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Vortex dynamics in two-dimensional Josephson junction arrays
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The dynamic response of two-dimensional Josephson junction arrays close to, but above the Berezinskii-
Kosterlitz-Thoules$BKT) transition temperature is described in terms of the vortex dielectric funetion
and the flux noise spectruf,(w). They are calculated by considering both the contributions of free vortices
interacting through a screened Coulomb potential and the pair motion of vortices that are closer to each other
than the BKT correlation length. This procedure allows us to understand various anomalous feat(gs in
and inSy(w) that have been observed both experimentally and in dynamic simulations.
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Neglecting capacitive effects, two-dimensior{dD) Jo- inferred from measuring the dynamic response of the array to
sephson junction arraydJAs) are described by the classical a time-dependent current in a two-coil experimehf. Mea-
XY model in which the superconducting phage®f neigh-  surements on arrays in an external magnetic ¥iblive pro-
boring sitesl are coupled by the Josephson interaction. Theduced results that are closer to MP than to Drude’s predic-
relevant excitations are vortices and antivortices, which betion, as far as the peak ratio and frequency dependence of
have as a 2D neutral Coulomb g@G).! Their chargeggis  1/e(w) are concerned: Ré/e(w)]x|w| over a sizable range
linked to the Josephson coupling by g3=2wJ. At the of frequencies. Third, measuring the temporal fluctuations of
Berezinskii-Kosterlitz-ThoulesgBKT) transition the CG the magnetic flux through a given area of a JB&fs. 9 and
crosses over from a dielectric phase consisting of vortex10) also provides insight into the dynamics of the currents in
antivortex pairs to a metallic phase containing free vorticeghe array and, thus, of the vortex system. At sufficiently low
and antivortices. The main signature is the universal jump ofrequencies, abov&gkr, the time Fourier transforrg(w)
the helicity modulus afgxr. It has been observed experi- of the noise is whitdi.e., frequency independgnit larger
mentally in the current-voltage characteristics of the JJA andv, these experiments unexpectedly show a rather extended
in its response to a low-frequency electromagnetic figld.  region WhereS(/,(w)OCw’l, which needs a deeper explana-

The dynamic behavior of JJAs is less well understood.tion.
For the equations of motion of the superconducting phases, Aiming at explaining the anomalous dynamics of JJAS, as
the resistively shunted junction model can be used. Based oevealed by the above-mentioned experiments, analytical
it, an equation of motion for the vortex excitations was calculation§***2as well as dynamic simulations for JJAs
derived; it describes them as massless point particles, subhave been performed based on the equations of motion for
ject to a friction force stemming from normal current lossesthe phases of the arr&y*®or for the CG' In particular, the
and interacting via the 2D Coulomb interaction, which essenextensive numerical efforts of Minnhagen and collaborators
tially varies logarithmically with their distance. The dynamic confirmed the existence of a frequency interval in which an
response is described by the dielectric functiefw). A anomalous MP dynamics emerges, both for zero and finite
simple approximation abovEg« is given by Drude’s form. magnetic fields; analytical calculations have also been able
Minnhageit developed a more sophisticated expression foto reproduce some characteristic features of the anomalous
e(w) assuming it can be derived from the static wave-MP vortex dynamics upon invoking screening effects and
number-dependent dielectric function, taken to have a Debydynamical scaling argument$. However, the flux noise
screening form, replacing wave number by frequency. Theépectra obtained within MP framework usually only show a
result—usually referred to as “Minnhagen phenomenology”common 1k tangent to the curves for different temperatures,
(MP)—substantially differs from Drude’¢D) behavior. In  but no extended region with d/noise. For higher frequen-
particular Rgl/ep(w)]*w? whereas Relleyp(w)]=|w|,  ciesS,(w)xw *¥2¥ 2which is characteristic of vortex dif-
while the so-called “peak ratic” r  fusion orSy(w)xw 2, for even higher frequencié8.Other
=Im[Ve(wy) /R 1e(wy)], on being the frequency at calculations do yield 14 noisé* or Sy(w)xw™ 3N with an
which In{1/e(w)] is maximal, isrp=1, whereasryp exponenta(T) close to unity, but slowly varying with
=2/m. Vortex dynamics belowTgyy is usually treated by temperaturé?
averaging the dynamic polarizability of a pair of sid@ver The analytical approach to JJA dynamics proposed here is
a probability distribution ford.>® based on the overdamped equations of motion for the 2D

