PHYSICAL REVIEW B 68, 045427 (2003

Structural transition of a Wigner crystal on a liquid substrate
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The physics of an electron solid, held on a cryogenic liquid surface by a pressing electric field, is examined
in a low-density regime that has not been explored before. We consider the effect of the pressing field in
distorting the surface at the position of each electron, and hence inducing an attractive force between the
electrons. The system behavior is described in terms of an interplay between the repulsive Coulomb interaction
and the attractive surface-induced interaction between individual electrons. For small densities and large
enough pressing fields, we find a parameter regime where a square lattice is more favorable than the usual
triangular lattice; we map out the first-order transition curve separating the two lattice geometries at zero
temperature. In addition, our description allows an alternate static perspective on the charge-density wave
instability of the system, corresponding to the formation of multielectron dimples.
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. INTRODUCTION describes a significant part of tfg -n phase diagram.
At smaller densities, it seems sensible to consider the ef-

The crystallization of charged particles due to Coulombfect of the pressing field on individual electrons: each elec-
repulsion, first predicted by Wignéhas been under discus- tron forms a single-electron dimpléSince the physics deter-
sion in the context of two-dimensionéD) electron systems mining the shape of these dimples is the same as that for
on cryogenic substratt® and in semiconductor multielectron dimples, they have the same shape, on different
heterojunction$. The situation in semiconductor junctions, scales. Single-electron dimples have been studied previ-
unfortunately, has been obscured by the presence afusly, especially in the context of forming a self-trapped po-
disordef® Electrons held on a liquid-helium surface by a laronic stateé® However, the formation of such dimples for
pressing electric field, on the other hand, provided the firseach electron should also cause a “mattress-effect” attraction
clean realization of a Wigner crystaf. between any two electrons, and to the best of our knowledge

For the case of electrons on a cryogenic liquid substratehe effects of this surface-induced interaction have not been
the presence of a distortion-prone surface introduces addexplored.
tional physics. In this paper we investigate on a previously The surface-mediated attractive interaction between elec-
unexplored effect of the surface on the electron crystal, in aons introduces new physics in the 2D system. One possi-
low-density regime that has not yet been probed experimenbility is one or more structural phase transitions. Our analy-
tally. sis shows that, in a low; high£, segment of theE, -n

Two-dimensional electrons have been studied on severglhase diagram, a square lattice is energetically more favor-
cryogenic system5e.g., surfaces of liquidHe and liquid  able than the usual triangular lattice. We thus prove the ex-
%He, at“He-*He interfaces, the interface between solid andistence of at least one structural transition. In addition, some
superfluid “He, etc. In recent times, experimental efforts of the traditionally known surface effects, such as the
have concentrated on increasing electron densities, and @urface-buckling instability, can be interpreted from a fresh
using thin liquid films!~1° for example, for the purpose of perspective using the idea of competition between attractive
observing a solid-to-liquid quantum phase transition in theand repulsive interactions.
low-temperature, high-density direction. Other experiments In Sec. Il we derive the form of the attractive interaction
include investigations of the effects of a magnetic field onbetween two electrons due to surface deformations caused by
excitation and transport properties, and the study and contréhe pressing field pushing the electrons down. In Sec. Ill we
of decoherenc?é for quantum-computing purposes. Our in- discuss general properties of systems formed by a combina-
vestigations, reported in this paper, suggest that there is intion of attractive and repulsive forces, and outline the conse-
teresting physics to be explored in the low-density directionrquences for the system we are describing. The energy calcu-
also. lations for the relative stability of square and triangular

