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Structural transition of a Wigner crystal on a liquid substrate

M. Haque,* I. Paul,† and S. Pankov‡

Physics Department, Rutgers University, Piscataway, New Jersey 08854, USA
~Received 5 December 2002; published 30 July 2003!

The physics of an electron solid, held on a cryogenic liquid surface by a pressing electric field, is examined
in a low-density regime that has not been explored before. We consider the effect of the pressing field in
distorting the surface at the position of each electron, and hence inducing an attractive force between the
electrons. The system behavior is described in terms of an interplay between the repulsive Coulomb interaction
and the attractive surface-induced interaction between individual electrons. For small densities and large
enough pressing fields, we find a parameter regime where a square lattice is more favorable than the usual
triangular lattice; we map out the first-order transition curve separating the two lattice geometries at zero
temperature. In addition, our description allows an alternate static perspective on the charge-density wave
instability of the system, corresponding to the formation of multielectron dimples.
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I. INTRODUCTION

The crystallization of charged particles due to Coulom
repulsion, first predicted by Wigner,1 has been under discus
sion in the context of two-dimensional~2D! electron systems
on cryogenic substrates2–5 and in semiconducto
heterojunctions.6 The situation in semiconductor junction
unfortunately, has been obscured by the presence
disorder.6 Electrons held on a liquid-helium surface by
pressing electric field, on the other hand, provided the fi
clean realization of a Wigner crystal.3,4

For the case of electrons on a cryogenic liquid substr
the presence of a distortion-prone surface introduces a
tional physics. In this paper we investigate on a previou
unexplored effect of the surface on the electron crystal, i
low-density regime that has not yet been probed experim
tally.

Two-dimensional electrons have been studied on sev
cryogenic systems,2 e.g., surfaces of liquid4He and liquid
3He, at 4He-3He interfaces, the interface between solid a
superfluid 4He, etc. In recent times, experimental effor
have concentrated on increasing electron densities, an
using thin liquid films,7–10 for example, for the purpose o
observing a solid-to-liquid quantum phase transition in
low-temperature, high-density direction. Other experime
include investigations of the effects of a magnetic field
excitation and transport properties, and the study and con
of decoherence11 for quantum-computing purposes. Our i
vestigations, reported in this paper, suggest that there is
teresting physics to be explored in the low-density direct
also.

2D electron experiments on cryogenic liquids are p
formed with a pressing fieldE' that holds the electrons t
the liquid surface. One effect of the pressing field, which h
been studied in depth by a number of authors,5,12–14concerns
a regime of density high enough so that one can treat
surface as a uniformly charged sheet. In this regime of la
electron densityn, as one increasesE' to a certain value, the
surface breaks up into many-electron dimples, the size of
dimples being given by the capillary length of the liquid. T
dimples themselves form a triangular lattice. This situat
0163-1829/2003/68~4!/045427~6!/$20.00 68 0454
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describes a significant part of theE'-n phase diagram.
At smaller densities, it seems sensible to consider the

fect of the pressing field on individual electrons: each el
tron forms a single-electron dimple.~Since the physics deter
mining the shape of these dimples is the same as that
multielectron dimples, they have the same shape, on diffe
scales.! Single-electron dimples have been studied pre
ously, especially in the context of forming a self-trapped p
laronic state.15 However, the formation of such dimples fo
each electron should also cause a ‘‘mattress-effect’’ attrac
between any two electrons, and to the best of our knowle
the effects of this surface-induced interaction have not b
explored.

The surface-mediated attractive interaction between e
trons introduces new physics in the 2D system. One po
bility is one or more structural phase transitions. Our ana
sis shows that, in a low-n, high-E' segment of theE'-n
phase diagram, a square lattice is energetically more fa
able than the usual triangular lattice. We thus prove the
istence of at least one structural transition. In addition, so
of the traditionally known surface effects, such as t
surface-buckling instability, can be interpreted from a fre
perspective using the idea of competition between attrac
and repulsive interactions.

In Sec. II we derive the form of the attractive interactio
between two electrons due to surface deformations cause
the pressing field pushing the electrons down. In Sec. III
discuss general properties of systems formed by a comb
tion of attractive and repulsive forces, and outline the con
quences for the system we are describing. The energy ca
lations for the relative stability of square and triangu
lattices are outlined in Sec. IV, and Sec. V describes det
of the numerics and the resulting phase-diagram.

