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Vortex dynamics in two-dimensional Josephson junction arrays
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The dynamic response of two-dimensional Josephson junction arrays close to, but above the Berezinskii-
Kosterlitz-Thouless~BKT! transition temperature is described in terms of the vortex dielectric functione(v)
and the flux noise spectrumSf(v). They are calculated by considering both the contributions of free vortices
interacting through a screened Coulomb potential and the pair motion of vortices that are closer to each other
than the BKT correlation length. This procedure allows us to understand various anomalous features ine(v)
and inSf(v) that have been observed both experimentally and in dynamic simulations.
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Neglecting capacitive effects, two-dimensional~2D! Jo-
sephson junction arrays~JJA’s! are described by the classic
XY model in which the superconducting phasesu l of neigh-
boring sitesl are coupled by the Josephson interaction. T
relevant excitations are vortices and antivortices, which
have as a 2D neutral Coulomb gas~CG!.1 Their chargeq0 is
linked to the Josephson couplingJ by q0

252pJ. At the
Berezinskii-Kosterlitz-Thouless~BKT! transition the CG
crosses over from a dielectric phase consisting of vort
antivortex pairs to a metallic phase containing free vorti
and antivortices. The main signature is the universal jump
the helicity modulus atTBKT . It has been observed exper
mentally in the current-voltage characteristics of the JJA
in its response to a low-frequency electromagnetic field.1,2

The dynamic behavior of JJA’s is less well understoo
For the equations of motion of the superconducting pha
the resistively shunted junction model can be used. Base
it, an equation of motion for the vortex excitations w
derived3; it describes them as massless point particles, s
ject to a friction force stemming from normal current loss
and interacting via the 2D Coulomb interaction, which ess
tially varies logarithmically with their distance. The dynam
response is described by the dielectric functione(v). A
simple approximation aboveTBKT is given by Drude’s form.
Minnhagen4 developed a more sophisticated expression
e(v) assuming it can be derived from the static wav
number-dependent dielectric function, taken to have a De
screening form, replacing wave number by frequency. T
result—usually referred to as ‘‘Minnhagen phenomenolog
~MP!—substantially differs from Drude’s~D! behavior. In
particular Re@1/eD(v)#}v2, whereas Re@1/eM P(v)#}uvu,
while the so-called ‘‘peak ratio’’ r
5Im@1/e(vm)#/Re@1/e(vm)#, vm being the frequency a
which Im@1/e(v)# is maximal, is r D51, whereasr M P
52/p. Vortex dynamics belowTBKT is usually treated by
averaging the dynamic polarizability of a pair of sized over
a probability distribution ford.5,6

Three main types of experiments aim at elucidating
namical properties of JJA’s. First, the exponent of the n
linear current-voltage characteristics is related to the
namic critical exponent describing the critical slowing dow
of the two-dimensional CG near the BKT transition.1 Sec-
ond, the dynamic conductanceG(v) of the array can be
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inferred from measuring the dynamic response of the arra
a time-dependent current in a two-coil experiment.1,2,7 Mea-
surements on arrays in an external magnetic field8 have pro-
duced results that are closer to MP than to Drude’s pre
tion, as far as the peak ratio and frequency dependenc
1/e(v) are concerned: Re@1/e(v)#}uvu over a sizable range
of frequencies. Third, measuring the temporal fluctuations
the magnetic flux through a given area of a JJA~Refs. 9 and
10! also provides insight into the dynamics of the currents
the array and, thus, of the vortex system. At sufficiently lo
frequencies, aboveTBKT , the time Fourier transformSf(v)
of the noise is white~i.e., frequency independent!. At larger
v, these experiments unexpectedly show a rather exten
region whereSf(v)}v21, which needs a deeper explan
tion.