2D electron experiments on cryogenic liquids are perdattices are outlined in Sec. IV, and Sec. V describes details
formed with a pressing fiel@E, that holds the electrons to of the numerics and the resulting phase-diagram.
the liquid surface. One effect of the pressing field, which has
been studied in depth by a number of authols;*toncerns . SURFACE-INDUCED INTERACTION
a regime of density high enough so that one can treat the
surface as a uniformly charged sheet. In this regime of large We consider a system & electrons, held at positiorns
electron density), as one increasds, to a certain value, the on the surface of a thick cryogenfpossibly helium liquid
surface breaks up into many-electron dimples, the size of theubstrate by a pressing electric field of magnitiiie per-
dimples being given by the capillary length of the liquid. The pendicular to the surface. We will calculate the surface-
dimples themselves form a triangular lattice. This situationmediated interaction from classical, static considerations.
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We will useu(r) to denote the vertical displacement of Ao N N
the surface at point, as compared to the undistortéftht) E(ry, o )=~ > (K2+15% > ui(k) X, ug(—k)
configuration. We proceed to write down the energy as a K =1 =1
functional ofu(r). There are three contributions: a surface- _
tension term describing the energy cost due to surface distor- +eEL2 E urlie'k'fi,
tion, a pressing-field term describing the energy that the elec- bk
tron gains due to vertical displacement, and a gravity ternyvhich separates into diagonali=j) and nondiagonal
describing the bulk displacement of helium accompanyingi+j) pieces,
the surface distortion.

N E(ry, ... /) =NE® +> V(ri—r)), (2)
i<j
E[U(r)]=0J d?r{1+[Vu(n)]3*2+eE, > u(r) ,
i=1 with
g_P 2 2 (1)__(eEL)2 2 21
Hereo andp are, respectively, the surface tension and den- (eE,)? gik-(rj=ry)
sity of helium. The pressing electric fiel, actually con- V(ri—rj)=—

72 .
tains contributions from both the externally applied field and Ao K K+

the field due to the image charge formed by the helium di-rhe first term of Eq(2) is an extensive quantity representing
electric. We will be interested in large applied fields, com-i,q energy ofN independent electrons. The second term

pared to which the dielectric effect is negligible. _gives the attractive interaction energy between the electrons
Expanding the surface-tension term to lowest order ifpegiated by surface deformation. We have thus obtained the
Vu, we get in momentum space mattress-effect attractive potential to be
Ao (eE))? cogk-r) (eE))?
{ry, ... Ny — 2 _ - _ 2 - _
E[u(k)] 5 ; K2u(k)u(—Kk) V(r) 47720fd kk2+1/|g 5o Kolr/lo).
N (©)
+eE >, > u(k)ek Here K, is the zeroth-order Bessel function of the second
=1k type. It has the asymptotic behavikiy(x)~ —log(x) for x
Agp —0 andK o(x) ~ (r/2x) Y2%e™* for x—. The interaction po-
+T 2 u(k)u(—k). tential turns out to have the same functional form as the
K shape of the surface deformation due tsiagle electron,
_ which has been calculated previousy*®
Th% k are 22D wave vectors andA is the area; Two comments are in order concerning this derivation.
472 —~A[d°k. The form ofu(k) is now determined by st the electrons have been treated as point objects, and
minimizing the energy functional. The result is this leads to interactions and dimple shapes that diverge
logarithmically at small distances. This divergence is cured
eE, N gk N . by the fact that the electron wave function has a finite spatial
u(k)=— Ao > ﬁzz uy(k). (1) width. We will assume that this spatial extension is much
SRR SR smaller than the lattice spacings which we consider. This

) ) o assumption is particularly reasonable in the low-density re-
Here lo=o/gp is the capillary length of the liquid sub- gion, deep in the solid phase, that we focus on. A crude
strate; it will be the important length scale in all our consid- gstimate of the spatial width of the electron wave function

erations. Also, exists®1in the literature 2= (27o#?)/(me’E?). For lig-

uid *He, at typical pressing fields, ~ Jo/l,, this length is

. eE, e ki L~10 % mm, three orders of magnitude lower thdp
ull(k):_ﬁk%—lo’z ~0.516 mm, which will be the typical inter-electron dis-

tances we will conside(The pressing field introduces a new

is the Fouri ¢ t the di ion d il length scalel into the problem; however, this length scale
is the Fourier transform of the distortion due tosigle i ot be important for our calculations.

