, the analysis of which
constitutes the main body of this paper, were carried ou
1992–1993 and are reported in Refs. 4 and 10. Since the
number of improvements have been implemented in our s
ware program for peak amplitude chart analysis, which
summarize below. To illustrate the various statistical a
proaches described in the previous section, we treat a
example the high quality data obtained on interferome
measurements of the rotation of the Earth.70,71,80 We next
turn to the reanalysis of the original data of 1992–1993 w
the implementation of the direct determination of the s
nucleation rate.
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A. Improvements in the raw data analysis procedure:
The 100-ppb sample

The peak amplitude chart analysis has been improve
two ways. First, in the course of detailed studies of multip
slips,69,81 and, in particular, after having realized that the
were two kinds of large slips with very different propertie
we were led to develop better recognition schemes for th
slips which give a more precise evaluation of the slip mu
plicity.

Second, for high-resolution superfluid interferomet
measurements of the rotation of the Earth,70,71,80 we have
further improved the raw data processing to achieve a m
accurate determination of the circulation biaskb . In particu-
lar, as reported in Ref. 70, it proved necessary to take
account a small statistical unbalance induced by the trap
circulation in the loop which increases the probability
slips along the trapped flow direction and decreases the o
all time spent by the system in the corresponding state. T
asymmetry built into the data is corrected by construct
two histograms, one for slip number in velocity bins, t
other for the total time spent by the resonator in each of th
velocity bins: the rateG(v) is, according to its definition, the
ratio of the number of slips at velocityv to the total lapse of
time during which the system has been found at that veloc
Since time is a continuous quantity expressed in seconds
graph as a function of velocity does not constitute, stric
speaking, a histogram. The total time spent by the system
each velocity bin is computed using the fact that the reso
tor motion is very nearly purely sinusoidal.69

A further refinement is needed to achieve maximum
curacy: a slip does not necessarily nucleate sharply at
peak velocity and the~small! difference between the actua
slip velocity and the peak velocity must be taken into a
count. In the raw data acquisition, the collected informat
is the peak amplitude of the resonator motion at each
cycle, and for large slips, the delay between the peak and
slip times. The correction between actual and peak velo
can be computed from this delay. For low-multiplicity slip
this delay is too small to be resolved experimentally and
small correction to the slip velocity cannot be made.

To work around this difficulty, we use the knowledge
the statistical properties of the slip distribution that has be
gained at this stage of the data analysis. The probabilityp
that a slip occurs betweent andt1dt is given by Eq.~12!. If
it is known for certain that a slip has taken place during
half cycle t i to t f for which the slip probabilityp(vp) is
given by Eq.~15!, then the probability density dp̄ that this
certain event has occurred betweent (t i,t,t f) andt1dt is
dp̄5dp(t)/p(vp). This density can be integrated by expan
ing Ea(t) about the peak of the half cycle assumed at
50, Ea(t)5Ea(vp)1 1

2 ]Ea /]vuvp
v2t2, with the following

result:

p̄512expH 2
1

2
Y~vp!@11erf~v̄t !#J , ~32!

in which v̄5@2(vp/2kBT)(]Ea /]v)uvp
#1/2v, and
5-9
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Y~vp!52 ln$12p~vp!%5 ln 2 expH 2

ln 2

vp2vc

Dvc
J .

The probability distribution of the slip velocity in the ha
cycle can thus be evaluated to fair accuracy knowingva and
Dva . Then, the slip velocities of a given data set are spr
at random according to Eq.~32! in each half cycle with a
slip. This procedure mimics the actual spread in velocity
the slips about the peak velocity and yields a slip veloc
histogram closer to reality. The validity of this ‘‘self-tailing
procedure has been checked by direct numer
simulations.70

Examples of histograms obtained in this way for the
perfluid interferometry experiments reported in Refs. 70
and 80 are given in Fig. 3. These experiments were car
out at a temperature of 12 mK at 0.6 bar on a4He sample
containing 100 ppb of3He impurities. The statistical width
Dvc is significantly reduced with respect to that in ultrapu
4He, which increases the resolution on the phase bias.
drive amplitude was fairly large (dvd50.247) so as to obtain
many slips per data record and to increase the size of
statistical sample.

The probability of a slip during a given half cycle of th
resonance peaking atvp , p(vp), is obtained by dividing the
bin to bin histogram~a! in Fig. 3 by the histogram~b!. The

FIG. 3. Histograms for the 100 ppb sample of~a! the number of
slips in velocity bins of size 0.05 winding number,~b! the number
of half cycles with peak amplitudes in the same velocity bins~offset
upward by 200 units for clarity!, and~c! the total time during which
the flow velocity in the aperture was found in the same bins, w
one vertical unit corresponding to 3 ms. Velocities are expresse
winding numbers of the quantum phase difference as given by
~11!. The resonator frequency is 9.23 Hz, and the ratioR, 1.025.
Here, the slips are assumed to have occurred at the peak vel
Similar histograms can be constructed with the slip velocit
spread around the peak in a probabilistic manner as described i
text.
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cumulative probability that a slip has occurred at or befo
vp , P(vp), is obtained by integrating the histogram~a! in
Fig. 3 and normalizing by the total number of slips in th
statistical sample. Slips which immediately follow anoth
slip have not been retained in the analysis since they m
correspond to a state of the resonator slightly off steady st

Probability distributionsp and P are shown in Fig. 4.82

According to Eqs.~23! and ~30!, both distributions display
the same slope at probability 1/2 although the condition t
zd&1 is not quite fulfilled (zd51.89); the shift betweenvc
and v1/2 in Fig. 4 is 0.090; that predicted by Eq.~31! is
0.083. The value ofvc obtained fromp51/2 is 59.460 in a
winding number.

The resulting nucleation rate obtained by dividing the s
number histogram@Fig. 3~a!# by the residence time in eac
velocity bin @Fig. 3~c!# is shown in Fig. 5. As seen in Fig. 5
taking into account the fact that slip velocities are scatte
about vp with the help of Eq.~32! introduces significant
corrections at small residence times~large velocities!.

