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Semiclassical transport and phonon scattering of electrons in semiconducting carbon nanotubes
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Current flow, considering a semiclassical electron–electric-field interaction and electron scattering by acous-
tic phonons, is studied in semiconducting zig-zag carbon nanotubes. Thep-electronic band structure and the
phonon spectrum of the nanotube are both calculated from graphene by the zone-folding method. Scattering
rates are calculated using first-order perturbation theory and the deformation-potential approximation, while the
selection rules for the electron-phonon interaction are developed based on the conservation of crystal momen-
tum. The steady-state transport properties of electrons in small-diameter nanotubes are simulated using the
Monte Carlo method. Results show negative differential mobility occurring at smaller threshold fields as the
tube diameter increases. The peak drift velocity is also found to depend on the tube diameter, and reaches
values as high as 53107 cm/s in the largest tube considered with a diameter of>4.6 nm. The simulated
low-field mobility is as large as in graphite,>23104 cm2/V/s, for the larger tubes, but decreases as the tube
diameter decreases.
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I. INTRODUCTION

Since the discovery1 of carbon nanotubes~CNT’s!, inter-
est in the potential applications of their electronic propert
has continued to grow. These properties vary with e
tube’s fundamental indices (n,m), which specify the diam-
eter and wrapping angle as a graphene sheet is seaml
wrapped into a CNT. Asn and m vary, conduction ranges
from metallic to semiconducting, with an inverse-diamet
dependent band gap of&1 eV.2 Furthermore, it has bee
shown experimentally that different types of CNT’s may
seamlessly connected allowing contacts with widely vary
conduction properties to be made within the same materia3,4

Doping of the tubes with donors and acceptors has b
demonstrated,5,6 while metallic tubes have shown the capa
ity for large current densities and large therm
conductivities.7,8 These and other versatile electronic prop
ties offer great hope for CNT-based nanoelectronics. Alre
important steps have been made. A variety of electronic
vices operating at room temperature have been produce
cluding field-effect transistors,9–11 rectifying diodes, and
heterojunctions.12–18Recently logic circuits using bothp and
n doped CNT-based FET’s~Ref. 9! have shown promising
experimental results.

As with conventional electronic devices, theoretical mo
eling should play a key role in the development of CN
based electronics by predicting performance at both the
vice and circuit level. Industrial device modeling is typical
performed using ‘‘semiclassical approximations,’’ and so
ing transport equations based on either the drift-diffusion
proximation or by solving the Boltzmann’s equation. For t
latter approach it is common to either solve Boltzman
equation directly, using an analytical approximation for t
distribution function,19 or indirectly with the Monte Carlo
method.20,21An intriguing question is in what form can thes
techniques be used in the modeling of nanoscale dev
based on materials such as CNT’s. With the advent of
miniaturization of feature lengths in conventional devices
submicron distances, this question is being addressed. I
0163-1829/2003/68~4!/045426~11!/$20.00 68 0454
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been found that MOSFET’s with inversion layer widths
only a few nanometers, can be simulated using full quant
mechanical treatment along the nanoscale inversion layer
tential well only, while maintaining semiclassical transpo
elsewhere.22,23 For a CNT, there is nanometer scale confin
ment along the circumference, but along the tube there
indications that delocalization ofp electrons can occur.24 For
long tubes under these conditions, a ‘‘semiclassical tre
ment’’ of electron transport along the tube axis may well
an apt treatment. This is supported by electrical meas
ments on nanotube transistors and diodes which indicate
semiclassical band-bending models can describe operatio
room temperature.11,18

Often, the basic properties of the electronic structure a
the phonon spectrum of CNT’s can be well approximated
the zone-folding method~ZFM!.2 In this method the wrap-
ping of graphene into a CNT imposes restrictions on
available wave vector space, but for allowed wave vecto
the electron and phonon energy spectrum are not alte
from that of graphene. The effect of the ZFM on the mater
properties can be quite significant. For example two-thirds
all CNT’s are predicted to be semiconductors, where
graphene itself is a semimetal. These trends as well as
ZFM results for electronic bandgaps and the density of sta
in CNT’s, have been verified experimentally.25–27 Since
calculations2,28,29which go beyond the ZFM, considering th
curvature of the CNT, do not significantly improve the po
tions of the electron and phonon energy spectrum tha
relevant in this work, only the ZFM is considered.