elrtiectrc_)n atr; , :i.e., the shape of a single electro_n_ dimple, Second, we have retai_ne.d only WANE term in the
uy'(r)=7-T-{uj(k)}=Ko(r/lp). This can be verified by gyrface-tension energy. This is equivalent to keeping only the
minimizing the energy functional for a single-electron pairwise interaction between electrons and dropping four-
system.®~*8 electron and higher terms. For quantitative calculations, Eq.
The energy of the system is the minimum of the func-3 is used only in a very-low-density regime; effects of four-
tional E[u(k)], and can be now written in terms of th(%’s: body or higher terms are expected to be small here. Our
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order-of-magnitude estimates in Sec. I1ll concerning This is exactly the phenomenon of formation of many-

moderate-to-high densities makes use only of qualitativeelectron dimples, which is observed for high-density elec-
ideas from the mattress-effect calculation, because in thigons under large pressing fields. Previously, this instability
regime the effect of higher-order terms is expected to beéhas been studied in terms of the excitation spectrum of a

important. surface approximated as being uniformly chargét*4n
the traditional analysis, one finds that at a certain pressing

Ill. EFFECTS OF ATTRACTIVE INTERACTION: field, the spectrum goes “soft” at wave numkielclgl, in-
GENERAL REMARKS dicating the onset of a charge-density instability of this wave

number. The pressing field at which this spectrum softening

. : H 2 _ 1/2__ 2
electrons which interact via a Coulomb repulsion and girst happens is given by, =4x|pgo]™*—(27ne)*, or

surface-mediated attraction: Ei“[16772f,’9‘7]1/4 at low densities. ,
In our picture of competition between attractive and re-

e (eE)? pulsive forces, the formation of multi electron dimples
V(r)=Veoul(r) +Veudr) = —— Ko(rllg). (4) (intermediate-scale ordewvould occur when the attractive
r 270 . .
term Vg, starts to dominate over the repulsive term at

The effect of the surface term has not been considered ifitermediate or small distances. This viewpoint allows a

detail before, and we shall proceed to do so in the preserimple calculation of the pressing field at which the

paper. surface-buckling occurs: it is the pressing field for
The surface-induced attraction can be tuned by controlwhich  we have Vg, (r=Ig)~Vcou(r=Ilo), ie., E;

ling the pressing electric fiell, . At short enough distances, ~{[Ko(1)] 247?pgo}*~1.1167%pgo Y4 within 10%

the 1f function dominates over the logarithmic surface term,of the traditional result.

and at larger the Coulomb term again dominates over the Next we want to concentrate on a lower-density regime,

exponentially decreasing attractiov, can compete with n=1/2, where we find a less dramatic but nevertheless im-

Vcou Only at intermediate distances. &s is ramped up, the portant effect of the competition between attractive and re-

distance scale at whiclg, first becomes comparable to pylsive forces. As the interparticle distance approadges

Veou IS r~lo. ) . ) . ) the formation of many-particle dimple becomes less likely,
In general, when microscopic objects interact via attracjhce there are no longer “many” electrons within the

tiv_e and repulsive potentia}ls of different ranges, Several:apillary-length scale, and the uniform-smeared charge ap-
things can happen depending on the relative strengths ang,imation becomes untenable. It is not clear whether a

ranges of the attractive and repulsive forces. First, con5|ql urface-buckling instability is still present. However, one still
the case O.f repulsive forces alone, or s.hor'F—ran.ge repuISIoprects some effects of increasing attractiok ass ramped
coupled with longer-range attraction. This situation tends tg

create microscopic-ordered phases, such as Wigner crystaigj' One possibility is a structural transition to a different

vortex latticest® and Skyrmion latticed’ Second, when the attice geometry. In the remainder of the paper, we show that

attractive force dominates at all distances, the system ten&gere is indeed a region &, -n space vyhere asquare lattice
to collapse. One example is what happens at the higher critkecomes more favorable than the triangular lattice for the