The quantity lnG depends linearly onv over the restricted
range of values scanned by the natural spread of the nu
ation velocity: lnG5Av1B. From the slopeA of ln G as a
function of v and expression~14!, we deduce that

A52
1

kBT

]Ea

]v U
T,v;vc

.
2

~ ln 2!Dvc
~33!

in inverse winding number. The approximate equality on
rhs results from Eq.~19!. The fit in Fig. 5 yieldsA57.086
60.11 ~the statistical spread being taken into account!. This
quantity is also obtained from the nonlinear fits shown
Fig. 4 which yield 6.9860.08 forp ~and 7.14960.06 forP,
which differs slightly from the value forp since zd*1).
These values differ by less than 2%: the statistical width
the critical velocity transition is fairly accurately determine
from these high-precision data.

h
as
q.

ity.
s
the

FIG. 4. Probabilitiesp (L) andP (s), obtained from the his-
tograms in Fig. 3 as explained in the text. The plain curves
nonlinear least-squares fits to the analytical form~23! or ~30!.
5-10
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VORTEX NUCLEATION IN PHASE-SLIPPAGE . . . PHYSICAL REVIEW B 68, 054515 ~2003!
The offsetB of the linear fit to lnG yields the value of the
critical velocity with the help of Eq.~17! which can be re-
written

B52A vc1 ln@~ ln 2!vAAvc/2p#. ~34!

Solving Eq.~34! for vc with B52416 yieldsvc559.47, a
value very close to that obtained fromp, 59.46, as quoted
above. The agreement is not surprising since the two m
ods of analysis are basically equivalent, except that
nucleation rate analysis yields directly an accurate value
ln Gc5Avc1B.

Finally, the measured values ofva ~59.736! and Dva
~0.182!, lead, with the help of Eqs.~28! and ~29!, to vc
559.669 andA52/ln(2)Dvc57.66, in fair but not excellen
agreement with the above determinations. It must be no
however, that the assumptions made in deriving Eq.~21! are
not fully justified since slips occur frequently in these dat

From these tests of the data analysis procedures on
high quality data obtained with the 100-ppb sample, we c
clude that, although the various data analysis methods
provide the same information, the direct determination oG
is more precise and less biased. We now apply the s
statistical analysis to the ultrapure sample case.

B. Ultrapure 4He

Two different samples of ultrapure4He were studied at a
pressure close to SVP from about 18 mK to 500 mK. T
experimental data were of a lesser quality than those for
100-ppb sample discussed in the previous section, in par
lar, because the data records were shorter and slip stat
poorer. A complete reanalysis of the original data impleme
ing the various improvements in the data analysis softw
discussed above was still deemed in order; it is given bel

The results from the two methods of analysis, from t
average values and direct from the nucleation rate, are

FIG. 5. Nucleation rate in inverse seconds on a logarithmic s
vs velocity, obtained from the histograms in Fig. 3 with slip velo
ties assumed at the peak velocityvp (s) and when taking the
statistical spread aboutvp into account with the help of Eq.~32!
(L). The plain curves are linear fits to the data.
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lected in Table I. The mean valueva and the root-mean-
square deviation from the meanDva are computed over a
data sample of several hundreds of slips at a given temp
ture. The first three columns of Table I giveT, va , andDva .
The real critical velocityvc2a and the transition width
Dvc2a are computed with the help of Eqs.~28! and ~29!
knowing that the change in the resonance amplitude fo
one half cycle to the nextdvd caused by the drive. Thes
quantities are given in columns 4–6, as well asGc2a , com-
puted from Eq.~17! and the approximate relation~19! given
in column 7.

The determination of the nucleation rate as a function ov
follows that outlined in Sec. IV A for the 100-ppb sample.
yields in turn the two parametersA andB such thatAv1B
5 ln G(v). These quantities are given in columns 8 and 9
Table I, A being put under the formDvc2n52/(Aln 2) for
comparison withDvc2a . The critical velocity derived from
the nucleation rate analysisvc2n is computed fromA andB
with Eq. ~34!, and the logarithm of the nucleation rate atvc ,
ln Gc2n , from A vc1B. These quantities are given in co
umns 10 and 11, respectively.

As an illustration, lnG for the data corresponding to th
first row of Table I~at T517.70 mK) is plotted vsv in Fig.
6 as well as the straight-line fit which yields parametersA
and B. The probability distributionsp and P are plotted for
the same temperature in Fig. 7, together with the nonlinea
curves adjusted to Eqs.~23! and ~30!. The values derived
from these plots for critical velocities corresponding
va ,v1/2 and vp51/25vc calculated with Eqs.~28! and ~31!
are 40.564, 40.517, and 40.660, respectively. The quan
Dvc is less well determined. It is found to be 0.316 a
0.355 fromp andP, respectively, and 0.338 and 0.399 fro
va andA.

The rateG in Fig. 6 is less affected by noise and po
statistics than is the probabilityp in Fig. 7. In view of the
scatter onp and P in Fig. 7, the agreement onvc and Dvc
between the various determinations appears satisfactory
the remaining differences stress the importance of using
most direct nucleation rate determination in a system
manner: we keep in the following the transition widths o
tained from the nucleation rate, which, furthermore, rep
sent]Ea /]vuT,v.vc

without approximation.
The determination of critical velocity which shows le

scatter isvc2a , and this is also the most direct. The veloc
ties vc2a and vc2n , obtained from Eq.~34!, compare well
with one another, which constitutes a consistency check
the data. They are plotted in terms ofT in Fig. 8: the thermal
regime wherevc decreases in a near-linear way withT and
the low temperature plateau, where it stays nearly const
are well delineated with a sharp transition between the tw

The transition widthDvc2n , plotted in terms ofT in Fig.
9, also exhibits a well-marked transition between therm
and quantum regimes. The dotted line in Fig. 9 represents
width as calculated from the final values of this analys
collected in Table II~see the discussion in Sec. V C!.