II. SURFACE-INDUCED INTERACTION

We consider a system ofN electrons, held at positionsr i
on the surface of a thick cryogenic~possibly helium! liquid
substrate by a pressing electric field of magnitudeE' per-
pendicular to the surface. We will calculate the surfac
mediated interaction from classical, static considerations
©2003 The American Physical Society27-1
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We will use u(r ) to denote the vertical displacement
the surface at pointr , as compared to the undistorted~flat!
configuration. We proceed to write down the energy a
functional ofu(r ). There are three contributions: a surfac
tension term describing the energy cost due to surface dis
tion, a pressing-field term describing the energy that the e
tron gains due to vertical displacement, and a gravity te
describing the bulk displacement of helium accompany
the surface distortion.

E@u~r !#5sE d2r $11@“u~r !#2%1/21eE'(
i 51

N

u~r i !

1
gr

2 E d2r @u~r !#2.

Heres andr are, respectively, the surface tension and d
sity of helium. The pressing electric fieldE' actually con-
tains contributions from both the externally applied field a
the field due to the image charge formed by the helium
electric. We will be interested in large applied fields, co
pared to which the dielectric effect is negligible.

Expanding the surface-tension term to lowest order
“u, we get in momentum space

E@u~k!#$r1 , . . . ,rN%5
As

2 (
k

k2u~k!u~2k!

1eE'(
i 51

N

(
k

u~k!eik•r i

1
Agr

2 (
k

u~k!u~2k!.

The k are 2D wave vectors andA is the area;
4p2(k↔A*d2k. The form of u(k) is now determined by
minimizing the energy functional. The result is

u~k!52
eE'

As (
i 51

N
e2 ik•r i

k21 l 0
22

5(
i 51

N

u1
r i~k!. ~1!

Here l 05As/gr is the capillary length of the liquid sub
strate; it will be the important length scale in all our cons
erations. Also,

u1
r i~k!52

eE'

As

e2 ik•r i

k21 l 0
22

is the Fourier transform of the distortion due to asingle
electron atr i , i.e., the shape of a single-electron dimp
u1

r i(r )5F•T•$u1
r i(k)%}K0(r / l 0). This can be verified by

minimizing the energy functional for a single-electro
system.16–18

The energy of the system is the minimum of the fun
tional E@u(k)#, and can be now written in terms of theu1

r i ’s:
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E~r1 , . . . ,rN!5
As

2 (
k

~k21 l 0
22!(

i 51

N

u1
r i~k!(

j 51

N

u1
r j~2k!

1eE'(
i , j

(
k

u1
r ieik•r j ,

which separates into diagonal (i 5 j ) and nondiagonal
( iÞ j ) pieces,

E~r1 , . . . ,rN!5NE(1) 1(
i , j

V~r i2r j !, ~2!

with

E(1)52
~eE'!2

2As (
k

~k21 l 0
22!21,

V~r i2r j !52
~eE'!2

As (
k

eik•(r j 2r i )

k21 l 0
22

.

The first term of Eq.~2! is an extensive quantity representin
the energy ofN independent electrons. The second te
gives the attractive interaction energy between the electr
mediated by surface deformation. We have thus obtained
mattress-effect attractive potential to be

V~r !52
~eE'!2

4p2s
E d2k

cos~k•r !

k211/l 0
2

52
~eE'!2

2ps
K0~r / l 0!.

~3!

Here K0 is the zeroth-order Bessel function of the seco
type. It has the asymptotic behaviorK0(x);2 log(x) for x
→0 andK0(x);(p/2x)1/2e2x for x→`. The interaction po-
tential turns out to have the same functional form as
shape of the surface deformation due to asingle electron,
which has been calculated previously.16–18

Two comments are in order concerning this derivatio
First, the electrons have been treated as point objects,
this leads to interactions and dimple shapes that dive
logarithmically at small distances. This divergence is cu
by the fact that the electron wave function has a finite spa
width. We will assume that this spatial extension is mu
smaller than the lattice spacings which we consider. T
assumption is particularly reasonable in the low-density
gion, deep in the solid phase, that we focus on. A cru
estimate of the spatial widthL of the electron wave function
exists16,17 in the literature,L25(2ps\2)/(me2E'

2 ). For liq-
uid 4He, at typical pressing fieldsE';As/ l 0, this length is
L;1024 mm, three orders of magnitude lower thanl 0
'0.516 mm, which will be the typical inter-electron dis
tances we will consider.~The pressing field introduces a ne
length scaleL into the problem; however, this length sca
will not be important for our calculations.!