Here we focus on a semiclassical charge transport mo
in semiconducting CNT’s based on the ZFM. The intern
forces on the electrons are described via quantum mecha
whereas external fields act by altering the electronic cry
momentum via Newtonian mechanics. We consider long
‘‘perfectly intrinsic’’ tubes without deformities, defects, an
impurities. Since the bandgap decreases with increasing
ameter, we focus on small diameter semiconducting CN
were the bandgap at room temperature is significantly lar
than the thermal energy. A diagram of an510 single-walled
©2003 The American Physical Society26-1
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CNT is shown in Fig. 1. Along the tube axis, wave vecto
are continuous and restricted from the case of graphene
only to the larger length of the CNT unit cell in this dire
tion. Perpendicular to the tube axis although, significant c
finement of the electron and phonon eigenvectors allo
only discrete wave vector values. The electron is theref
treated as a wave packet of Bloch states along the tube
but around the tube circumference it is typically delocaliz
in the small CNT diameters considered here. An analog
treatment for phonons is also used. Electron transport oc
through the action of a uniform electric field directed sole
along the tube axis.

Using this semiclassical model, we employ a 1D stea
state Monte Carlo simulation of electron transport along
tube axis of single-walled semiconducting CNT’s. Zig-z
tubes, wherem50, are considered with wrapping indices
n510 to 59. Since the diameter is proportional ton whereas
the bandgap is inversely proportional ton, this corresponds
to a diameter range of'0.8–4.6 nm and a bandgap range
'1.1–0.1 eV. Transport occurs within electronic subban
obtained from the zone-folded graphene antibond
p-orbital band. Two of the six grapheneK point bandstruc-
ture valleys are contained within these subbands. Upon s
tering with phonons, electrons may make intrasubba
intersubband-intravalley, or intersubband-intervalley tran
tions. The particular phonon involved depends on selec
rules that conserve the total energy and crystal momentum
the electron-phonon system. The crystal momentum is c
served around the circumference as a result of the peri
boundary conditions for both the electrons and phono
Simulation occurs at low fields, especially in the larger tub
where acoustic phonon scattering should be important.
observe field controlled negative differential mobili
~NDM! caused by the electron transfer between the two lo
est energy subbands in the Monte Carlo simulations.

II. ELECTRON AND PHONON ENERGY SPECTRA

As mentioned, both the CNT bandstructure and phon
spectrum are calculated from graphene by the zone-fold
method. The CNT Brillouin zone that results is a collecti
of N 1D slices through thek space of graphene, each with
length of 2p/T, whereT is the length of the CNT unit cel
and N is the number of graphene unit cells within a sing
CNT unit cell. For a zig-zag tube of indexn, N52n andT
'0.43 nm. The Brillouin zone for an510 zig-zag tube is
shown in Fig. 2. It is well known that a metallic CNT i
obtained by tube wrappings for whichn2m is a multiple of

FIG. 1. Zig-zagn510 carbon nanotube, whereT is the unit cell
length.
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3.2 The semiconducting tubes which do not meet this crite
can further be separated into two types, those for whicn
2m11 is a multiple of 3 and thus a metal and those
which n2m21 would be a metal. These two tube types a
distinguished by different trends in the zone-folded ele
tronic energy states near the Fermi level asn andm vary.30

As shown in Fig. 2, the difference depends on whether
lowest conduction band is obtained right before or right af
the zone slices reach the graphene conduction band m
mum at theK point.

Zone-folding allows just one discrete value for the wa
vector perpendicular to the tube axis for each of then
graphene unit cells within the zig-zag CNT unit cell. Th
result is that each band of graphene is broken into 2n sub-
bands in the nanotube. For a zig-zag tube of diameterd, the
electron wave vector is

kW5~kz ,h!5kzẑ1
2h

d
û ~h52n, . . . ,n!, ~1!

where confinement alongû is described by the electroni
quantum numberh. The wave vectors ath56n are treated
as one shared zone boundary wave vector. Since we are
ing with long tubes, thez component along the tube axiskz is
treated as continuous. This is equivalent to previous rep
sentations of the CNT Brillouin zone where the slices p
ceed from 0 to 2n21,2 except now symmetry in6h can be
utilized. This is important since, except for the zone boun
ary value, the electronic subbands are degenerate for6h.
There are thusn11 distinct states,n21 of which are doubly
degenerate. As seen in Fig. 2, this degeneracy inh corre-
sponds to two equivalent valleys in the subband struct