The errors onvc2n are correlated with those onA andB,
and those on lnGc5Avc1B. For this reason,vc2n is retained
instead of vc2a in the analysis of the following section

le
5-11
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TABLE I. Experimental data.

T ~mK! va Dva dvd Dvc2a vc2a ln(Gc2a) Dvc2n B vc2n ln(Gc2n)

17.70 40.440 0.151 0.0502 0.338 40.564 5.65 0.3992288.21 40.660 5.91
17.80 40.448 0.143 0.0507 0.320 40.558 5.68 0.4002287.33 40.663 5.92
18.60 40.382 0.163 0.0508 0.365 40.524 5.61 0.4192274.03 40.610 5.89
20.00 40.441 0.150 0.0506 0.336 40.563 5.65 0.4092281.32 40.665 5.90
20.30 40.338 0.150 0.0498 0.336 40.460 5.65 0.4232271.06 40.562 5.89
28.80 40.326 0.165 0.0501 0.370 40.471 5.60 0.4572250.18 40.578 5.85
28.85 40.353 0.157 0.0504 0.352 40.487 5.63 0.4052283.08 40.570 5.90
56.80 40.483 0.154 0.0500 0.345 40.613 5.63 0.4162276.18 40.709 5.89
58.30 40.339 0.168 0.0501 0.377 40.491 5.59 0.4402260.39 40.581 5.86
100.70 40.277 0.224 0.0494 0.503 40.533 5.45 0.4682244.31 40.549 5.83
103.20 40.455 0.163 0.0495 0.365 40.600 5.61 0.4402261.12 40.698 5.86
103.21 40.346 0.158 0.0480 0.354 40.487 5.62 0.4142277.12 40.573 5.89
127.30 39.885 0.219 0.0448 0.492 40.150 5.45 0.4612245.41 40.137 5.83
130.00 40.246 0.247 0.0573 0.554 40.518 5.40 0.5822195.72 40.627 5.72
150.00 39.304 0.254 0.0370 0.571 39.678 5.37 0.5192214.55 39.627 5.77
161.50 39.428 0.280 0.0549 0.629 39.773 5.33 0.6202179.62 39.828 5.68
177.00 38.951 0.280 0.0420 0.629 39.356 5.32 0.5922185.91 39.328 5.70
188.70 38.614 0.309 0.0507 0.694 39.039 5.27 0.6382170.89 39.035 5.66
201.50 38.244 0.287 0.0381 0.645 38.687 5.30 0.6402168.80 38.676 5.65
215.00 38.248 0.319 0.0452 0.717 38.725 5.25 0.6872157.05 38.712 5.62
242.20 37.479 0.338 0.0415 0.760 38.021 5.21 0.7372143.20 37.979 5.57
249.00 37.068 0.306 0.0290 0.688 37.619 5.26 0.6892151.63 37.547 5.60
300.50 35.576 0.329 0.0060 0.740 36.572 5.21 0.7812128.38 36.275 5.51
358.60 35.044 0.348 0.0347 0.783 35.657 5.16 0.9582101.96 35.641 5.41
419.00 34.276 0.342 0.0659 0.768 34.704 5.16 0.9432100.98 34.747 5.40
pu
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where the activation energyEa(v) and the barrier energy
Eb(v) after due allowance to the quantum and the depo
lation corrections are extracted from the nucleation rate d

V. DISCUSSION

The nucleation rate shows two regimes in terms of te
perature. Below;0.12 K, it levels off and reaches a platea

FIG. 6. Nucleation rateG expressed in s21 vs slip velocity in
winding number in ultrapure4He at 17.70 mK on a semilogarithmi
scale. The plain line represents a linear fit to the data which yie
the quantitiesDvc2n andB given in Table I.
05451
-
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Above ;0.12 K, it exhibits a marked dependence on te
perature. The high-temperature dependence and that ovc
constitute direct evidence for thermally assisted nucleat
as discussed in Ref. 78. It was once believed that only la
vortices were involved in the critical velocity problem; larg

s

FIG. 7. Probabilitiesp (L) andP (s) vs slip velocity in wind-
ing number for the ultrapure sample at 17.70 mK. The plain cur
are nonlinear least-squares fits to the analytical forms~23! and~30!
which contain two unknown parameters,vc andDvc . In contrast to
Fig. 4, v1/2 is smaller thanvc becausedvd is small, the shift given
by Eq. ~31! being20.140.
5-12
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VORTEX NUCLEATION IN PHASE-SLIPPAGE . . . PHYSICAL REVIEW B 68, 054515 ~2003!
objects usually involve large energies for their formatio
and hence, are unlikely to be thermally nucleated. Suc
not the case in small pores,83 for ion propagation,84 and for
microaperture flows, where nanometer-size vortices
formed, as is now well established.55,76

That the occurrence of a plateau at low temperature
plies quantum tunneling is more open to discussion.17,18,51

There are three main courses for disbelief,~i! that the experi-
mental evidence for intrinsic saturation—the plateau
vc—is not iron-clad,~ii ! that no proof is given that the pla
teau, if intrinsic, is caused by the onset of quantum tunne
and not by some other mechanism, and, finally,~iii ! that a

FIG. 8. The critical velocityvc , in winding number, vsT in K
for the two ultrapure samples:vc2a , from column 6 in Table I (s);
vc2n , from column 10 (L); andvc2n for the 0.9-ppb3He in the
4He sample (n). The plain lines are linear fits to the data for (n),
a cubic spline smoothed imposing a rms deviation of 0.12 for (L),
yielding the values of column 2 in Table II.

FIG. 9. The critical widthDvc , in winding number, vsT in K:
from column 8 in Table I (L); for the 0.9-ppb3He in the 4He
sample (n). The plain lines are parabolic fits to the (L) data to
guide the eye. The dotted curve is the~smoothed! width computed
from the values for Table II, as a closure for the numerical analy
05451
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gprocess involving a large number of particles in strong c
pling with their environment has no chance to exhibit colle
tive quantum motion.