Second, we have retained only the (“u)2 term in the
surface-tension energy. This is equivalent to keeping only
pairwise interaction between electrons and dropping fo
electron and higher terms. For quantitative calculations,
3 is used only in a very-low-density regime; effects of fou
body or higher terms are expected to be small here.
7-2
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order-of-magnitude estimates in Sec. III concerni
moderate-to-high densities makes use only of qualita
ideas from the mattress-effect calculation, because in
regime the effect of higher-order terms is expected to
important.

III. EFFECTS OF ATTRACTIVE INTERACTION:
GENERAL REMARKS

The Wigner lattice on a helium substrate is formed
electrons which interact via a Coulomb repulsion and
surface-mediated attraction:

V~r !5Vcoul~r !1Vsurf~r !5
e2

r
2

~eE'!2

2ps
K0~r / l 0!. ~4!

The effect of the surface term has not been considere
detail before, and we shall proceed to do so in the pres
paper.

The surface-induced attraction can be tuned by cont
ling the pressing electric fieldE' . At short enough distances
the 1/r function dominates over the logarithmic surface ter
and at larger the Coulomb term again dominates over t
exponentially decreasing attraction.Vsurf can compete with
VCoul only at intermediate distances. AsE' is ramped up, the
distance scale at whichVsurf first becomes comparable t
VCoul is r; l 0.

In general, when microscopic objects interact via attr
tive and repulsive potentials of different ranges, seve
things can happen depending on the relative strengths
ranges of the attractive and repulsive forces. First, cons
the case of repulsive forces alone, or short-range repul
coupled with longer-range attraction. This situation tends
create microscopic-ordered phases, such as Wigner crys
vortex lattices,19 and Skyrmion lattices.20 Second, when the
attractive force dominates at all distances, the system te
to collapse. One example is what happens at the higher c
cal magnetic fieldHc2 of a type-II superconductor: the inte
action between vortices of the mixed phase becom
attractive19 at H5Hc2, and this leads to collapse of the vo
tex matter so that the system is filled with the normal el
trons of the vortex cores, and superconductivity is destroy
And finally, a combination of short-range attraction a
long-distance repulsion tends to create intermediate-scal
der, or ‘‘clustering.’’ Examples are charge-density waves
solids and quantum hall systems.

This approach enables us to view the well-known elec
hydrodynamic ~surface-buckling! instability of this
system5,12–14 from a different perspective. For an electro
density much larger thanl 0

22, any electron has a large num
ber of electrons within a distance less than the capill
length l 0 from itself, so that the attractive force due to su
face distortion acts between a large number of particles. T
we have an attractive interaction at intermediate distan
and a long-distance Coulomb repulsion. Therefore when
attractive interaction is ramped up by increasing the elec
field, one can expect from the preceding general discus
the formation of intermediate-scale clusters, which are the
selves ordered in a regular pattern.
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This is exactly the phenomenon of formation of man
electron dimples, which is observed for high-density ele
trons under large pressing fields. Previously, this instabi
has been studied in terms of the excitation spectrum o
surface approximated as being uniformly charged.5,12–14In
the traditional analysis, one finds that at a certain press
field, the spectrum goes ‘‘soft’’ at wave numberk; l 0

21, in-
dicating the onset of a charge-density instability of this wa
number. The pressing field at which this spectrum soften
first happens is given byE'

2 54p@rgs#1/22(2pne)2, or
E''@16p2rgs#1/4 at low densities.