FIG. 2. Brillouin zone for a zig-zag semiconducting CNT supe
imposed on graphenek space. The example here is for ann510
tube. The wave vector along the tube axis and perpendicular
arekz andku , respectively. Two types of semiconductors are p
sible depending on if slice 1 or slice 2 gives bands closest to
Fermi level. Type 1 is when the greatest common divisor gc~n
11,3!53 and type 2 is when gcd~n21,3!53. The 2 dashed lines fo
h5610 are for the zone boundary and count as just one comp
slice. The tube type labeling here is distinct from the subband
beling that will be used.
6-2
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each centered near a grapheneK point. It is found that elec-
trons may scatter between and occupy both of these vall

As mentioned previously, we consider electron cond
tion within delocalizedp orbitals along the nanotube axi
We therefore are interested in the subbands produced
the p-antibonding band of graphene. This bandstructure
obtained from thep-orbital nearest-neighbor tight-bindin
bandstructure of a graphene sheet, calculated using a nea
neighbor p-hopping integral ofg>3 eV.2 We do not in-
clude the wave function overlap integral. The energy disp
sion for a zig-zag tube is

E~kW !5E~kz ,h!

56gA164 cosS Tkz

2 D cosS ph

n D14cos2S ph

n D
S 2

p

T
,kz,

p

T D . ~2!

Results agree with experimentally measured band gap e
gies and density of states in CNT’s.25,26The conduction elec-
tron wave function, consistent with the zone-folding meth
is

ckW5(
kW

^rWukW &5
1

A2pL
(
kzh

ei (kzz1hu)ukzh
~z,u!, ~3!

where L is the CNT length andu are the graphene
p-antibonding orbitals that are normalized over the graph
unit cell. Since we are interested electron transport at r
tively low applied fields, we focus on the electron bandstr
ture of the first few subbands. The energyEb(kz) of the first
three of these subbands, labeled by the subband indexb, is
modeled using the following analytical expression:

\2kz
2

2mb* ~n!
5@Eb2Eb

m~n!#$11ab~n!@Eb2Eb
m~n!#%

~b51,2,3!. ~4!

Here Eb
m(n), mb* (n), and ab(n) are the energy minimum

effective mass, and nonparabolicity factor of subbandb re-
spectively. In Table I, each is given as a function of t
fundamental tube indexn or equivalently, sinced}n, as a
function of diameterd. The subband quantum number
hb(n) in Table I, are alson dependent. For low-field trans
port in the first few subbands, it is desirable that this ene
model be accurate for electron energies up to 5E1

m above the
Fermi level, where the Fermi level is located halfway b
tween the conduction and valence subbands. In this ra
the subband energy model reproduces the tight-bind
bandstructure with percent error of less than 2%. Consi
ing just the bandstructure near the Fermi level is a go
approximation since at equilibrium a conduction electron
over 10 million more times likely to occupy the first subba
minimum than an energy as high as 5E1

m . The bandstructure
of zig-zag semiconductors withn510 andn559 are shown
in Fig. 3, representing then index range of the simulations
04542
s.
-

m
is

est-

r-

er-

,

e
a-
-

y

-
e,
g
r-
d
s

This range is chosen since the energy separation betwee
first two subbands is much larger than the thermal ene
allowing the relative population of these subbands to be c
trolled by the external field.

The phonon wave vectorqW 5(qz ,hp) also takes the form
of Eq. ~1!. Similarly to the electron, the axial componentqz
is continuous and the phonon is localized as a wave pa
along this direction. In the high-symmetry achiral zig-z
tubes that we focus on, the presence of mirror planes all
the phonon eigenvectors to generally fall into longitudin
and transverse polarizations.31 A torsional polarization is also
possible in a CNT. For the phonon energy spectrum
graphene we use a fourth-nearest-neighbor force cons
model. Force parameters are used which have been suc
fully fitted to experiments.2 Similarly to the electronic energy
bands, zone-folding splits up each of the 6 phonon branc
of graphene into 2n subbranches in the nanotube, each spe
fied by a subbranch quantum numberhp .

