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Possibility of c-axis voltage steps for a cuprate superconductor in a resonant cavity

I. Tornes* and D. Stroud†

Department of Physics, The Ohio State University, Columbus, Ohio 43210, USA
~Received 17 March 2003; published 29 August 2003!

Very anisotropic cuprate superconductors, such as BiSr2Ca2CuO81x , when driven by currents parallel to the
c axis, behave like stacks of underdamped Josephson junctions. Here, we analyze the possibility that such a
stack can be caused to phase lock, to exhibit self-induced resonant voltage steps~SIRS’s!, and hence to radiate
coherently when placed in a suitable resonant electromagnetic cavity. We analyze this possibility using equa-
tions of motion developed to describe such SIRS’s in stacks of artificial Josephson junctions. We conclude that
such steps might be observable with a suitably chosen cavity and resonant frequency.
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I. INTRODUCTION

Barbaraet al.1 have recently shown that underdamp
Josephson-junction arrays can be made to phase lock, a
radiate efficiently, if placed in a suitable resonant cavity. T
phase locking is believed to occur because of interacti
between the Josephson junctions and the cavity reso
mode. This interaction causes each junction to lock to
cavity frequency, creating an indirect interaction betwe
any two junctions. Because any two junctions are interact
the locking tendency grows with increasing numbers of ju
tions. If there are more than a critical number of junctio
there is global phase locking, the array current-voltage (IV)
characteristic shows so-called self-induced resonant s
~SIRS’s!, analogous to the usual single-junction Shap
steps, and there is efficient radiation into the cavity. Sev
authors have developed models for this process.2–4 Some of
these models appear to reproduce most of the features o
experiments, although certain features related to the
served threshold number of junctions may be at varia
with experiment.2

This paper considers whether the type of locking obser
by Barbaraet al.1 can be caused to occur in anaturally oc-
curring Josephson-junction array, namely, a single-crys
sample of cuprate superconductor. Some of these mate
notably BiSr2Ca2CuO81x near optimal doping, behave ex
perimentally like stacks of underdamped Joseph
junctions.5 Further evidence of this Josephson behav
comes from effects of Josephson plasmon resona
~JPR’s!,6 such as terahertz radiation from high-Tc materials
resulting from resonant excitation of JPR’s.7 By analogy with
Ref. 1, it should therefore be possible to place such mate
in a suitable resonant cavity, and generate phase lock
self-induced resonant steps, and efficient radiation into
cavity. We will use the model of Ref. 3 in order to investiga
the parameters which may apply to the most anisotropic
prate superconductors.

The remainder of this paper is arranged as follows. In S
II, we briefly review the model, and estimate parameters
the more anisotropic cuprates. Section III describes so
model calculations carried out using these parameters
Sec. IV, we give a brief concluding discussion, discuss
possible model limitations and connections to oth
approaches.8
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II. MODEL EQUATIONS AND ESTIMATE OF MODEL
PARAMETERS

A. Basic equations

As was first shown by Kleineret al.,5 the c-axisIV char-
acteristics of BiSr2Ca2CuO81x resemble those of a stack o
underdamped Josephson junctions, exhibiting such key c
acteristic features of underdamped junctions as Shapiro s
and hysteresis in theIV characteristics.

Suppose that a sample of such a cuprate superconduc
placed in a suitable resonant cavity. We assume that a cu
I is injected parallel to thec axis into one face of the sample
and extracted from the other face. The sample is conside
as a stack ofN underdamped Josephson junctions. Accord
to the model of Ref. 3, the combined system of junctions a
cavity satisfy the following equations of motion:

g̈ j1
1

QJ j
ġ j1sing j5

I

I c~11D j !
22ä̃R , ~1!

ä̃R1~V8!2ãR52g̃
V8

V (
j 51

N

~11D j !g̈ j . ~2!