cal magnetic fielH, of a type-Il superconductor: the inter- Wigner crystal. _ _
action between vortices of the mixed phase becomes Bonsall and Maradudin's classic w&i‘k(referrejd to as
attractivé® at H=H,, and this leads to collapse of the vor- BM from now on has shown for a 2D electron lattice, where
tex matter so that the system is filled with the normal electhe electrons interact via a Coulomb force only, that the tri-
trons of the vortex cores, and superconductivity is destroyec@ngular(hexagonallattice is energetically the most stable of
And finally, a combination of short-range attraction andall five Bravais lattices. This is simple to understand physi-
long-distance repulsion tends to create intermediate-scale ogally, because for different 2D lattices corresponding to the
der, or “clustering.” Examples are charge-density waves insame density, the triangular lattice is the one with largest
solids and quantum hall systems. lattice spacing; the electrons thus minimize the repulsive en-
This approach enables us to view the well-known electroergy by staying as far away as possible from each other.
hydrodynamic (surface-buckling instability of this  Presumably, the triangular lattice is also the most stable for
system*?~!*from a different perspective. For an electron purely repulsive potentials of other forms, because the same
density much larger thaly 2, any electron has a large num- argument holds. However, when one adds an attractive force,
ber of electrons within a distance less than the capillaryone of the other lattice shapes may become more favorable.
lengthl, from itself, so that the attractive force due to sur- For example, the lattice spacing is a factor of \(2)*?
face distortion acts between a large number of particles. Thusmaller for a square lattice of the same density, and so the
we have an attractive interaction at intermediate distanceattractive energy can possibly be lowered by choosing this
and a long-distance Coulomb repulsion. Therefore when théattice geometry. Of course the number of nearest neighbors
attractive interaction is ramped up by increasing the electriés also smaller for the square lattice, so which lattice geom-
field, one can expect from the preceding general discussioetry is energetically favorable depends on the exact forms
the formation of intermediate-scale clusters, which are themand relative strengths of the attractive and repulsive interac-
selves ordered in a regular pattern. tions.

The Wigner lattice on a helium substrate is formed by
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IV TR'ANGULAR VS SQUARE LATTICE 12— LLLLLL IR LLL L B R RLLL L I R LLL) IR IR
[ ]

At finite temperature, the lattice geometry that is more i ° .
favorable is the one with lower free energy=E—TS. We = L ° °
will restrict ourselves to zero temperature, so that it is suffi- °
cient to consider the enerdy of the two lattices.

Using the two-electron potentifiEg. (4)], one can simply
sum up all pairwise interaction energies for the square lattice
and the triangular lattice, and then compare. Instead, we will
look at a slightly different quantity, as in BFt. We will
consider the electron located at the origin andHedenote
the energy of the interaction of this electron with all the other
electrons. The total energy of the lattice Nfelectrons is
then3NE. We compare triangular and square lattices:

’ 2
| n, units of 10
. ® wp-rrrmrrrrr 0,015
— ® r 1 0.01
8 o s [ &

o e £ - 0.005

Pressing Field, in units of (G/IO)
[ )

E™R= > V(R'®), E%= 3> V(R™. i
Ri:#O Rﬁﬁo

Here RT(S runs over the positions of all the electron po- Goor 001 0T T 10 100 1000 10000 es0s
sitions in the triangulafsquare lattice, andV(r) is the po- Density, in units of 10_2

tential [Eq. (4)] consisting of a Coulomb repulsion and a

surface-mediated attraction. The two lattices each have the FIG. 1. E, vsn phase diagram. Large dots, from numeric com-

same density. putation, map out the line where triangular and square lattices have
We will look at the difference, the same energy. In the region above this curve, the square lattice is
more favorable. Horizontal line indicates the spectrum instability,
AE=E™- ESQIAECOUI+AEsurf1 5 corresponding roughly to the transition to the surface-buckled,

between the triangular and square lattices. The square Iatti@[éu"t"eIeCtron dimple St‘"’fte' .At h'gh.er densities th's. curve should
is more stable iAE is positive. The Coulomb part move downwardEq. (9)]; thl_s densny-dependence_ is not sho_wn
) here. Inset shows the quanti§, [Eq. (7)], determined numeri-

MR 2 69 2 cally, reaching a constant value at densitief; 2.
AEcou= — = —= 6 . . .
Coul RiE;&o R R7o R © approximation Kq(r/lg)~—In(r/lg)é(l,—r) is good for r