In this work the CNT subbranches of the graphene aco
tic modes are considered. Of these phonons, there are
for which the phonon energyEp vanishes as the wave vecto
qz vanishes. These include a longitudinal, torsional, an
doubly degenerate transverse mode. Once the elect
phonon scattering selection rules are determined in the
section, its found that these four phonons are involved
only intraband-intravalley electron transitions. This resu
since each of these modes has a subbranch quantum nu
of zero, and thus has no wavevector component perpend
lar to the tube axis. Due to the quantization of the wavev
tor along the circumference, most of the CNT acous
modes have a dispersion relation in which the phonon ene
is nonzero asqz→0. These subbranches all have a nonz
hp and turn out to be involved in intersubband electron sc
tering. Those with a largehp mediate intervalley scattering

Since theory predicts that the change in thep-electronic
energy under longitudinal strain is larger than und
torsional32,33or transverse34 strain, electron scattering by lon
gitudinal polarizations is treated as the most dominant of
acoustic modes. The importance of these longitudinal mo
has been observed in thermal relaxation studies
nanotubes.35 We therefore consider just the longitudin
acoustic modes. For scattering of electrons within the fi
three conduction bands, the spectra of the acoustic phon
considered is shown in Fig. 4. The energy dispersion rela
is

Ep~qz ,hp!5Ep
o~hp!1\ysQ~qz ,hp!S uqzu2Uhp

d U D , ~5!

were ys520 km/s and the phonon energies atqz

50, Ep
o(hp), are given in Table II. For theLA-IV phonon

Q50, whereas for the other acoustic modes

Q~qz ,hp!5H 1 uqzu.Uhp

d U,
0 else.

~6!

As the tube diameter increases the intravalley phonons
converge to the graphene longitudinal acoustic phonon.
6-3
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TABLE I. Band-structure properties. Heren is the fundamental tube index of a zig-zag CNT,g is the
tight-binding hopping integral,Em are the subband minima in eV,m* are the subband effective masses,a are
the subband nonparabolic factors, andh are the subband quantum numbers. Alsoh0 is 2n/3 rounded to the
nearest integer and gcd(x,y) is the greatest common divisor ofx andy.

Subband 1

E1
m~n!5

pg

A3n
,

m1* ~n!5
3me

ng S 120.0044n1
gcd~n11,3!2gcd~n21,3!

n D ,

a1~n!5
3

2g
~0.3n21!,

h1(n)56h0.

Subband 2

E2
m~n!52E1

m~n!S11
gcd~n21,3!2gcd~n11,3!

3n D ,

m2* ~n!5m1* ~n!S E2
m~n!

E1
m~n!

1
5

n FE2
m~n!

E1
m~n!

@gcd~n21,3!21#2@gcd~n11,3!21#G D ,

a2~n!5
3

2g
~0.2n21!,

h2(n)562(n2h0).

Subband 3

E3
m~n!54E1

m~n!S11
112gcd~n11,3!23gcd~n21,3!

4n D ,

m3* ~n!5m1* ~n!S E3
m~n!

E1
m~n!

1
5

n FE3
m~n!

E1
m~n!

@gcd~n11,3!21#2@gcd~n21,3!21#G D ,

a3~n!5
3n2

300g
,

h3(n)562(2h02n).
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the
intervalley subbranches, grouped together asLA-IV in Fig. 4,
are to a good approximation dispersionless with an energ
>160 meV. An exception though is the intervalley acous
phonon that scatters electrons between the third subban
different valleys. This phonon has less energy, but as the
diameter increases, its energy also approachs 160 meV.

III. ELECTRON-PHONON SCATTERING

Electron-phonon scattering in CNT’s is treated using
standard methods of lattice scattering.36 The effect of ion
vibrations on the periodic crystal potential is consider
small enough to treat using first-order perturbation theo
Considering the duration of a scattering event to be short,
rate of electron-phonon scattering is represented by the
miliar golden rule

G5
2p

\
u^ f uHepu i &u2d~Ef2Ei !, ~7!
04542
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wherei and f are the initial and final states of the system,E
is the energy, andHep is the space-dependent electro
phonon interaction. Assuming short-range interactions
will use the deformation theory37 to approximateHep. Using
longitudinally polarized phonon eigenvectors in a form co
sistent with confinement in the ZFM, the displacement of
lattice at a tube position ofrW5zẑ1(ud/2)û is

U~rW !5(
qW
A \

2MvqW
@aqWe

i (qW •rW)q̂1c.c.#. ~8!