Let us deal first with experimental problems. It is a fa
that the occurrence of such a saturation effect at low te
perature may have many causes, as debated in the litera
e.g., in Refs. 85–87, for systems other than helium. In
present case, the plateau ofvc has been observed at a repr
ducible crossover temperature in a number of different r
with different samples, two of ultrapure4He at low pressure
as reported here, a number of impure4He samples at differ-
ent pressures, and in a study of a series of3He-4He mixtures
at different concentrations in the few parts per billio
range.75 This last work also shows most directly that th
temperature of the resonator follows that of the thermo
eters since the effect of3He impurities can be tracked dow
to the bottom temperature of the refrigerator.

Mechanical vibrations are a serious issue in these exp
ments, especially for the measurement of the critical tran
tion width Dvc . A number of steps have been taken to r
duce the background mechanical noise, which can trig
critical velocity events in a way independent of temperatu
It has been demonstrated that the level of residual spur
rotations in the setup at Saclay amounts to less tha
31028(rad/s)/AHz,88 several orders of magnitude below ths.

TABLE II. Smoothedvc vs temperature, its derivative with re
spect toT, the chosen values ofa and the computed quantum co
rections, depopulation factor, and energy barrier. The values ofv0

are derived from Eq.~5! with T050.144 K.

T ~mK! vc dvc /dT a ln fq ln Y Eb ~K!

17.70 40.6235 20.07 0 2.795
17.80 40.6235 20.08 0 2.795
18.60 40.6234 20.14 0 2.796
20.00 40.6232 20.13 0 2.796
20.30 40.6232 20.13 0 2.796
28.80 40.6217 20.23 0 2.797
28.85 40.6217 20.23 0 2.797
56.80 40.6125 20.41 0.001 2.802
58.30 40.5885 20.42 0.001 2.802
100.70 40.5664 28.17 0.007 2.816
103.20 40.4715 249.81 0.008 2.829
103.21 40.4715 249.96 0.008 2.829
127.30 40.4035 223.04 0.013 5.437 0 2.884
130.00 40.4035 225.13 0.014 5.125 0 2.924
150.00 39.9082 224.40 0.019 3.589 20.015 3.214
161.50 39.6300 223.98 0.022 3.099 20.033 3.380
177.00 39.2626 223.42 0.026 2.344 20.042 3.605
188.70 38.9911 222.99 0.030 2.000 20.042 3.780
201.50 38.6998 222.52 0.033 1.716 20.039 3.976
215.00 38.3991 222.03 0.037 1.484 20.034 4.191
242.20 37.8133 221.04 0.045 1.147 20.025 4.642
249.00 37.6711 220.79 0.047 1.081 20.023 4.758
300.50 36.6487 218.91 0.063 0.731 20.012 5.670
358.60 35.6114 216.79 0.081 0.509 20.005 6.712
419.00 34.6635 214.59 0.100 0.371 20.003 7.725
5-13
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E. VAROQUAUX AND O. AVENEL PHYSICAL REVIEW B 68, 054515 ~2003!
noise onvc andDvc reported here, and down by even mo
below the level necessary to cause a plateaulike saturat

A leveling off of vc has also been observed in impure4He
by Davis et al.49 who also interpreted their observation
evidence for quantum tunneling. Their work can be seen
qualitative confirmation of the present work, but these
thors found the onset of the plateau at a temperature
;180 mK instead of 120 mK as reported here. It is n
known whether this difference represents an intrinsic fea
of the aperture or an extrinsic feature of the measuring
paratus.

Having established that the plateau occurrence in our
periments is not due to extraneous effects, we now add
the second concern mentioned above, namely, that it wo
signal not the takeover of quantum tunneling but rathe
bifurcation to some other, non-quantum, mechanism, a
drodynamical instability fostered by the flow such as t
formation of Kadomtsev-Petviashvili solitons,89 bubbles,90 or
vortex mills.91 We argue, as in Ref. 55, that since the var
tions of both vc and Dvc are continuous, though rapid
aroundT0, the energy barrier experiences no abrupt chan
and that, in all likelihood, the mechanism for vortex form
tion, or phase-slip appearance, remains the same. The d
mination ofEb , which follows, establishes this last point
a quantitative manner.

The third of the concerns expressed above is of a m
conceptual nature. The work on electrodynamic Joseph
devices referred to in the Introduction yields clear expe
mental evidence of the existence of quantum behavio
macroscopic variables. For hydrodynamical objects that p
sess topological stability such as vortices in helium, suc
concern should be considered in light of the internal con
tency of the analysis of the experimental data in terms
quantum tunneling, to which we now turn.

A. The Arrhenius plot at low T

The nucleation rate becomes very nearly temperature
dependent below;100 mK. The crossover between th
low-temperature~LT! quantum-tunneling regime and therm
activation at higher temperature takes place slightly ab
the knee in thevc vs T curve, which lies at 120 mK. The
precise determination ofT0, which turns out to be 0.144 K
is tackled below.

In order to analyze in greater detail the raw data of Ta
I, we proceed with a number of steps. As a first step,
construct an Arrhenius plot by plotting the logarithm of t
nucleation rate lnG(v) as a function of 1/T holding the ve-
locity v equal to itsT50 value,vq ~obtained by extrapola
tion of the data in Fig. 8!. On the LT plateau, lnG(vq)
5ln Gc1A(vq2vc) since the correction is small.

The LT part of the curve of lnG(vq) is extremely flat, from
which we conclude with the help of Eq.~7! that damping at
LT must be very small. A fit to Eq.~7! yields lnG55.900
(60.007)20.48(62.16)T2, G being expressed in s21. We
note that the coefficient ofT2 is negative while, from Eq.~7!,
we would have expected it to be positive.