. . . ) o <ly. Using this “logarithmic” approximation, we argue in
is known to be negative, since the triangular lattice is thgpe Appendix thaB,,; becomes independent of at largen.

most stable under Coulomb forces alone, and has been stuge . .otore from Eq(8) one finds the shapg, ~ Jon for
ied in detail in BM?! In terms of density, their results are "o i Cve in th&, -n plane, for densities much

-2
AEgou=(—3.921034en"?— (—3.900 265€?n"2 larger thanly "=pg/o. _ _
Since the surface-mediated attraction falls off quickly for
=—(0.020 769e?n'2, increasing interelectron distances, one would need stronger

electric fields at lower densities to have comparable attrac-

As for the surface part, tive and repulsive interactions. Therefore the transition curve

eZEf (TR) (sQ) should rise steeply on the lowarside, forn<|52. In the
AEquim=——1 — 2 Ko(|RTRlIg)+ X, Ko(|R/1g) logarithmic approximation the leftowern) side of the tran-
2mo [ K70 Ri#0 sition curve is simply a vertical line at=1,2.
e’E?
= 5— S, 7) V. ZERO-TEMPERATURE PHASE DIAGRAM

o . . . . . The zero-temperature ph iagram in nsi

it is not a priori obvious that this is positive, but numerical Ianeeis ih%\&\?n iﬂeFai\;u iEp Zﬁg nd:rge arl)lottedﬁ?ﬁi?]itsst)o/f

calculations confirm that it is. The transition corresponds 1’ 2ne 2 Lo

the values oft, andn for which the two terms just cancel a/lo ar_1d 1o, _respec_tlvely, th|§ guarantees thfit the same

out each otherZE — _AE ie phase diagram is applicable to different cryogenic substrates,
surf Coul» 1= one simply has to replace the numerical valuesradndl

gtransiton_ /5 0.020 769(2//3) Y2172 -1 =\/olgp for the particular liquid being used.
+ V(2mo)( I2N3) i Ssur) ) The transition lineE, (n) is found by calculatingSg,

=—3TRKo(r;) +=5%K(r;) numerically and then using Eq.
To map out the transition line exactly, we need to numeri<8). BM, in doing the corresponding sum for the Coulomb
cally calculateSg,s; the numerical results are shown in potential?* use an Ewald sum to convert the summation over
Fig. 1. 1/r to a summation over a faster-decaying function. Sikge
We can also analytically predict the dependencesgfi itself decays rapidly, no such procedure is necessary for our
and E;, on the density for larger densitiem%lgz). The case.
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Our analytical calculation of the high-density side of thebulk helium might make it easier to explore the density re-
phase-transition line is actually very good;Eq ~n%/* fit gime of interest to us. The effect of using a film may be
matches the numeric curve quite spectacularly. On the loweldescribed using an “effective gravity” which may easily be
n side, the minimum of the curve is at about an order-of-largef? than g.4~ 100g; resulting in a~10 times smaller
magnitude lower tharhgz. The rise of the curve at small capillary length. For *He, this indicates I62~4
density is not quite as dramatic as the vertical line predictedk 10* cm™2, much closer to observable densities. In addi-
by the logarithmic approximation. tion, the Coulomb repulsion is now screened because of the

At higher densities, there is &, above which the elec- dielectric/metal substrate holding the thin film, so that the
trons cluster into multielectron dimplgsvhich themselves surface-mediated attraction has a chance to dominate in a
form a triangular lattice As far as we know, a detailed cal- larger region of the phase diagram. However, when a thin
culation of the exact transition line between the single-film of cryogenic liquid is used instead of bulk liquid, there
electron Wigner crystal state and the surface-buckled multiare also other modifications of the systémwhich we do
electron dimple lattice has never been performed, but aot consider in detail in this paper.
simple estimate is obtained by considering the instability in The analysis in the present work, in addition to the pre-

the spectrum of a uniformly charged liquid surfdée: diction of at least one structural transition, poses several
questions. First, there is the issue of the region of parameter
E, = V4n[pgo]¥?— (2mne)?. 9 space in which the triangular and square lattices are actually