The sum is over phonon wave vectorsqW 5qzẑ1(2hp /d) û,
wherez and u are the coordinates along the tube axis a
around the tube circumference respectively. As mentio
the component of the wave vector along the tubeqz is treated
as continuous since the tube length is large, whereas
6-4
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SEMICLASSICAL TRANSPORT AND PHONON . . . PHYSICAL REVIEW B68, 045426 ~2003!
component alongu is quantized. So the sum includes a
subbrancheshp . The amplitude of each eigenvector depen
on the lattice massM, the subbranch wave-vector-depende
frequencyvqW , and the phonon creation and anniliation o
eratorsa† and a. The electron-phonon interactionHep is
found from the shift in electronic energy due to a phono
Within the deformation potential theory, this shift is given b
the perturbation of the electronic energy when an elect
interacts with a long wavelength phonon and is set equ
lent to the effect of a locally homogeneous strain. This el
tronic energy change is then

FIG. 3. Band-structure for an510 zig-zag CNT. Tight-binding
band-structure~dash line! and the model subbands~solid line! of
Eq. ~4! are shown. The inset is for an559 tube. These represent th
range of CNT sizes simulated in this work.

FIG. 4. Carbon nanotube phonon dispersion for an510 zig-zag
tube. For the intravalley processes there are the longitudinal ac
tic modes~LA!, which are separated based on the subband tra
tions they are involved in. The intervalley phonons are grouped
(LA-IV) since they have approximately the same energy. The
tervalley phonon for transitions between the third subband of e
valley, (LA-IV3), is an exception with lower energy.
04542
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^kW8uDEukW &5^kW8uD(
qW
A \

2MvqW
@ iqaqWe

i (qW •rW)1c.c.#ukW &

5D (
qzhp

A\Fqz
21S 2hp

d D 2G
2Mvqzhp

3^kW8u iaqzhp
ei (qzz1hpu)1c.c.ukW &, ~9!

for an electron transition from statekW to statekW8. The defor-
mation potentialD is the proportionality constant betwee
the electronic energy shift and the lattice strain. For zig-z
tubes,D has been calculated to be approximately 3g.32,34

Now we concentrate on the matrix elements that de
mine the electron-phonon selection rules. Using the elec
wave function in Eq.~3! and the lattice symmetry along th
tube axis the following matrix element becomes

^kW8uei (qzz1hpu)ukW &5
NTdkz2k

z8 ,qz

2pL

3E
0

T

dzE
0

2p

dueidhuu
kW8
* ~z,u!ukW~z,u!,

~10!

wheredh5h2h81hp . Here the integral along the entir
tube is replaced by the integral along just the CNT unit c
by using the axial-symmetry relations

(
j 51

j 5NT

ei (kz2kz81qz) jT5NTdkz2k
z8 ,qz

~11!

and

ukW~z1 jT,u!5ukW~z,u!, ~12!

where jT are the lattice vectors alongz and NT is the total
number of CNT unit cells in the tube.

Now using the CNT symmetry vector2 for a zig-zag tube
RW the positions of each graphene unit cell can be found
cording to

aRW 5aFT

2
ẑ1

pd

N
ûG , a5 integers ~1, . . . ,N!. ~13!

Thez component ofaRW wraps back around so that it alway
stays within the unit cell, which has a of lengthT along thez
direction. This is shown in Fig. 5~a!. The unit cell can be
redrawn as in Fig. 5~b!, so that the integration alongz is now
continuous. Then Eq.~9! may be written as

s-
i-
s
-
h

6-5
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TABLE II. Phonon properties. Heren is the fundamental tube index of a zig-zag CNT,g is the tight-
binding hopping integral in~eV!, andhp are the subbranch quantum numbers. Alsoh0 is 2n/3 rounded to the
nearest integer andEp

o@hp(n)# is the phonon energy atqz50. Intravalley modes show linear dispersion wi
a characteristic velocity ofys520 km/s.