Aiming at explaining the anomalous dynamics of JJA’s,
revealed by the above-mentioned experiments, analyt
calculations6,11,12 as well as dynamic simulations for JJA
have been performed based on the equations of motion
the phases of the array13–16or for the CG.17 In particular, the
extensive numerical efforts of Minnhagen and collaborat
confirmed the existence of a frequency interval in which
anomalous MP dynamics emerges, both for zero and fi
magnetic fields; analytical calculations have also been a
to reproduce some characteristic features of the anoma
MP vortex dynamics upon invoking screening effects a
dynamical scaling arguments.16 However, the flux noise
spectra obtained within MP framework usually only show
common 1/v tangent to the curves for different temperature
but no extended region with 1/v noise. For higher frequen
ciesSf(v)}v23/2,18–20which is characteristic of vortex dif-
fusion orSf(v)}v22, for even higher frequencies.20 Other
calculations do yield 1/v noise21 or Sf(v)}v2a(T) with an
exponent a(T) close to unity, but slowly varying with
temperature.13

The analytical approach to JJA dynamics proposed her
based on the overdamped equations of motion for the
neutral CG, containing a friction and an interaction term. T
observables of interest are related to dynamic correla
function of hydrodynamic variables, such as

frr~k,v!5E
0

`

dteivt^r~k,t !r* ~k!&, ~1!
©2003 The American Physical Society02-1
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wherer(k)51/AN( lqle
ik•Rl is the Fourier transform of the

charge density (ql561). The equal time correlatorS(k)
5^ur(k)u2& is the CG charge structure factor. Fro
frr(k,v) one gets the dynamic charge susceptibility and
dielectric function of the CG,22 which may be expressed i
terms of dynamic vortex mobilitym(v):

e~v!5122ipq0
2m~v!v21. ~2!

Assuming that supercurrent is the main source of the
threading through a coil of radiusR, at a distanced from the
array plane,Sf(v) is related tofrr(k,v) ~Ref. 16!:

Sf~v!5S0E
0

`

dk
J1~kR!2e22kd

k~11lk!2
Re@frr~k,v!#. ~3!

J1(x) is the first-order Bessel function andl represents the
magnetic penetration depth of the JJA.

Treating vortex dynamics aboveTBKT analytically repre-
sents a tough challenge, since the presence of both free
ticles and bound pairs, predicted by thestatic scaling analy-
sis of the BKT problem, should be taken into account. As
customary in treating the dynamics of Coulomb system23

we introduce a screened effective two-body potentialVsc(r );
the latter is determined by the basic length scale of the p
lem: namely, the BKT correlation lengthj(T). At distances
r ,j(T), Vsc(r ) exhibits dielectric screening via a length
dependent dielectric functione(r ), obtained through static
BKT scaling: Vsc

d (r )5q0
2e(r )21ln(r/a). Conversely, atr

.j(T), Vsc(r ) incorporatesmetallicDebye screening, given
by Vsc

m (k)5q0
2/(k21j22) in reciprocal space. As our hydro

dynamic variables are typically sums of single-partic
terms, dynamic correlators, such as Eq.~1!, are evaluated by
correlating the trajectoryRl(t) of a given particle with the
initial position Rl 8(0) of another one. In such a trajector
one can distinguish essentially two different types of moti
each being realized over some time span: when a particle
found a partner of opposite charge closer thanj(T), the two
will temporarily form a pair interacting throughVsc

d (r ).
Their contribution to a given dynamic correlation functio
will look like the one of a single pair, as has been treated
Ambegaokaret al.,5 including, however, a finite lifetime. On
the other hand, when our particle does not own a partner
temporary pairing within the distancej(T), it will essen-
tially behave like a free—i.e., unbound—particle, movi
under the influence ofVsc

m (r ), and the corresponding contr
bution to a given correlation function will be calculated ta
ing into account only the metallically screened potential. T
detailed techniques we have used for evaluating both co
butions are described below.

An analytical approach does not permit one to follo
each trajectoryRl(t) in order to distinguish these two type
of time evolution. In order to account, in an average sen
for paired and free motion, we use the fact that our dyna
correlation functions are given by a statistical average ov
canonical ensemble of initial configurations. Such an eq
librium configuration, at a given temperature, is charac
ized by the BKT correlation length: charges of opposite s
which are closer to each other thanj(T) are supposed to b
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bound in pairs whereas all the remaining ones are free.
usual in the treatment of the BKT problem, more comp
cated configurations, such as double pairs, are neglec
which is appropriate for low densities of particles. We intr
duce the average fractionsn f}j22 and nb512n f of free
and paired particles, respectively, out of a total onn particles
in thermal equilibrium and then calculate the reaction of
whole system by adding the contribution of the pairs and
the free particles to some response function with th
weights. This strategy is built on the assumption that
main pair correlations entering correlators likefrr(k,v) are
those which result from the initial paired~free! configura-
tions, whereas pair~free! motion that occurs at later time
will be included in an average~time independent! way
through the distance-dependent screened Coulomb inte
tion.