Hereg j is the gauge-invariant phase difference across the
junction, QJ j is its quality factor, andI c(11D j )[I c j is its
critical current. The dots represent derivatives with respec
a dimensionless timev̄pt. v̄p is the average of the Josephso
plasmon frequenciesvp j5A2EC jEJ j/\5A2eIc j/(\Cj ),
whereEC j5(2e)2/(2Cj ) is the capacitive energy of the jt
junction, Cj is its capacitance, andEJ j5\I c j /(2e) its Jo-
sephson coupling energy. In the resistively and capacitiv
shunted junction~RCSJ! model,9 QJ j5vp jRjCj , whereRj

is the jth shunt resistance.ãR5AgaR , where aR5(a
1a†)/2, a anda† being the standard Bose creation and a
nihilation operators for the cavity mode. The equations
motion ~1! and ~2! are applicable in the ‘‘classical’’ limit
when there are many photons in the cavity. In this regim
the operatorsa, a†, andaR can be treated asc numbers.3

Finally,

g5~\c2/V!@~2p!3/F0
2#F E

j
E~x!•døG2

, ~3!
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whereF05hc/(2e) is the flux quantum, the line integral i
taken across the junction, andE(x) is proportional to the
cavity mode electric field, normalized so that*VuE(x)u2d3x
51, whereV is the cavity volume, andV is the cavity mode
frequency. The renormalized coupling constantg̃
5gEJ /(\v̄p), and in terms ofg̃, (V8)25V2/@112g̃( j (1
1D j )#. In a real cuprate superconductorV8'V to less
than 1%.

B. Estimate of model parameters

We assume that theN junctions in the cuprate supercon
ductor consist ofN11 layers of CuO2, spaced a distanced
apart, and each of areaS. The capacitance~in esu! is there-
fore C'eS/(4pd), wheree is the relative dielectric con
stant of the material between the CuO2 layers. A typical
value of the c-axis resistivity for BiSr2Ca2CuO81x is
;10 V cm at a temperatureT just above the superconduc
ing transition temperatureTc ,5 corresponding to a shunt re
sistanceRj5drc j /S, whererc j is the resistivity of the ma-
terial in the jth junction.

We estimate I c j using a modified zero-temperatu
Ambegaokar-Baratoff relation10 2eIc jRj5aD(0)
52eIc jdrc j /S, whereD(0) is theT50 superconducting en
ergy gap. In the original Ambegaokar-Baratoff relation,10 a
5p/2, but according to measurements f
BiSr2Ca2CuO81x ,11 the I cR product corresponds toa
;0.2. From the above relations forvp j and 2eIc jRj , the
Josephson plasmon frequency isv̄p

2'4paD(0)/(\erc j).

Using all these expressions forC, 2eIc jRj , andv̄p
2 , we find

QJ
25aD(0)rc je/(4p\). Thus, for a material with a given

D(0), QJ j}Arc, j .
Using these expressions forQJ j and vp j , we find

vp jQJ j5aD(0)/\. This relation is useful becauserc j does
not appear directly. Using the estimateD(0)/kB5400 K and
a50.2, we get aD(0)/\'1013 sec21, and hence
vp j /(2p);(1600/QJ j) GHz.

Next, we estimateg̃ for a cuprate superconductor such
BiSr2Ca2CuO81x . We assume thatE(x) is polarized perpen-
dicular to the layers with constant magnitudeE0 throughout
that layer. Theng52p(2e)2d2E0

2/(V\V) and henceg̃

52pEJ(2e)2d2E0
2/@\2Vv̄p#.

We calculateg̃ for V5vp . Combining the relationEJ

5\I c /(2e) with our expressions forC and v̄p
2 , we obtain

g̃5evE0
2/2, wherev5Sd is the junction volume. To make

rough estimate, we consider a rectangular cavity with dim
sions Lx , Ly , and Lz , with Lx;Ly@Lz , and with Ly
.Lx , containing material of dielectric constantec and mag-
netic permeabilitymc . In this case, the lowest TE mode h
frequencyV5(c/Aecmc)Ap2/Lx

21p2/Ly
2; the correspond-

ing electric field is12 E(x,z)5E0ẑsin(px/Lx)sin(py/Ly),
where we assume thatẑ is parallel to thec axis. Requiring
that * uE(x,y,z)u2d3x51 gives E052/AV, where V

5LxLyLz , and henceg̃52ev/V. The lowest cavity fre-
quency V is approximatelycA2p/(LxAecmc), which im-
plies thatg̃'4eecmcSdn2/(c2Lz), wheren5V/(2p). Tak-
05251
-

ing n5300 GHz, d51.5 nm, e510, and arbitrarily
choosingLz51 mm, S5(15 mm)2, andec5mc51, we find
g̃;231025, a value which is obviously very sensitive to th
parameter values. This type of coupling might be achieva
in a geometry in which a thin film of superconductor is o
ented within a cavity, such that itsc axis is parallel to the
small dimension of a cavity. Possibly the film might actua
form one wall of this cavity, whose large dimensions exte
parallel to theab plane.