Three main types of experiments aim at elucidating dy-neutral CG, containing a friction and an interaction term. The
namical properties of JJAs. First, the exponent of the nonobservables of interest are related to dynamic correlation
linear current-voltage characteristics is related to the dyfunction of hydrodynamic variables, such as
namic critical exponent describing the critical slowing down .
of the two-d|merj3|onal CG near the BKT transitibiSec- ¢pp(k,w)=f dte ! p(k,t)p* (K)), (1)
ond, the dynamic conductanc®(w) of the array can be 0
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wherep(k)=1/\/N=,q,e'* R is the Fourier transform of the bound in pairs whereas all the remaining ones are free. As
charge density d,==*1). The equal time correlatoB(k) usual in the treatment of the BKT problem, more compli-
=(|p(k)|?) is the CG charge structure factor. From cated configurations, such as double pairs, are neglected,
¢,,(k, ) one gets the dynamic charge susceptibility and thewhich is appropriate for low densities of particles. We intro-
dielectric function of the CG? which may be expressed in duce the average fractiongoé 2 and v,=1—v¢ of free

terms of dynamic vortex mobilityt(w): and paired particles, respectively, out of a totalngparticles
in thermal equilibrium and then calculate the reaction of the
e(w)=1-2i wqé,u(w)w‘l. (2)  whole system by adding the contribution of the pairs and of

the free particles to some response function with these
)ﬁveights. This strategy is built on the assumption that the
main pair correlations entering correlators ligg,(k,w) are
those which result from the initial pairedree) configura-

-+ 3,(kR)%e 2K tions, whereas paiffree) motion that occurs at later times
S¢(w)=SoJO dkt : Re ¢,,(ko)]. (3 will be included in an averagdtime independentway

Assuming that supercurrent is the main source of the flu
threading through a coil of radiug at a distancel from the
array planeS,(w) is related to¢,,(k,») (Ref. 16:

k(1+\k) through the distance-dependent screened Coulomb interac-
tion.
J1(X) is the flrst-order Bessel function andrepresents the We consider the vortex mobility.(w) as the central re-
magnetic penetration depth of the JJA. sponse function for which we will combine the respective

Treating vortex dynamics abovesir analytically repre-  contributions of pair and free motion.(w) directly deter-
sents a tough challenge, since the presence of both free pafines e(w), via Eq. (2) as well as¢, (k,»).'® The total
ticles and bound pairs, predicted by ttatic scaling analy-  mopility of the vortex system abovE;ZT shall thus be ap-
sis of the BKT problem, should be taken into account. As isproximated by a superposition of pair and free contributions:
customary in treating the dyngmlcs of Coulomb syst%?‘ns, (@)= (1= v;) wp(w) + viui(w), in analogy to electric cir-
we introduce a screened effective two-body potentia(r);  cuits put in parallel. According to Ed2), a corresponding
the latter is determined by the basic length scale of the probsyperposition will hold for the dielectric function. Adding
lem: namely, the BKT correlation leng#(T). At distances pound and free contributions te(w) also results from a
r<<£(T), Vs¢(r) exhibits dielectric screening via a length-  rigorousT-matrix analysis of the dynamics of quantum Cou-
dependent dielectric functioa(r), obtained through static |omb gas?* Hereafter, we delineate the methods used to de-
BKT scaling: Vgc(r)zqge(r)*lln(r/a). Conversely, atr rive ui(w) and up(w).
>&(T), Vsd(r) incorporatesnetallic Debye screening, given  (a) Thefree vortexmobility u(w) is determined by using
by VIi(k) = a3/ (k?+ £ 2) in reciprocal space. As our hydro- Mori's technique of calculating dynamic correlation func-
dynamic variables are typically sums of single-particletions to ¢pp(k,w),6v12 As usual, higher-order correlators—
terms, dynamic correlators, such as EL, are evaluated by arising upon using the equations of motion for the individual
correlating the trajectoryr,(t) of a given particle with the particles—are factorized. This should be adequate as we use
initial position R;,(0) of another one. In such a trajectory, the screened interaction between two given particles, which
one can distinguish essentially two different types of motionjncorporates correlations with other particles in an average
each being realized over some time span: when a particle hagnse. In Mori's approach, the inverse of the mobility—i.e.,
found a partner of opposite charge closer ti§én), the two  the vortex friction function—is given by the force-force cor-
will temporarily form a pair interacting througwgc(r). relation function(for details, see Refs. 6 and 1T he result-
Their contribution to a given dynamic correlation function ing density correlatofl) is
will look like the one of a single pair, as has been treated by