We consider the vortex mobilitym(v) as the central re-
sponse function for which we will combine the respecti
contributions of pair and free motion.m(v) directly deter-
mines e(v), via Eq. ~2! as well asfrr(k,v).16 The total
mobility of the vortex system aboveTBKT shall thus be ap-
proximated by a superposition of pair and free contributio
m(v)5(12n f)mb(v)1n fm f(v), in analogy to electric cir-
cuits put in parallel. According to Eq.~2!, a corresponding
superposition will hold for the dielectric function. Addin
bound and free contributions toe(v) also results from a
rigorousT-matrix analysis of the dynamics of quantum Co
lomb gas.24 Hereafter, we delineate the methods used to
rive m f(v) andmb(v).

~a! The free vortexmobility m f(v) is determined by using
Mori’s technique of calculating dynamic correlation fun
tions to frr(k,v).6,12 As usual, higher-order correlators—
arising upon using the equations of motion for the individu
particles—are factorized. This should be adequate as we
the screened interaction between two given particles, wh
incorporates correlations with other particles in an aver
sense. In Mori’s approach, the inverse of the mobility—i.
the vortex friction function—is given by the force-force co
relation function~for details, see Refs. 6 and 12!. The result-
ing density correlator~1! is

frr~k,v!5
S~k!

2 iv1
kBTk2m~v!

S~k!

. ~4!

We choose a Debye-Hu¨ckel formS(k)5k2/(k21k0
2),22 with

k0
252pq0

2n/kBT andn being the total vortex density—which
respects both the charge neutrality of the vortex system
the correct limit for largek; thereby, both diffusion and re
laxation dynamics—typically arising in a Coulomb system
clearly appear in Eq.~4!. Three frequency regimes emerg
separated by the scale frequenciesva5kBT/Ga2 (a is the
lattice constant! and vj5kBT/Gj2. Here Re@m f(v)21# is
flat for v,vj with a value increasing asj2—it coincides
with the bare friction parameterG for v.va—whereas
Re@m f(v)21#} lnuvu in between.11,12 The resulting inverse
dielectric function, shown in Fig. 1, indeed follows M
behavior—Re@e(v)21#}v for vj,v,va—for a fre-
2-2
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quency range that increases whenTBKT is approached. More
over, the values of the peak ratio vary between 0.67 and 0
for the three temperatures shown in Fig. 1, closer to MP t
to Drude behavior. Thus, insofar as the contribution of f
vortices is concerned, anomalous MP dynamics is explai
by the increasing influence of the long-range Coulomb for
which makes motion more and moresluggish. Whereas at
high temperatures the potential is~metallically! screened for
all relevant length scales, screening becomes less and
efficient on approachingTBKT , where the screening lengthj
diverges. However, contrary to MP, we obtain a respo
which always crosses over to Drude like whenv,vj ; if
this were not the case, the array would still be supercond
ing aboveTBKT ,10 whereas in reality a finite flux-flow resis
tance yields a finite conductance at zero frequency. The
noise spectrum we obtain considering only free vortic
however, does not show any extended 1/v region. Notably
enough, both resulting 1/e(v) andSf(v) compare satisfac
torily with Minnhagen and co-workers’ simulations.14,17 One
may thus draw the conclusion that anomalous MP beha
for the dielectric function does not yield the—equa
anomalous—1/v noise, which should thus have a differe
origin.

~b! For thepaired vortexmobility mb(v), following Ref.
5, we average the dynamic polarizability of a single pair o
a suitable probability distribution functionf(r ) for the pair
size r ~Refs. 5 and 6!:

x~z!5E
a

`

rdr
f~r !

zG1 f ~r !11/t~r !
. ~5!