Phonon Band transfer Ep
o(hp) ~eV! hp(n)

LA intrasubband-intravalley 0 0

LA1↔(2,3) intersubband-intravalley 1↔(2,3)
3

8n
61

LA2↔3 intersubband-intravalley 2↔3
3

4n
62

LA2IV intersubband-intervalley 1↔1 0.160 62(n2h0)
LA2IV intersubband-intervalley 2↔2 0.160 62(2h02n)

LA2IV3 intersubband-intervalley 3↔3 0.160S 12
10

n2D 62(3n24h0)

LA2IV intersubband-intervalley 1↔2 0.160 6h0

LA2IV intersubband-intervalley 1↔3 0.160 6(4n25h0)
LA2IV intersubband-intervalley 2↔3 0.160 62(n2h0)
h

le

um
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pe
^kW8uei (qzz1hpu)ukW &

5
NTdkz2k

z8 ,qz

2pL

3 (
a51

a5N E
T(a21)/2

Ta/2

dzE
2p(2z2T)/TN

2p(2z1T)/TN

dueidhuu
kW8
* ~z,u!

3ukW~z,u!. ~14!

Now using theRW symmetry of the graphene unit cells, whic
are contained within the CNT unit cell

ukW~rW1aRW !5ukW~rW !, ~15!

Eq. ~14! may be reduced to a integration over a sing
graphene unit cell

FIG. 5. ~a! Unit cell for a (n,m)5(2,0) CNT. Four graphene
unit cells are contained and located at multiples of the wrap

symmetry vectorRW . ~b! Unwrapped CNT unit cell.
04542
^kW8uei (qz1hpu)ukW &5
NTdkz2k

z8 ,qz

2pL

3E
0

T/2

dzE
4p(z2T)/TN

4pz/TN

dueidhu

3u
kW8
* ~z,u!ukW~z,u! (

a51

a5N

eidh(2pa/N).

~16!

Since there is periodicity around the circumference, the s
may be equivalently redrawn by starting the sum at an a
trary graphene unit cellb11, whereb is an integer

(
a51

a5N

eidh(2pa/N)5 (
a5b11

a5b1N

eidh(2pa/N)

5eidh(2pb/N) (
a51

a5N

eidh(2pa/N). ~17!

To satisfy this condition for arbitraryb, dh must be zero and
thus

(
a51

a5N

eidh(2pa/N)5Nddh,05Ndh82h,hp
. ~18!

This gives

^kW8uei (qz1hpu)ukW &5
NNTdkz2k

z8 ,qz
dh82h,hp

2pL

3E
0

T/2

dzE
4p(z2T)/TN

4pz/TN

duu
kW8
* ~z,u!ukW~z,u!

5dkz2k
z8 ,qz

dh82h,hp
, ~19!

d
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since the graphenep-antibonding orbitals are normalize
over the graphene unit cell.

These are the selection rules for phonons involved i

given transition from an initialkW5(kz ,h) to a final kW8
5(kz8 ,h8) electron state. Electron-phonon scattering m
not only conserve momentum along the tube axis but a
conserve the quantum numberh. The periodic boundary
conditions for the electrons and phonons along the circu
ference retain the conservation of the 2D crystal momen
in the CNT’s. The electron-phonon interaction is

u^ f uHepu i &u2

5u^kW8;N~6 !1uDEukW ;N&u2

5 (
qz* hp*

\2D2Fqz
21S 2hp

d D 2GFN~qz ,hp!1
1

2
~6 !

1

2G
2MEp~qz ,hp!

,

~20!

where the sum includes all phonon wave vectorsqz* and
quantum numbershp* that satisfy the selection rules in Eq
~19!. N is the phonon occupation number represented us
the Bose-Einstein distribution function, while in the brac
eted (6) sign, the upper sign is for phonon emission and
lower for phonon absorption.

Using Eq.~7! the golden rule and integrating over all fin
electron states, the scattering rate from an electronic sta
subbandb with wavevecterkz to an electronic state in sub
bandb8 is

Gbb8~kz!5 (
qz* hp*

\D2Fqz
21S 2hp

d D 2G
2rEp~qz ,hp!

3S N@Ep~qz ,hp!#1
1

2
~6 !