In our picture of competition between attractive and
pulsive forces, the formation of multi electron dimple
~intermediate-scale order! would occur when the attractive
term Vsurf starts to dominate over the repulsive term
intermediate or small distances. This viewpoint allows
simple calculation of the pressing field at which th
surface-buckling occurs: it is the pressing field f
which we have Vsurf(r 5 l 0)'VCoul(r 5 l 0), i.e., E'

'$@K0(1)#224p2rgs%1/4'1.1@16p2rgs#1/4, within 10%
of the traditional result.

Next we want to concentrate on a lower-density regim
n*1/l 0

2, where we find a less dramatic but nevertheless
portant effect of the competition between attractive and
pulsive forces. As the interparticle distance approachesl 0,
the formation of many-particle dimple becomes less like
since there are no longer ‘‘many’’ electrons within th
capillary-length scale, and the uniform-smeared charge
proximation becomes untenable. It is not clear whethe
surface-buckling instability is still present. However, one s
expects some effects of increasing attraction asE' is ramped
up. One possibility is a structural transition to a differe
lattice geometry. In the remainder of the paper, we show
there is indeed a region ofE'-n space where a square lattic
becomes more favorable than the triangular lattice for
Wigner crystal.

Bonsall and Maradudin’s classic work21 ~referred to as
BM from now on! has shown for a 2D electron lattice, whe
the electrons interact via a Coulomb force only, that the
angular~hexagonal! lattice is energetically the most stable
all five Bravais lattices. This is simple to understand phy
cally, because for different 2D lattices corresponding to
same density, the triangular lattice is the one with larg
lattice spacing; the electrons thus minimize the repulsive
ergy by staying as far away as possible from each ot
Presumably, the triangular lattice is also the most stable
purely repulsive potentials of other forms, because the sa
argument holds. However, when one adds an attractive fo
one of the other lattice shapes may become more favora
For example, the lattice spacing is a factor of (2/A3)1/2

smaller for a square lattice of the same density, and so
attractive energy can possibly be lowered by choosing
lattice geometry. Of course the number of nearest neighb
is also smaller for the square lattice, so which lattice geo
etry is energetically favorable depends on the exact fo
and relative strengths of the attractive and repulsive inte
tions.
7-3
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IV. TRIANGULAR VS SQUARE LATTICE

At finite temperature, the lattice geometry that is mo
favorable is the one with lower free energyF5E2TS. We
will restrict ourselves to zero temperature, so that it is su
cient to consider the energyE of the two lattices.

Using the two-electron potential@Eq. ~4!#, one can simply
sum up all pairwise interaction energies for the square lat
and the triangular lattice, and then compare. Instead, we
look at a slightly different quantity, as in BM.21 We will
consider the electron located at the origin and letE denote
the energy of the interaction of this electron with all the oth
electrons. The total energy of the lattice ofN electrons is
then 1

2 NE. We compare triangular and square lattices:

ETR5 (
RiÞ0

V~Ri
TR!, ESQ5 (

RiÞ0
V~Ri

SQ!.

HereRi
TR(SQ) runs over the positions of all the electron p

sitions in the triangular~square! lattice, andV(r ) is the po-
tential @Eq. ~4!# consisting of a Coulomb repulsion and
surface-mediated attraction. The two lattices each have
same densityn.

We will look at the difference,

DE5ETR2ESQ5DECoul1DEsurf, ~5!

between the triangular and square lattices. The square la
is more stable ifDE is positive. The Coulomb part

DECoul5 (
RiÞ0

(TR)
e2

Ri
TR

2 (
RiÞ0

(SQ)
e2

Ri
SQ

~6!

is known to be negative, since the triangular lattice is
most stable under Coulomb forces alone, and has been
ied in detail in BM.21 In terms of density, their results are

DECoul5~23.921 034!e2n1/22~23.900 265!e2n1/2

52~0.020 769!e2n1/2.

As for the surface part,

DEsurf5
e2E'

2

2ps H 2 (
RiÞ0

(TR)

K0~ uRi
TRu/ l 0!1 (

RiÞ0

(SQ)

K0~ uRi
SQu/ l 0!J

5
e2E'

2

2ps
Ssurf, ~7!

it is not a priori obvious that this is positive, but numeric
calculations confirm that it is. The transition corresponds
the values ofE' andn for which the two terms just cance
out each other,DEsurf52DECoul, i.e.,

E'
transition5A~2ps!~0.020 769!~2/A3!1/2n1/2~Ssurf!