The Boltzmann factorf(r )}e2bq0
2ln(r/a)/e(r)u(j2r) is cut off

at the BKT correlation length, where the scaled poten
ceases to be attractive. The force constant in the denomin
of Eq. ~5! is given by f (r )5q0

2/r 2e(r ), and we have also
introduced a finite pair lifetime6 1/t(r )
5v0exp$q0

2ln(j/a)/e(dc)2q0
2ln(r/a)/e(r)% where v0 is a free

parameter representing an attempt frequency for pairs tr
to escape the barrier up to the maximum of the potentia
the distancej, by thermal excitation. From the polarizabilit

FIG. 1. Re@1/e(v)# and Im@1/e(v)# vs v/va for free dynamics.
Solid, short-dashed, and long-dashed lines are fort5T/TBKT

51.01, 1.10, and 1.20. The inset represents the log-log plot
Re@1/e(v)# with t51.05~dashed line! in addition to the other three
temperatures.
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~5!, by the usual relations for Coulomb systems,23 one ob-
tains the corresponding pair mobilitymb(v), the correspond-
ing charge correlator~4! and the pair dielectric function
eb(v). Three frequency regimes can be distinguished.~i!
Drude behavior Re@1/eb(v)#}v2 extends up to a critica
frequency vc;j22. ~ii ! In the window vc,v,va ,
Re@1/eb(v)#}vs(T), where theT-dependent exponents(T)
'1/3 nearTBKT and decreases with increasingT; its value is
determined by the detailedr dependence off, f, and 1/t in
the integral equation~5!. ~iii ! Finally, for v.va , the high-
frequency Drude form is recovered. The flux noise result
from paired motion is shown in Figs. 2 and 3. Choosingk0

2

5kBT/2pq0
2n, n being taken from Ref. 14—i.e., a lengt

proportional to the mean distance between particles—yie
Sf(v)}v2a(T), with a(T)51 atTBKT and increasing above
~Fig. 2!. We notice that the curves for different temperatur
cross each other~there is a hint that this also happens in t
experimental data of Ref. 10!. On the other hand, having
taken into account only the response of single pairs, it se
more appropriate using the mean structure factor for an
semble of independent pairs; then,k0

25p2/^r 2&, where^r 2&
is the T-dependent mean square of the pair size calcula
using Boltzmann factorf(r ). The resulting flux noise spec
trum ~Fig. 3! varies as 1/v and all the curves for differen
temperatures fall on top of each other forv.vc , as is seen
in the experiments.9,10 The white noise level showing up fo
v,vc is also stronglyT dependent and is given bySf(0)
}@mb(0)21/kBTn#(kBT/J)2.

r

FIG. 2. Sf(v) vs v/va for pair dynamics with k0
2

52pq0
2n/kBT and t5T/TBKT .

FIG. 3. Sf(v) vs v/va with T-dependentk0
25p2/^r 2& for pair

dynamics andt5T/TBKT .
2-3
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The critical contribution comes frommb(0);j22 and
thusSf(0);j2. However, whenj reaches the sample siz
mb(0) saturates and theT dependence ofSf(0) is dominated
by the total densityn of vortex excitations. This ‘‘masking’’
of the true critical slowing down has been observed in R
10.

As a final step we combine the two contributions to obt

FIG. 4. Re@1/e(v)# and Im@1/e(v)# vs v/va using the com-
bined mobility pair and free dynamics. Solid, short-dashed,
long-dashed lines are fort5T/TBKT51.01, 1.10, and 1.20. The
inset represents the log-log plot for Re@1/e(v)# with t51.05
~dashed line! in addition to the other three temperatures.
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the total mobility m(v). The contribution of pairs is still
dominant up toT/TBKT51.1, since its weight is larger, al
though the free vortices mobility itself exceeds the one
bound pairs. Combining the two contributions~Fig. 4! yields
a rather extended flat region of Im@1/e(v)# for intermediate
frequencies, which is another signature of anomalous vo
dynamics, also emerging from numerical simulations.14

In conclusion, our analytical calculations, combiningfree
and pair motion, give the following insight into vortex dy
namics in JJA’s above the BKT temperature:~i! The anoma-
lous Minnhagen phenomenology is a consequence of the
tion of ~unbound! vortices in a Coulomb potential which i
screened by otherfreeparticles. The more this screening d
creases upon approaching transition temperature, the m
anomalous behavior is pronounced. However, MP does
lead to 1/v flux noise.~ii ! Vortices and antivortices moving
as pairs, at short enough distances and up to some fin
lifetime, yield an even more anomalous vortex dielect
constant with temperature-dependent frequency expone
This effect, combined with aT-dependent pair structure fac
tor indeed gives 1/v flux noise in an intermediate-frequenc
range.
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