Ambegaokaet al.® including, however, a finite lifetime. On S(k)

the other hand, when our particle does not own a partner for ¢,p(K,0)= TIC . (4)
temporary pairing within the distanc&(T), it will essen- w2 m(@)

tially behave like a free—i.e., unbound—particle, moving S(k)

under the influence o¥(r), and the corresponding contri-

bution to a given correlation function will be calculated tak- We choose a Debye-Htkel form S(k) = k?/(k?+k5),* with
ing into account only the metallically screened potential. Thekg=27g3n/ksT andn being the total vortex density—which
detailed techniques we have used for evaluating both contriespects both the charge neutrality of the vortex system and
butions are described below. the correct limit for largek; thereby, both diffusion and re-
An analytical approach does not permit one to followlaxation dynamics—typically arising in a Coulomb system—
each trajectoryR,(t) in order to distinguish these two types clearly appear in Eq(4). Three frequency regimes emerge,
of time evolution. In order to account, in an average senseseparated by the scale frequencies=kgT/T'a? (a is the
for paired and free motion, we use the fact that our dynamidattice constantand w.= ke T/T €2. Here Réu(w) 1] is
correlation functions are given by a statistical average over #at for o<w, with a value increasing ag’—it coincides
canonical ensemble of initial configurations. Such an equiwith the bare friction parametel’ for w>w,—whereas
librium configuration, at a given temperature, is characterRe u¢(w) *]«In|w| in between'? The resulting inverse
ized by the BKT correlation length: charges of opposite sigrdielectric function, shown in Fig. 1, indeed follows MP
which are closer to each other th&(T) are supposed to be behavior—Rpe(w) ]xw for w<w<w,—for a fre-

052502-2



BRIEF REPORTS PHYSICAL REVIEW B8, 052502 (2003

t=1.01
t=1.05
t=1.10

1077 1073 107 107! 10!
ow; !

FIG. 1. R¢1/e(w)] and Inf1/e(w)] vs o/ w, for free dynamics. FIG. 2. Sy(w) vs w/w, for pair dynamics with k§
Solid, short-dashed, and long-dashed lines are tfefT/Tgkt zzﬂqgn/kBT andt=T/Tgkr.
=1.01, 1.10, and 1.20. The inset represents the log-log plot for
Rd 1/e(w)] with t=1.05(dashed lingin addition to the other three (5), by the usual relations for Coulomb Syste?ﬁg)ne ob-
temperatures. tains the corresponding pair mobiligy,(w), the correspond-

ing charge correlatof4) and the pair dielectric function

quency range that increases whiaskr is approached. More- ¢ (w). Three frequency regimes can be distinguish@y.
over, the values of the peak ratio vary between 0.67 and 0.78rude behavior Rel/e,(w)]*w? extends up to a critical
for the three temperatures shown in Fig. 1, closer to MP thafrequency w.~¢&72. (i) In the window w.<w<w,,
to Drude behavior. Thus, insofar as the contribution of freqqe[l/eb(w)]wa(T), where theT-dependent exponers(T)
vortices is concerned, anomalous MP dynamics is explained 1/3 nearT,; and decreases with increasifigits value is
by the increasing influence of the long-range Coulomb forcegetermined by the detaileddependence o, f, and 1f in
which makes motion more and mostuggish Whereas at  the integral equatiots). (i) Finally, for @>w,, the high-
high temperatures the potential(inetallically screened for  frequency Drude form is recovered. The flux noise resulting
all relevant length scales, screening becomes less and leggy, paired motion is shown in Figs. 2 and 3. Chooskdg
efficient on approachinggr, where the screening lengéh =kgT/27q3n, n being taken from Ref. 14—i.e., a length

hich al o Drude like wh i ?)roportional to the mean distance between particles—yields
whnich always crosses over to Drude like wheRr< We, | S¢(w)OCw—a(T)’ with a(T)=1 atTBKT and increasing above