21.
~8!

To map out the transition line exactly, we need to nume
cally calculateSsurf; the numerical results are shown
Fig. 1.

We can also analytically predict the dependence ofSsurf

and E' on the density for larger densities (n@ l 0
22). The
04542
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approximation K0(r / l 0)'2 ln(r/l0)u(l02r) is good for r
! l 0. Using this ‘‘logarithmic’’ approximation, we argue in
the Appendix thatSsurf becomes independent ofn, at largen.
Therefore from Eq.~8! one finds the shapeE';Asn1/4 for
the transition curve in theE'-n plane, for densities much
larger thanl 0

225rg/s.
Since the surface-mediated attraction falls off quickly f

increasing interelectron distances, one would need stron
electric fields at lower densities to have comparable attr
tive and repulsive interactions. Therefore the transition cu
should rise steeply on the lower-n side, for n, l 0

22. In the
logarithmic approximation the left~lower-n) side of the tran-
sition curve is simply a vertical line atn5 l 0

22.

V. ZERO-TEMPERATURE PHASE DIAGRAM

The zero-temperature phase diagram in theE'-density
plane is shown in Fig. 1.E' and n are plotted in units of
As/ l 0 and 1/l 0

2, respectively; this guarantees that the sa
phase diagram is applicable to different cryogenic substra
one simply has to replace the numerical values ofs and l 0

5As/gr for the particular liquid being used.
The transition lineE'(n) is found by calculatingSsurf

52(TRK0(r i)1(SQK0(r i) numerically and then using Eq
~8!. BM, in doing the corresponding sum for the Coulom
potential,21 use an Ewald sum to convert the summation o
1/r to a summation over a faster-decaying function. SinceK0
itself decays rapidly, no such procedure is necessary for
case.

FIG. 1. E' vs n phase diagram. Large dots, from numeric co
putation, map out the line where triangular and square lattices h
the same energy. In the region above this curve, the square latti
more favorable. Horizontal line indicates the spectrum instabil
corresponding roughly to the transition to the surface-buckl
multi-electron dimple state. At higher densities this curve sho
move downward@Eq. ~9!#; this density-dependence is not show
here. Inset shows the quantitySsurf @Eq. ~7!#, determined numeri-
cally, reaching a constant value at densities; l 0

22.
7-4
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Our analytical calculation of the high-density side of t
phase-transition line is actually very good; aE';n1/4 fit
matches the numeric curve quite spectacularly. On the low
n side, the minimum of the curve is at about an order-
magnitude lower thanl 0

22. The rise of the curve at sma
density is not quite as dramatic as the vertical line predic
by the logarithmic approximation.

At higher densities, there is anE' above which the elec
trons cluster into multielectron dimples~which themselves
form a triangular lattice!. As far as we know, a detailed ca
culation of the exact transition line between the sing
electron Wigner crystal state and the surface-buckled m
electron dimple lattice has never been performed, bu
simple estimate is obtained by considering the instability
the spectrum of a uniformly charged liquid surface:14

E'5A4p@rgs#1/22~2pne!2. ~9!

The low-density part of this curve is the horizontal line in t
phase diagram, Fig. 1. Then-dependent deviation due to th
(2pne)2 term is substrate dependent, even with our cho
of units for E' and n, and is important only at very high
densities, and so is omitted from the plot.

VI. CONCLUDING REMARKS

In summary, we have reported on an effect of surfa
distortions on the Wigner crystal formed by electrons dep
ited on a liquid substrate. Our analysis shows that, at
electron densities, there is a significant portion of the ze
temperatureE'-n phase diagram where a square lattice
energetically more favorable than the usual triangular latt
Since we have not done a stability analysis of the squ
lattice under the combined interaction of Eq. 4, we can
yet say whether the square lattice is stable, or whether s
lattice geometry other than square and triangular is the ac
stable geometry. However, the energy calculation pro
quite clearly the presence of at least one structural ph
transition at low densities.

The structural transition in this system is particularly r
markable because it arises from the interplay of two v
simple forces, a long-range repulsion and a short-range
traction. Other physical systems for which structural tran
tions have been discussed~crystalline solids,22 flux-line lat-
tices, and Skyrmion lattices20,23! tend to involve far more
complicated interactions between the constituents.