In fact, as seen in Fig. 10, lnG(vq) exhibits a shallow
trough around 0.1 K where it lies below the logarithm of t
05451
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rate calculated at zero damping with the help of the num
cal tables of Grabertet al.56 The values of lnG(vq) obtained
from the raw data of Table I, shown as~* ! in the main frame
of Fig. 10, lie significantly lower than the computed valu
around 0.1 K. It should be noted that lnG(vq) shows more
scatter than lnGc . This simply reflects the noise onvc
2vq . The inset displays the trough more clearly, the sca
on lnG(vq), shown by (j), being reduced by using
smoothed values forvc(T) ~see Table II! in the correction
from lnG(vc) to lnG(vq).

Thus, the observed crossover between the thermal and
quantum regimes appears even sharper than that pred
for zero damping. This feature also shows in the abruptn
of the break ofvc(T) aroundT0. It can be accounted for by
a rapid variation ofa with temperature close to 0.1 K from
practically zero atT,T0/2 to 0.01 at;0.1 K, and 0.02 at
;0.15 K.

A least-squares reduction of the raw lnG(vq) to the theo-
retical curves adjustingEb at T50, a(T), as expressed ana
lytically as described below, andT0 yields the plain curve
shown in Fig. 10. The energy barrierEb(T50) is accurately
determined by the low-temperature extrapolation of lnG(vq).
The crossover temperatureT0, 0.144 K, is also well-pinned
down by the fitting procedure. The best fittinga(T),
0.06/(exp$0.23/T%21), results mainly from the dip in
ln G(vq) close to 0.1 K and is more loosely fixed. The resu
ing fit to the raw lnG(vq) is also shown in the inset of Fig
10; it agrees well with the values of lnG(vq) computed from
ln G(vc) usingsmoothedvalues forvc . It thus turns out that
damping in vortex nucleation can be fairly well estimat
from these experiments, which is possible only because

FIG. 10. lnG(v) vs 1/T, G being expressed in s21 andT in K:
ln Gc from Table I (L); ln G(vq) corrected for the change of th
velocity with T as explained in the text (* ). The raw data (n) and
the corrected values (m) from the run with the second sample o
ultrapure 4He agree very well with those of Table I. In the inse
ln G(vq) (j) has been obtained with the smoothed values ofvc of
Table II. The curves represent the calculated values of lnG(vq) with
a50 ~dashed line! or varying withT ~plain line! as explained in the
text. The dotted curve is the extrapolation to 1/T50 of a linear fit to
the high-temperature portion of the data.
5-14
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VORTEX NUCLEATION IN PHASE-SLIPPAGE . . . PHYSICAL REVIEW B 68, 054515 ~2003!
quantum-tunneling rate is suppressed exponentially by
coupling to the environmental bath.24

B. The Arrhenius plot at high T

As T increases aboveT0 and vc drops belowvq , the
variation ofA with v must be taken into account. At this firs
stage of the analysis, we do not retain the difference betw
Ea andEb and we assume thatv0 is a constant and thatEb
is independent ofT. With these assumptions, which are r
examined in the following sections, we simply ha
ln G(v,T)5ln(v0/2p)2Eb(v)/kBT as given by the Arrhenius
law, Eq. ~1!. We then use the experimentally determinedA
5] ln G/]vuT through the relation

]Ea

]v U
T

5
dEb

dv
52kBTA, ~35!

and obtain high-temperature part of the Arrhenius plot in F
10 by numerical integration of Eq.~35!:

ln G~vq ,T!5 ln Gc~T!2~1/kBT!E
vc(T)

vq dEb

dv
dv.

As seen in Fig. 10, the outcome for lnG(vq ,T) depends
linearly on 1/T with a slope equal to22.62 in kelvin, and
an intercept at 1/T50 of 26.0. The latter value is quite com
parable to lnv0/2p. ln kBT0 /\523.66, the former to
2Eb(vq), which is of the order of22.8 K as derived below
A precise agreement between the LT determination ofEb and
the high-temperature extrapolation cannot be expected
hold at this first-order step of the analysis but it is alrea
clear that the LT plateau and the thermally activated reg
can be accounted for by a single nucleation mechanism a
smooth dependence ofEb uponv. Invoking different vortex
formation processes for each regime would, in all likelihoo
lead to quite different values ofEb and dEb /dv.

C. Energy barrier vs velocity

We now build on the above determination ofv0(5vb),
still assumed constant, and proceed to deriveEb at vc(T)
from the complete expression for the rate, Eq.~9!, the loga-
rithm of which reads

ln G~T,v !5 lnH v0

2p
@A11a22a# f qYJ 2

Eb

kBT
. ~36!

To evaluate Eq.~36! and to determine the quantum and d
population correctionsf q andY, given by Eqs.~4!, ~8!, and
~10!, we have to assign values to the damping coefficiena
for which we have obtained estimates belowT0 only in the
previous paragraph. To obtain an evaluation ofa in the ther-
mal regime, we consider the derivative of lnG with respect to
T, which reads
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] ln G~T,v !

]T U
v

52
1

~11a2!1/2

]a

]TU
v

1
] lnf qY

]T U
v

2
1

kBT

]Eb

]T U
v

1
1

T

Eb

kBT
. ~37!

Equation~37! gives, assuming thata(T) is known, an inde-
pendent determination ofEb alongvc(T) since we know its
left-hand side from

] lnG~T,v !

]T U
v

5
d lnGc

dT
2A

dvc

dT
.

From a mathematical point of view, Eqs.~36! and~37! are
equivalent. But the temperature dependence ofEb can be
neglected since it is expected to behave as that of the su
fluid density, rs , which is very nearly equal to the fluid
density below 0.5 K, and is constant.92 Putting ]Eb /]Tuv
50 brings additional physical input and places constrai
on a and]a/]Tuv . Matching the values ofEb obtained from
Eqs. ~36! and ~37! at the high-temperature end of the da
with a variation ofa joining smoothly to the determination
at the low-temperature end, calls for a value ofa around 0.1
at 0.419 K. Both determinations ofEb are displayed in
Fig. 11.