stable. Stability questions can be investigated by studying the
The low-density part of this curve is the horizontal line in the dynamical matrix or the elastic constaffsinstability of
phase diagram, Fig. 1. Thredependent deviation due to the both lattices in some part of the, -n plane would indicate
(2mne)? term is substrate dependent, even with our choicehat a different geometry is more favorable than both the
of units for E; andn, and is important only at very high lattices we have considere(Situations in which more than

densities, and so is omitted from the plot. two lattice types are important have been encountered previ-
ously in the context of Skyrmion latticé3) In such a case
VI. CONCLUDING REMARKS there is the added question of which lattice, or other struc-

ture, is the actual stable one. One way to find out is to cal-
In summary, we have reported on an effect of surfaceulate the lattice energies for all five Bravais latticas done
distortions on the Wigner crystal formed by electrons deposfor the pure Coulomb case in B¥), or better yet, for all
ited on a liquid substrate. Our analysis shows that, at lowossible lattice geometries, parametrized in a suitable way.
electron densities, there is a significant portion of the zeroAnd finally, there is the question of crossover from single-
temperatureE | -n phase diagram where a square lattice iselectron lattice structures to many-particle dimple lattice
energetically more favorable than the usual triangular latticestructures as one increases the electron density atfhigh
Since we have not done a stability analysis of the squar®ne immediately plausible speculation is that this transition
lattice under the combined interaction of Eq. 4, we cannoimay proceed via a dimerization. Several of these issues are
yet say whether the square lattice is stable, or whether som@e subject of ongoing calculations and will appear in a fu-
lattice geometry other than square and triangular is the actualre publication.
stable geometry. However, the energy calculation proves
quite clearly the presence of at least one structural phase ACKNOWLEDGMENTS
transition at low densities.
The structural transition in this system is particularly re- We thank I. Skachko, R. Chitra, E. Y. Andrei, B. I. Halp-
markable because it arises from the interplay of two veryerin, and M. H. Cohen for useful discussions.
simple forces, a long-range repulsion and a short-range at-
traction. Other physical systems for which structural transi- ~ APPENDIX: DEPENDENCE OF Sg,; ON DENSITY
tions have been discusséttystalline solids? flux-line lat- I 2
tices, and Skyrmion latticé$® tend to involve far more For densities significantly larger tham,=1/5, we use
complicated interactions between the constituents. Ko(r/lg)~—In(r/lg)élo—r) and get the following for the
Experiments on this system have, until now, probed onlySsurt [defined in Eq.(7)]:

densities significantly larger thagz. For “He, the capillary (TR) (SQ)
length corresponds tlg 2~400 cn 2, while typical experi- Saurc— 2 (IR + > In(|RSA/,).
mental Wigner-crystal densities are in the range Ri<lo Ri<lg

~ - 72 1 i - . . . .
10°-10° cm %, The same situation holds for explored elec- 1, symmation for each lattice covers all the lattice points
tron densities on other surfaces and interfaces. To the beSt%Iectrom within a circular area of radiuk, the number

our knowledge, there have been no experimental effort =n(7TIS) of electrons is the same for the two lattices. Each

a|me.d. at explgrzmg the electron crystql structur.e at very IOWof The two terms contribute a term of magnitudeNIn(l),
densities (~1, “). One possible experimental signature of a

A ) Zwhich cancel. Rescaling (=R;n'?),
structural transition to a different geometry would be a shift g=Rin")

in the resonance positions in a Grimes-Adams-typeeri- (TR) (SQ)
ment. St~ — > I+ X In(rf9.
It is possible that using a thin liquid™® film instead of ri<lovn ri<lov

045427-5



M. HAQUE, I. PAUL, AND S. PANKOV PHYSICAL REVIEW B68, 045427 (2003

While each sum depends on the radigs™? of the circle, equal to SN Inr, which cancel. There is thus no effect of
the difference does not. This can be seen by considering iacreasing the radius;n’? of the circle we are summing
radiusr, and then increasing the radius by a small amounbver, i.e.,S,,; is independent of the density, at largern.
or; the number of electrons in the shell 8N=nX2xr or Numerical results for th&, vs n behavior are provided as
for either lattice, and therefore the change in each sum ian inset in Fig. 1.