1

2D I bb8~kz ,qz ,hp!,

~21!

wherer is the CNT mass density along the tube axis a
conservation of energy and crystal momentum is also
quired. The termI bb8 would typically correspond to a func
tion of the density of final states under the golden rule f
malism. Since semiclassically the density of states diver
in 1D, higher order quantum effects are needed. It has b
found in quantum wires that a full quantum mechanical tre
ment of the 1D scattering rate can be well approximated
including collisional broadening within the golden rule.38,39

Following these results we adjust Eq.~21! by broadening the
semiclassicalI bb8 with a Gaussian according to

I bb8~kz ,qz ,hp!

5
A2/p

D@11erf~E!#

3E
2E

` e2(E82/2D2)DOSb8~E1E8!dE8

1~6 !
qz

uqzu
\ysQ~Ep1E8!DOSb8~E1E8!

,

~22!
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where DOSb8 is the density of states in bandb8, erf is the
error function, and

E5Eb~kz!~7 !Ep~qz ,hp!. ~23!

The broadening of final statesD is determined self-
consistently for each member of the sum in Eq.~21! accord-
ing to

D5\Gbb8~kz ,qz ,hp!. ~24!

When b and b8 correspond to different valleys in the ele
tronic subband structure,hp is large. These intervalley
phonons, grouped asLA-IV, have the same phonon energ
but since they cause different subband electron transit
and therefore have different quantum numbershp , they will
have different scattering rates. As previously mentioned
given in Eqs.~5! and ~6!, the phonon energy dispersion
significant for the intravalley subbranches with smallhp .
For theLA intrasubband branch whenEp is much less than
the thermal energyKbTL , only backscattering occurs and w
use the small phonon energy limit36

qz*
2H N@Ep~qz* !#1

1

2
~6 !

1

2J
Ep~qz* !

>
KbTL

\2ys
2

, ~25!

in Eq. ~21!.
In Fig. 6 the room temperature scattering rates, are sh

for electrons in the first two subbands of an510 and n
559 zig-zag CNT. Both the total longitudinal acoustic intr
valley and intervalley scattering are shown. Since the s
tering rate depends on the density of final electron states
1D scattering rate peaks when electrons can scatter
states near a subband minima. This can be readily seen in
peaks of Fig. 6. The scattering rates are seen to mark
decrease asn and thus the tube diameter increases. This
curs since with increasing diameter the density of final sc
tering states decreases and the CNT mass per unit le
increases, both decreasing the scattering rate. It is found
the rates decrease by roughly an order of magnitude an
progresses from 10→59. At room temperature, electron sca
tering by absorption of intervalley phonons is weak, but t
should not be the case for much larger temperatures. C
versely, for the intravalley phonons with low energies, t
absorption and emission scattering rates are nearly the s

The dominant scattering mechanisms, once the elec
energy reaches a required phonon emission threshold, ar
intervalley process. After the onset of these stronger eve
intravalley scattering does not contribute significantly to t
total rate, except near the peaks indicated in Fig. 6. Th
peaks usually correspond to an absorption peak closely
lowed by and emission peak. At low energies near the s
band minimum, before the onset of the intervalley events,
character of the scattering varies with tube size. H
intrasubband-intravalley scattering is strong but oth
mechanisms also contribute. In large tubes electrons in s
band 1 are scattered significantly by intravalley (1→2) pho-
non emission and absorption processes at low energies.
is not seen in the smaller tubes since before the electron
6-7
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FIG. 6. Room temperature scattering rateG as a function of electron energy for~a! electron in band 1 of ann510 tube,~b! electron in
band 1 of ann559 tube,~c! electron in band 2 of ann510 tube, and~d! electron in band 2 of ann559 tube. The total longitudinal acousti
intravalley ~LA! and intervalley (LA-IV) scattering rates are shown. The peaks in the intervalley rate are all due to phonon em
Intervalley absorption is rare since the large phonon energies limit the population of thermally excited phonons at room temperatu
intravalley rate with lower phonon energies, an absorption followed closely by an emission peak are shown for each electronic
transition. The phonons involved are given in Table II.
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reach energies to allow these intravalley (1→2) processes
the threshold at 160 meV for the strong (1→1) intervalley
process is reached. For electrons in subband 2 of the s
tubes, near the energy minimum, strong (2→1) intervalley
phonon emission processes occurs. In the larger tubes
energy gap between the subbands is too small and only
intravalley (2→2) process occurs.