Experiments on this system have, until now, probed o
densities significantly larger thanl 0

22. For 4He, the capillary
length corresponds tol 0

22'400 cm22, while typical experi-
mental Wigner-crystal densities are in the ran
;105-109 cm22. The same situation holds for explored ele
tron densities on other surfaces and interfaces. To the be
our knowledge, there have been no experimental eff
aimed at exploring the electron crystal structure at very l
densities (n; l 0

22). One possible experimental signature o
structural transition to a different geometry would be a sh
in the resonance positions in a Grimes-Adams–type4 experi-
ment.

It is possible that using a thin liquid7–10 film instead of
04542
r-
-

d

-
i-
a

n

e

e
-

w
-

s
e.
re
t
e

al
s
se

-
y
t-

i-

y

-
of

ts

t

bulk helium might make it easier to explore the density
gime of interest to us. The effect of using a film may
described using an ‘‘effective gravity’’ which may easily b
larger10 than geff;100g; resulting in a;10 times smaller
capillary length. For 4He, this indicates l 0

22'4
3104 cm22, much closer to observable densities. In ad
tion, the Coulomb repulsion is now screened because of
dielectric/metal substrate holding the thin film, so that t
surface-mediated attraction has a chance to dominate
larger region of the phase diagram. However, when a t
film of cryogenic liquid is used instead of bulk liquid, ther
are also other modifications of the system,7–9 which we do
not consider in detail in this paper.

The analysis in the present work, in addition to the p
diction of at least one structural transition, poses seve
questions. First, there is the issue of the region of param
space in which the triangular and square lattices are actu
stable. Stability questions can be investigated by studying
dynamical matrix or the elastic constants.22 Instability of
both lattices in some part of theE'-n plane would indicate
that a different geometry is more favorable than both
lattices we have considered.~Situations in which more than
two lattice types are important have been encountered pr
ously in the context of Skyrmion lattices.23! In such a case
there is the added question of which lattice, or other str
ture, is the actual stable one. One way to find out is to c
culate the lattice energies for all five Bravais lattices~as done
for the pure Coulomb case in BM21!, or better yet, for all
possible lattice geometries, parametrized in a suitable w
And finally, there is the question of crossover from sing
electron lattice structures to many-particle dimple latt
structures as one increases the electron density at highE' .
One immediately plausible speculation is that this transit
may proceed via a dimerization. Several of these issues
the subject of ongoing calculations and will appear in a
ture publication.
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APPENDIX: DEPENDENCE OF Ssurf ON DENSITY

For densities significantly larger thann051/l 0
2, we use

K0(r / l 0)'2 ln(r/l0)u(l02r) and get the following for the
Ssurf @defined in Eq.~7!#:

Ssurf'2 (
Ri, l 0

(TR)

ln~ uRi
TRu/ l 0!1 (

Ri, l 0

(SQ)

ln~ uRi
SQu/ l 0!.

The summation for each lattice covers all the lattice poi
~electrons! within a circular area of radiusl 0, the number
N5n(p l 0

2) of electrons is the same for the two lattices. Ea
of The two terms contribute a term of magnitude6Nln(l0),
which cancel. Rescaling (r i5Rin

1/2),

Ssurf ' 2 (
r i, l 0An

(TR)

ln~r i
TR!1 (

r i, l 0An

(SQ)

ln~r i
SQ!.
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While each sum depends on the radiusl 0n1/2 of the circle,
the difference does not. This can be seen by considerin
radius r, and then increasing the radius by a small amo
dr ; the number of electrons in the shell isdN5n32prdr
for either lattice, and therefore the change in each sum
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20R. Côté et al., Phys. Rev. Lett.78, 4825 ~1997!, and references

therein.
21L. Bonsall and A.A. Maradudin, Phys. Rev. B15, 1959~1977!.
22M. Born and K. Huang,Dynamical Theory of Crystal Lattices

~Oxford University Press, New York, 1954!.
23C. Timm, S.M. Girvin, and H.A. Fertig, Phys. Rev. B58, 10 634

~1998!; S. Sankararaman and R. Shankar, Phys. Rev. B67,
245102~2003!.
7-6