.th|s were not th(laocase, the array \./vould' S.t'" be supercon'duch:ig. 2). We notice that the curves for different temperatures
Ing abo_veTBKT,_ _Whereas in reality a finite flux-flow resis- cross each othdthere is a hint that this also happens in the
tance yields a finite conductance at zero frequency. The ﬂuéxperimental data of Ref. 100n the other hand, having
Emse spedctrum we r? btain con&de(;mi I%nly frels Vobrlt'cestaken into account only the response of single pairs, it seems
owever, does not Show any extende gion. ot_a Y more appropriate using the mean structure factor for an en-
enough, both resulting &) andSy(w) pompgriigtlsfac— semble of independent pairs; théd=72/(r2), where(r?)
torily with Minnhagen and co-workers’ simulatioris. “One is the T-dependent mean square of the pair size calculated

may thus draw the conclusion that anomalous MP behavior . . ; i
for the dielectric function does not yield the—equally using Boltzmann factoi(r). The resulting flux noise spec

anomalous—X$ noise, which should thus have a different trum (Fig. 3 varies as kb and all the curves for Q|ﬁerent
origin temperatures fall on top of each other tor- w., as is seen

(b) For thepaired vortexmobility z(w), following Ref. in the experiment&° The white noise level showing up for

5, we average the dynamic polarizability of a single pair overw<wC Is also stronglyT dependent and is given [f,(0)

-1 2
a suitable probability distribution functios(r) for the pair “[16(0) kg Tn](ke T/J)"
sizer (Refs. 5 and B

o d’(r) 10°
X(Z):fa A T O+ () ®)

S 10°

0

The Boltzmann factoﬂ)(r)ocefﬁqg'“(”a)’f(”e(g—r) is cut off

at the BKT correlation length, where the scaled potential 107°

ceases to be attractive. The force constant in the denominator

of Eq. (5) is given byf(r)zqé/rze(r), and we have also 1076

introduced a finite pair lifetinfe  1/7(r) o s— 0 10
= woexp{ggin(&/a)le(dy) —giin(r/a)/e(r)} where w, is a free .

parameter representing an attempt frequency for pairs trying
to escape the barrier up to the maximum of the potential, at FIG. 3. Sy(w) vs w/w, with T-dependenk3= m/(r?) for pair
the distance, by thermal excitation. From the polarizability dynamics and=T/Tgyt.
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the total mobility u(w). The contribution of pairs is still
dominant up toT/Tgkt=1.1, since its weight is larger, al-
though the free vortices mobility itself exceeds the one of
bound pairs. Combining the two contributiottsg. 4) yields
a rather extended flat region of [the(w)] for intermediate
frequencies, which is another signature of anomalous vortex
dynamics, also emerging from numerical simulatihs.
In conclusion, our analytical calculations, combiniinge
and pair motion, give the following insight into vortex dy-
namics in JJA's above the BKT temperatufie:The anoma-
1 3 5 7 9 lous Minnhagen phenomenology is a consequence of the mo-
00 tion of (unbound vortices in a Coulomb potential which is
FIG. 4. Ré1/e(w)] and Inf 1/e(w)] Vs w/w, using the com- screened by othdree part.icles. Thg_more this screening de-
bined mobility pair and free dynamics. Solid, short-dashed, and’'€ases upon approgchlng transition temperature, the more
long-dashed lines are far=T/Tgcr=1.01, 1.10, and 1.20. The anomalous behav!or is pronqunced. Hovyever, MP doe_:s not
inset represents the log-log plot for [Rée(w)] with t=1.05 lead to 1k flux noise.(ii) Vortices and antivortices moving
(dashed lingin addition to the other three temperatures. as pairs, at short enough distances and up to some finite
lifetime, yield an even more anomalous vortex dielectric
constant with temperature-dependent frequency exponents.
This effect, combined with d@-dependent pair structure fac-
' tor indeed gives 14 flux noise in an intermediate-frequency
range.
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The critical contribution comes fromu,(0)~¢ 2 and
thus S¢(O)~§2. However, wher¢ reaches the sample size
up(0) saturates and thiedependence dg,(0) is dominated
by the total densityn of vortex excitations. This “masking”
of the true critical slowing down has been observed in Ref. We thank P. Martinoli, D. Bormann, and S. Korshunov for
10. interesting discussions. This work was supported by the

As a final step we combine the two contributions to obtainSwiss National Science Foundation.
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