*Electronic address: masud@physics.rutgers.edu 9F.M. Peeters, Phys. Rev. 8, 159(1984.

Electronic address: ipaul@physics.rutgers.edu 10|, skachko and E.Y. Andrejprivate communication

*Electronic address: pankov@physics.rutgers.edu 1AJ. Dahm etal, J. Low Temp. Phys.126 709 (2002;
'E.P. Wigner, Phys. Rev6, 1002(1934. quant-ph/0111029unpublishegt M.I. Dykman, P.M. Platzman,

2E. Y. Andrei, Two-Dimensional Electron Systems on Helium and  and P. Seddighrad, cond-mat/0209511.

other Cryogenic SubstrategKluwer Academic, Dordrecht, 12p | giderer, paper on the multielectron dimple phenomenon, in E.
s 1997)-_ ) Y. Andrei's compilation(Ref. 2.

D.S. Fisher, B.l. Halperin, and P.M. Platzman, Phys. Rev. Lett13| p Gorkov and D.M. Chernikova, Pis'ma zZh. Eksp. Teor. Fiz.
, 42 798(1979. 18, 119 (1973 [JETP Lett.18, 68 (1973]; Dokl. Akad. Nauk
5C.C. Gr_lmes and G. Adams, Phys. Rev. Ld®, 795(1979. SSSR228 829 (1976 [Sov. Phys. Dok21, 328 (1976)].

V.B. Shikin and P. Leiderer, Zh. Eksp. Teor. F&1, 184(198) 14, | 07i R W. Giannetta, and P.M. Platzman Phys. Re®5B
. [Sov- Phys. JETE4, 92 (1983]. _ 4488(1982; H. Ikezi, Phys. Rev. Lett42, 1688(1979.

The possibility exists that the insulating state of 2D electrons ing . -

The polaronic state for electrons on a liquid substrate has been

heterojunctions may be some sort(pbssibly modifief Wigner di db th N. Studart and S.S. Sokolov’
crystal state; see, e.g., S. Chakravatl., Philos. Mag. B79, Iscussed by many authors, €.g., . studart and 5.5. S0K0Iov's

859(1999; E. Abrahamet al, Rev. Mod. Phys73, 251(2002). pape.r in E.Y. Andrei's compilationRef. 2, and references
In the quantum hall community, there has been discussion of N€rein: o

Wigner crystal states interlaced between Laughlin-liquid states YU-P- Monarkha, Fiz. Nizk. Templ, 526 (1979 [Sov. J. Low
as a function of filling fraction, and related possibilities; see, Temp. Phys1, 258(1975].

e.g., R. Narevichet al, Phys. Rev. B64, 245326(200)); K. G.E. Marques and N. Studart, Phys. Rev3® 4133(1989.
Yang, F.D.M. Haldane, and E.H. Rezaybid. 64, 081301 ' L.M. Sander, Phys. Rev. B1, 4350(1975.

(2001, and references therein. Also, for an insulating 2D elec-""L. Kramer, Phys. Rev. B, 3821(1971).

tron system under a large magnetic field, attempts have beeffR. Cdeé et al, Phys. Rev. Lett78, 4825(1997, and references
made to explain the measured ac response in terms of an as- therein.

sumed pinned Wigner crystal state, see R. Clatral, ibid. 65, 21. Bonsall and A.A. Maradudin, Phys. Rev. B, 1959 (1977).

035312(2002, and references therein. 22M. Born and K. HuangDynamical Theory of Crystal Lattices
"A.J. Dahm, paper discussing electrons on thin helium films, in E.  (Oxford University Press, New York, 1954

Y. Andrei’s compilation(Ref. 2. 23C. Timm, S.M. Girvin, and H.A. Fertig, Phys. Rev.38, 10 634
8F.M. Peeters and P.M. Platzman, Phys. Rev. LB@. 2021 (1998; S. Sankararaman and R. Shankar, Phys. Rew67B

(1983. 245102(2003.

045427-6