These determinations are seen in Fig. 11 to differ fai
significantly at LT. They involve different input experiment
data, Eq.~37! utilizing the quantityA5] ln G/]vuT . Also, the
numerical differentiation of lnGc and the differentiation of
the asymptotic evaluation off q are prone to increasing
errors,60 and especially so where they contribute most, t
is, close toT0. In all, the two determinations ofEb in Fig. 11

FIG. 11. The barrier energyEb in kelvin vsv, the velocity in the
aperture expressed in winding number obtained from the LT d
transformed using the tables in Ref. 56 (j); from Eq. ~36! (L);
from Eq. ~37! assuming]Eb /]Tuv50 (m). The plain curve is a
second-order polynomial fit, and the dotted line is a guide for
eye obtained from a cubic spline smoothing routine imposing a
deviation of 0.2.
5-15
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E. VAROQUAUX AND O. AVENEL PHYSICAL REVIEW B 68, 054515 ~2003!
may not really differ by more than the combined statisti
and systematic errors of both experiment and theory.60

A third evaluation ofEb can be obtained by integratin
dEb /dv, given by Eq.~35!, starting from the values ofEb
and ofvc on the LT plateau. As can be seen in Fig. 12, t
third evaluation of Eb lies above the first one becaus
the slope aroundT0 is a great deal steeper. A compa
ison between the measured quantityA5] ln G/]vuT and
2(1/T)dEb /dv as derived from Eq.~36! is shown in the
inset. Another illustration of this discrepancy is given in F
9, which shows both the measured width and the width c
culated from the final values of the analysis.

The discrepancy between these two quantities is too la
to be explained by the experimental uncertainty onA. This
last quantity is the slope of lnG vs v, as illustrated in Fig. 6:
systematic errors coming from extraneous noise sou
would broaden the critical transition and would causeA to be
too small while the observed discrepancy corresponds to
overestimate ofA. The determination of the same quanti
derived from the rms spread inva is not prone to the sam
biases in the analysis. As can be seen in Table I, it is
average slightly larger~by approximately 10%! than that
stemming directly from lnG, which makes matters eve
worse.

A knee-jerk reaction is to call into question the assum
tion thatv0 remains constant. As a matter of fact, this qua
tity does depend on the control parameterv. Lifshitz and
Kagan93 have pointed out on general grounds thatv0→0
close to the lability point because]2V(q)/]q2 vanishes
while the particle mass remains finite~a finite-size vortex
ends up being nucleated!. More specifically, for analytic po-
tentials, which reduce to the cubic potential~6! close to the
lability point, and that depend linearly onv, such as, for

FIG. 12. The barrier energyEb in kelvin vs v, the velocity in
the aperture expressed in winding number (j andL), the same as
in Fig. 11; from Eq.~35! assumingv0 is constant (* ). The plain
curve is a second-order polynomial fit, and the dotted line is a gu
for the eye obtained from a cubic spline smoothing routine imp
ing a rms deviation of 0.02. In the inset are the quantitiesA
5] ln G/]vuT obtained experimentally (* ); from the derivative of
Eb , Eq. ~33! (L).
05451
l

s

.
l-

e

es

an

n

-
-

instance, for electrodynamic Josephson junctions26 or vortex
nucleation,4,83 one obtainsqb5q0n, Eb5E0n3, and v0

2

5(6E0 /mq0
2) n1/2 with n5(12v2/vc0

2 )1/2, vc0 being the ve-
locity at which the system becomes labile.

Attempts to reduce the discrepancy shown in Fig. 12
tween the direct determination ofEb and that based on th
integral ofTA with respect tov, allowing for a dependence
of v0 on v, do not lead to a realistic functional dependenc
v0 has to bereducedby a factor of 5 betweenT0 and 0.4 K
while the previous discussion suggested that a moderatein-
creasewas to be expected.

With the hindsight provided by the half-ring nucleatio
model,4 we realize that the assumptionv05vb must be
abandoned and that both quantities must have different
pendencies onv. As v decreases and the potential well b
comes deeper, the barrier becomes broader and]2V(q)/]q2

decreases while the vortex massm increases with the nucle
ated vortex half ring having a larger radius:vb is expected to
decrease. Using the simplified expression~4! for ln f th and
keepingv0 constant, the variation ofvb is given by

F a

A11a2
1

1

12S \vb

kBT D 2G 1

vb

dvb

dv
5A2

1

kBT

dEb

dv
.

Solving numerically forvb , we find that a sevenfold or so
decrease ofvb is needed to account for the discrepancy
Fig. 12.

This result indicates clearly that the cubic potential with
fixed mass particle provides only a first approximation to
vortex nucleation problem. A more refined analysis sho
retain the distinction betweenv0 and vb both above and
below T0 but ~i! the corresponding theory has not yet be
worked out, and~ii ! it adds to the number of unknowns, fo
the determination of which the available experimental inp
is already too scant.

D. Friction in the nucleation process

The damping coefficienta51/2vbt is found from experi-
ment to be extremely small belowT0/2 but rapidly increas-
ing in the vicinity of T0. Damping is fairly well determined
in this temperature range.

In contrast, thermal activation is only weakly affected
damping, provided that it is neither too strong nor too we
In both cases the rate is depressed, or, for an experimen
given value of the rate, the energy barrier is lowered. T
decrease is slow. For large dissipation,Eb varies as2 ln a
according to Eq.~36!; for very small dissipation, the depopu
lation factorY ~10! becomes proportional toa.22 Both cases
of very large and very small dissipation are excluded by
comparison between Eqs.~36! and ~37!.