The estimates given above assume that the cavity ele
field can penetrate without restriction between the Cu2
planes. In reality, this penetration is restricted by screen
The relevant screening length is the Josephson penetra
depth, denotedlJ , which characterizes the spatial variatio
of fields within thec-axis Josephson junctions. This leng
has been experimentally estimated as 15mm in
BiSr2Ca2CuO81x for T!Tc ,13 and presumably substantiall
larger at higherT. These values are comparable to the line
dimensions we assumed for our CuO2 planes for g̃52
31025. Hence, this value ofg̃ may be experimentally
achievable. For larger linear dimensions, our ‘‘small jun
tion’’ model would need to be generalized, as discussed
low ~Sec. IV!.

III. NUMERICAL RESULTS

To illustrate these predictions, we have solved Eqs.~1!
and ~2! numerically for a range of parameters. As in Ref.
this was accomplished by rewriting these equations as a
of coupled first-order differential equations:

ġ j5ñ j22ṼãI , ~4!

ṅ̃ j5
I

I c~11D j !
2

ñ j

QJ j
2sin~g j !12

Ṽ

QJ j
ãI , ~5!

ȧ̃R5ṼãI , ~6!

ȧI52ṼãR22Ṽg̃
ãI

QJ j
(

j
~11D j !1g̃(

j
~11D j !sin~g j !

2Ng̃
I

I c
1

g̃

QJ j
(

j
~11D j !ñ j . ~7!

Here Ṽ5V/v̄p , and ñ j is the scaled number variable.3 We
solve these equations using a constant-time-step fourth-o
Runge-Kutta procedure with a time step of 0.001. We be
the simulation by initializing the parametersãR , ãI , and
I /I c , and theñ j ’s to zero, while theg j ’s are initialized at
independent random values uniformly distributed betwee
and 2p. For a givenI /I c , the differential equations were
then integrated, and the voltages averaged, over a dimen
less time interval oft553103. The ratioI /I c was then in-
creased or decreased by an amount 0.01 and the set of e
tions was solved again.

When we solve these equations usingQJ j;100, as ex-
pected for BiSr2Ca2CuO81x , we have not as yet found nu
2-2
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merical evidence of SIRS’s. We have therefore rerun
calculations using other model parameters which may
suitable for a cuprate superconductor slightly less anisotro
than BiSr2Ca2CuO81x . We find that, for all values ofQJ j
between 1 and 5, such SIRS’s are easily detectable in
simulations.

Typical numerical results are shown as the full curve
Fig. 1. In these calculations, we have chosen all theQJ j

55. The other parameters areṼ52.5, N540, andg̃51.75
31024; the disorder parametersD j ’s were chosen as inde
pendent random numbers uniformly distributed betwe
20.05 and 10.05. Two SIRS’s are visible, one a
^V&/(NRIc)51/2 and one at 1/4. The step at 1/2 is wid
than that at 1/4, possibly because there are more junct
phase locked on the higher-voltage step: all the junctions
phase locked on the 1/2 step, while only half are locked
the 1/4 step. The lower voltage~with the large jump near
I /I c51) is obtained when the current is swept in an incre
ing direction, while the upper voltage curve corresponds t
decreasing current sweep.

The result of the full curve in Fig. 1 corresponds to
damping of the cavity mode itself. To see the influence
cavity damping, we included a cavity damping term to E
~7! by arbitrarily adding the term2GãI to the right-hand
side,G being the cavity damping parameter. For sufficien
large G, we find that the SIRS’s are damped out, while f
G<0.05, they are still visible. For sufficiently smallG, the
SIRS’s are little changed from those of Fig. 1. We illustra
this similarity in the dashed curve of Fig. 1, which shows t
IV characteristics forG50.01; the other parameters are u
changed from the full curve.

A typical result for a weaker coupling is shown in Fig.
which shows theIV characteristics forN5100, g̃51.75
31025, andG50.0; the other parameters are the same a
Fig. 1. ForN5100, we have found both the 1/2 and the 1
steps for g̃51.7531024 and 1.7531025, while for 1.75

FIG. 1. Full curve: calculatedIV characteristics for an arra

with G50.0 ~no damping from cavity walls!, N540, g̃51.75
31024, QJ55, Ṽ52.5, and disorder parameterD50.05. Param-
eters are defined in the text. Dashed curve: same as full curve
with cavity damping parameterG50.01.
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31026 ~not shown! we have seen thus far only the upp
step. Thus, even for a coupling as weak as 1.7531026, these
SIRS’s should show up for a suitable cuprate supercondu
in an appropriate cavity. We have also carried out calcu
tions with 200 junctions in an undamped cavity, with oth
parameters the same as those of Fig. 2; we obtained re
similar to those for 100 junctions for all three values ofg̃.