In the intermediate regime, 0.05,a,1, lnG exhibits a
broad maximum which does not allow to pinpoint the val
of a. Also, letting v0 ~and vb) depend onv brings addi-
tional indetermination. A value of 0.1 fora at 0.419 K mini-
mizes the difference between the determinations ofEb from
Eq. ~36! and from the integral*TAdv shown in Fig. 12. By
the same token, the variation ofvb with v is also kept to a
minimum.
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Apart from the classic case of the electrodynamic Jose
son junction,94,95which can be well modeled by an electric
circuit, little is known about dissipation in the nucleation
mesoscopic objects. The motion of vortices in helium is i
peded by mutual friction, caused at LT by the collision w
ballistic phonons. Phonon scattering on a vortex filam
leads to the following force:96,97

FW 510.8
~kBT!5

m4
2c7\2

uW 18.24
~kBT!4

pm4c5\2
uW 3k̂, ~38!

in which c is the velocity of first sound,uW the vortex velocity
with respect to the normal fluid, andk̂ the unit vector along
the vorticity. The evaluation of Eq.~38! for a half-ring vortex
of diameter d530 Å and massM;20m4 leads to a
5pFd/2vbMu53.631025T5, a negligible quantity.

However, the mechanism leading to Eq.~38! is not the
most relevant because the vortex size is of the order of
dominant phonon wavelength; the structure of the vort
namely, its eigenmodes of deformation, plays an import
role. The eigenmode frequencies of a full ring are expres
by98

vn5
\nAn221

2m4R2
ln

R

a0
,

in which a0 is the vortex core radius. The friction force
proportional to the number density of phonons which c
excite these modes. The first nonzero eigenmode (n52) rep-
resents an elliptical deformation and also exists for the h
ring vortex. It gives the dominant contribution toa,
}(exp$\v2 /kBT%21)21, in which v250.215 K with R
5d/2515 Å. The values ofa collected in Table II corre-
spond to 0.082/(exp$0.25/T%21), which yieldsa50.1 at
0.419 K and fits best the values of lnG(vq) obtained with the
smoothedvc also collected in Table II~see the inset of
Fig. 10!.

The three last columns of Table II contain the values
the quantum corrections lnfq , of the depopulation facto
ln Y, and of the energy barrierEb that result from this analy-
sis. The quantum corrections play a major role aboutT0. The
depopulation factor remains close to 1: the plateau ofvc is
very far from being due to a loss of thermal contact of t
nucleating entity with its environment.

E. Universality

The results in Table II pertain to a particular, well-studie
aperture.99 Different runs with different4He samples, pure
and less pure, in the same aperture, at pressures close to
all show the same well-defined LT plateau setting in at
same temperature, although the mean velocity in the ape
may differ by a few percent, as in Fig. 8, or more, as for
data on the 100-ppb sample shown in Fig. 5. The width a
shows variations, as seen in Fig. 9.

These changes are believed to be due to contaminatio
solidified gases that takes place on nanometric scales,
therefore, affects the nucleation site geometry. Contam
tion on a larger scale, a few tens of nanometers, leads
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profound modification of the peak amplitude charts, as
ported in Refs. 7, 100 and 101. Heavy contamination on
even larger scale, such as to partially block the aperture
unlikely in these experiments since the gas samples w
always extremely well purified and the experimental c
carefully flushed with the purified gas. It follows from thes
remarks that the results in Table II, established for the se
experimental runs reported here, may be expected to v
from experiment to experiment, as is indeed seen in Fig
and 9. We note thatT0 and the nucleation rate itself are littl
affected by these changes, as seen in Figs. 8 and 10.

Vortex nucleation rates in apertures have also been m
sured by Zimmermann, Jr.et al.102 and by Steinhauer
et al.73,103,104 These authors have measured the phase-
rate by ramping up the pressure head applied to the aper
using the phase-slippage cell off resonance in a nonreson
‘‘ dc’’ mode. Slip rates can be turned into energy barrie
with the help of Eq.~36!, and pressure heads into apertu
velocities with that of the Euler equation. We have transla
the slip rate data of Refs. 73 and 103 into energy bar
values using the samev0 and a(T) as for Table II. The
outcome is shown in Fig. 13 as ragged strips. Daviset al.
have also used earlier resonator data49 of the type described
here, which are also plotted in Fig. 13. The straight segme
attached to each data point, marked with asterisks, repre
dEb /dv as obtained from the critical transition width.

The velocity scale in Fig. 13 is based on a normalizat
of velocities to the linearly extrapolated value atT50. This
scale is somewhat uncertain since the linear dependenc
vc on T does not extend to temperatures below;0.3 K. One
way to bring the two sets of resonator data marked by d
monds and asterisks in Fig. 13 into semiquantitative agr
ment is to adjust, as was done in Ref. 105, the velocity sc
by ;15% and to use the value forT0—0.20 K—quoted by
Daviset al.49 Another way would be to move the asterisks
Fig. 13 upward by adjustingv0 at each temperature. Th
necessary adjustment—at 0.66 K for instance, an upw
shift by ;6.5 K—would lead to an increase ofv0 by a
rather large factor of 104. Either way, the necessity of suc
adjustments makes the universal character ofEb(v) obtained
from the resonator data a matter of debate.

The dc data, marked by the ragged traces, would req
even larger adjustments ofv0 and are for their part definitely
off track. In particular, the effective energy barrier at lar
pressure heads does not decrease rapidly enough asv in-
creases to extrapolate to zero asvc increases. We refer to
Ref. 105 for a possible explanation of these anomalies
large slip rates based on a backflow effect of the emit
vortices on the nucleation site.

The results of Zimmermann, Jr.et al.102 follow roughly
the same pattern as those of Steinhaueret al.73,103 The au-
thors of Ref. 102 used a larger aperture and smaller pres
heads; their data are less prone to backflow correctio
Nonetheless, the energy barriers that can be derived f
their data are lower than in the present work, again show
that site-to-site differences exist in the nucleation of vortic

The discrepancy between the resonator data and th
data in Refs. 73 and 103 has also been noted by Niemetz
Schoepe.74 These authors reanalyzed the dc results of Ste
5-17
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haueret al. from different premises106 and obtained a curve
similar to the strip of traces in Fig. 13. This strip lies signi
cantly below the resonator data points, and, consequently
corresponding attempt frequency is lower. Niemetz a
Schoepe found a value ofv0/2p of 1.23104 Hz,106 much
lower than the value considered here, 1.931010 Hz, given by
Eq. ~5! with T050.144 K.

Also, the onset temperature for the quantum plateau
ported by Daviset al.49 is about 200 mK, 50% higher tha
the temperature reported here. The crossover temperatur
ported by Hendryet al.,47 at which the nucleation rate satu
rates in ion propagation experiments, a rather different
stance of vortex nucleation, lies at around 200 to 240 mK
terms of the corresponding attempt frequencies, these di
ent figures lie at in the same range. It is nonetheless ra
puzzling that the two aperture-flow experiments do not
closer to one another since the critical velocities at the nu
ation site are presumably comparable~20 to 30 m/s! and
much smaller than for ion propagation~about 60 m/s!; the
nucleated vortex is more than twice smaller in the latter ca

To conclude, we point out that, in spite of differences
experimental setups and data reduction methods, the va
data display similar trends. Quantitative agreement is
achieved, and energy barriers are hardly ‘‘universal,’’ but
to the point of casting doubt on the fact that the underly
mechanism for phase slip nucleation in these different
stances is the same.

The present results, given in Table II, possess full con
tency between the high- and low-temperature behaviors w
a value of the attempt frequency given by the crossover t
perature between these two behaviors. The values forEb and
v0/2p obtained here certainly fall into physically plausib

FIG. 13. The barrier energyEb in kelvin vs v/vc0, the velocity
in the aperture normalized to the linearly extrapolated value aT
50: from Table II (j andL); nucleation rate data from Refs. 7
and 103 at various temperatures, converted to energy barrie
described in the text (* ), and continous ragged traces.
05451
he
d

e-

re-

-
n
r-
er

e-

e.

us
ot
t

g
-

s-
th
-

ranges, the latter being of the order of the highest Kel
mode frequency, the former being of the order of the ene
of vortices large enough to survive in the locally applied flo
field of 10 to 20 m/s.

F. Nucleation sites

Our present knowledge of nucleation sites for vortices
at best rudimentary and we are left to conjecture as to h
these sites exactly appear. Experiments aimed at ascerta
the effect of aperture geometry have led to puzzli
results.107 The common belief is that they must consist
nanometer-size defects, either geometrical or chemical, a
aperture wall.

The above nucleation model and analysis rest on the
sumption that one given Brownian particle escapes at a t
from a well-defined potential well. As noted on heurist
grounds by Schoepe,108 there can, in principle, exist a larg
multiplicity of nearly equivalent nucleation sites at the wa
of the microaperture. Acting independently of one anoth
they would impress their own statistical distribution of pro
erties on the measured nucleation rate, foiling the analysi
Sec. III.

We argue on two grounds that such is not the case and
a primary site is involved. Let us first consider the structu
of the aperture walls and the superfluid flow past them. T
aperture is micromachined by ion bombardment or
chemical etching. These processes are similar to diffus
front propagation and create interfaces with a frac
character:109 height fluctuations of the interface may be e
pected to display a fractional Brownian pattern with a 1/f a

spectrum extending from atomic dimensions to sizes com
rable with that of the aperture. This fractal nature renders
various possible nucleation sites inequivalent to one ano
by a large extent, some being lean, some being fat. Pote
flow of the superfluid picks up the spikiest, on a nanome
scale, of these sites, located on the most prominent la
scale defect. Given the scarcity of sites in high flow regio
the next most favorable one is likely to be much less eff
tive: there is but one Mount Everest on Earth; K2 is 2.7
shorter.

The peak amplitude chart, Fig. 2, provides another cl
based on experiment. If there were a number of nea
equivalent, uncorrelated nucleation sites, multiple sl
would occur with a random pattern characteristic of the
perposition of Gaussian processes, quite unlike that in Fig
In particular, multiple slips occur predominantly in a prefe
ential flow direction~fostering minus slips!, and their fre-
quency varies with temperature and3He impurity content.
More properties of multiple slips and flow collapses are d
scribed in Refs. 69 and 81. They do not appear to be a
nature of multiple nucleation sites; a possible mechanism
their occurrence is discussed in Ref. 55.

It still remains possible that a secondary site would p
second fiddle to the primary one, causing a slip now a
then. This possibility would not be easily spotted on the pe
amplitude charts. Corresponding to a less frequent even
would not distort significantly the slip probability, but,
really present, it wouldraise the apparent value ofA and
help explain the discrepancy in Fig. 12.

as
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VI. SUMMARY

We have given a detailed account of how the slip nuc
ation rate is obtained from phase-slippage experiments.
knowledge of the nucleation rate in ultrapure4He at various
temperatures and velocities leads to that ofvc and Dvc .
These quantities compare satisfactorily to those extra
from the mean velocityva and its rms fluctuations; the
~small! discrepancies place confidence limits on the resu

The experimental data display two regimes:
temperature-independent plateau below;120 mK, and a
thermal regime above, which are interpreted in terms
quantum-tunneling nucleation and thermally assisted nu
ation. Using theoretical results established for the escape
particle trapped in a potential well and subjected to rand
forces from its environment, we have extracted the value
the confining energy barrier at various temperatures~and ve-
locities! as well as the attempt frequency. The analyses of
LT and high-T data, and their comparison, lead to the follo
ing results:

~i! The LT data yield both the value ofEb in the limit T
→0 and the attempt frequency. The resulting crossover t
perature isT050.144 K.

~ii ! The analysis of the high-T data has been conducted
different ways which show that the energy barrier and
attempt frequency determined from the high-T data are com-
patible with those determined from the LT plateau.

~iii ! The nucleation model parameters can be tailored
rather precisely fit the data. The fine touches lead to an e
mate of damping, which is vanishingly small belowT0/2,
and increases above, rapidly at first to aboveT0, and then
moderately. The anomalously sharp break between the q
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