The choice of parameters in Figs. 1 and 2 is based
arguments of the preceding section. According to those a
ments, a value ofQJ;5 would correspond to a cuprate s
perconductor less anisotropic than BiSr2Ca2CuO81x , but
still in the underdamped regime where the supercondu
should behave like a stack of underdamped Josephson j
tions. Although even a largerQJ should produce SIRS’s, we
have not yet seen them in our simulations.

IV. DISCUSSION

There is a remarkable formal similarity between Eqs.~1!
and ~2! governing the coupled Josephson-cavity system
those recently proposed by Helmet al.8 to describe the inter-
action between an intrinsic Josephson junction and an op
phonon in a cuprate superconductor. In fact, our Eqs.~1! and
~2! would be identical in form to Eq.~5! and~6! of Ref. 8 if
there is only a single junction and the optical phonon in
model of Ref. 8 is assumed undamped. The precise map
for a single junction isãR52Kṗ, whereṗ is a polarization
current appearing in the model of Ref. 8. The proportiona
constantK depends on the choice of time units in the tw
sets of differential equations.

The interaction between a Josephson junction and an
tical phonon has been observed experimentally and the
dicted IV structure has been experimentally confirme8

Thus, the SIRS’s predicted by our model for the Josephs
cavity system are the analogs of theIV subgap structure
calculated for BiSr2Ca2CuO81x with a Josephson optica
phonon interaction. The most important difference is that
cavity interaction tends to cause the junctions to phase lo
because each intrinsic junction interacts with thesamecavity
mode, whereas in Ref. 8, the optical phonons in differ

ut

FIG. 2. Same as full curve in Fig. 1 but withN5100 andg̃
51.7531025.
2-3
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junctions are independent; so no locking is predicted.
If all the intrinsic junctions were to interact with thesame

vibrational mode, then these junctions might also be indu
to phase lock, as with the electromagnetic cavity mode. T
type of locking may be conceivable using a suitable mic
mechanical resonator. Such resonators can now be fabric
with fundamental vibrational modes in the range of 0.01
GHz ~Refs. 14 and 15!, and interact with small underdampe
Josephson junctions according to the same Hamiltonian
that discussed here for electromagnetic cavities.16 Hence, a
similar type of phase locking is possible, given a suita
experimental geometry.

Finally, we briefly discuss the small junction approxim
tion used here. Specifically, we have characterized each l
by a single phase and have neglected the spatial variatio
that phase in theab plane. In a more realistic model, th
variation would be included, as would the coupling betwe
the intrinsic junctions induced by that phase variation. As
been shown by Sakaiet al.,17 the junction dynamics are the
described by a set of equations for coupled weakly dam
sine-Gordon solitons. If, however, both the linear dimensio
of the junctions in theab plane and the thickness of th
junction in thec direction are small compared tolJ , then
their equations reduce to the ones used here. Thus,
present approach should be accurate for disklike cup
samples~‘‘mesas’’! of linear dimensions in theab plane
smaller thanlJ;15 mm for T!Tc .13 For much larger me-
sas, the present model should be generalized to the ca
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To summarize, we have proposed that when a very an

tropic cuprate superconductor~which behaves like a stack o
underdamped Josephson junctions! is placed in a suitable
single mode resonant cavity, the stack should be able
phase lock and to exhibit self-induced resonant voltage s
~SIRS’s! at a frequency related to the cavity frequency.
support of this suggestion we have provided numerical ill
trations of these steps for suitable parameters. We also
vide estimates showing that these parameters may be ac
able in a physically realizable cuprate superconductor i
realistic cavity.

If this suggestion is verified, it might have a range
intriguing consequences. For example, an array locked o
SIRS would radiate coherently into the cavity.1–3 Thus, a
suitable cuprate superconductor might be usable in this
as a source of coherent microwave radiation. This possib
would be particularly exciting because the source would
be an artificially nanostructured material but one within t
equilibrium phase diagram of a multicomponent system.
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