IV. TRANSPORT SIMULATION

Charge transport in zig-zag semiconducting CNT’s
studied using standard Monte Carlo techniques.20 Simula-
tions are homogeneous and of sufficient time duration
characterize steady-state phenomena of many nonintera
electrons using the single-electron method.20 CNT’s are
treated as ‘‘ideal,’’ in that they are extremely long, undope
and without any defects or other imperfections. The ba
principles of semiclassical transport40 are used, in which
quantum mechanics is used to determine the electronic
ergy levels and scattering rates due to the lattice, whe
applied external fields accelerate electrons semiclassicall
this work a homogeneous external electric field direc
solely along the CNT axis is considered. This field is n
considered strong enough to cause intersubband transi
in the CNTs simulated. The validity of this approximatio
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requires that the subband separationDE always obey the
relation40

DE.AEFeFT, ~26!

whereEF is the Fermi energy of graphene,e is the electron
charge,F is the external electric field, andT the magnitude
of the translation vector. An obvious exception occurs in
smaller diameter tubes where subband crossing occurs.
can be seen in Fig. 2. For simplicity in this work, the cons
quences of subband crossing are ignored.

As mentioned, the only scattering mechanism conside
involves the subbranches of the graphene longitudinal ac
tic mode. Electron-electron scattering is not included h
but may contribute to the electron drift velocity by increasi
the intersubband-intervalley scattering rate. This would
more likely in the larger tubes we consider, where both
transverse momentum transfer between the subbands an
phonon scattering rate are small. Intrasubband scattering
electron-electron interactions though should not effect
electron drift velocity since the initial and final interactin
electron pair would be indistinguishable in one dimensio
leading to no net randomization of the net electron mom
tum of the system.41

It is necessary to point out that in one dimension t
Monte Carlo simulation is complicated by peaks in the sc
6-8
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FIG. 7. Simulated drift velocity vs homogenous electric field for a number of zig-zag CNT’s with indicesn. Both the high and low field
results are shown in~a!, while ~b! focuses on the peaks in the simulated drift velocity. Monte Carlo results are shown for type 1 tube~- -!,
wheren11 is a multiple of 3, and for type 2 tubes~—!, wheren21 is a multiple of 3. The variation in the drift velocity between the tw
tube types is significant only for the small tubes.
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tering rateG which can be seen in Fig. 6. Between stoch
tically chosen scattering events during the simulation, e
trons drift in the applied electric field. This drift timetd

should be small compared to 1/G(E), so that the scattering
rate is properly resolved in the Monte Carlo simulation. T
requires that the drift time always be adjusted so that at
times td(E)<1/10G(E). For convergence in the low-field
regime, where the electron mobility is constant, this crite
is adjusted so thattd(E)<1/100G(E).

The simulated electron drift velocity,yd , varies distinctly
with applied electric field. Results are shown in Fig. 7 f
fields where the average electron energy, which increa
with increasing field, is below the bandstructure model lim
of 5E1

m(n). Peaks reaching values ofyd as large as>3 –5
3107 cm/s asn increases from 10 to 59 are observed. T
critical field Fc(n) at which the drift velocity maximum oc
curs is seen to decrease with increasingn from >60 to 2
kV/cm in the range ofn that is simulated. The low-field
mobility is large, increasing asn, and thus the tube diamete
increases. This mobility increases from 0.43104 to 12
3104 cm2/V/s as n increases from 10 to 59. Results fo
graphite,>1.53104 cm2/V/s,42 lie within this range. In the
larger tubes, the low-field mobility is likely overestimate
since electron-electron scattering is not considered. Thi
not the case in the smaller tubes since the phonon scatte
rate is large and intersubband transitions at low fields
rare.

Negative differential mobility occurs when the slope
the drift velocity with field becomes negative. The simulat
results show thatdyd /dF does indeed become negative on
the velocity peak occurs. NDM is caused by t
‘‘transferred-electron effect’’43,44 involving the first two sub-
bands. This occurs since the conduction veloc
(1/\)(dE/dk) is larger in the first subband than in the se
ond. The differential mobility becomes negative as the c
centration of electrons in the second subband increase
response to an increasing applied electric field. For fie
controlled NDM, the energy gap between the first two su
bands should be large compared to the thermal energy o
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electrons. This condition is met for the CNT’s consider
here, but for larger tubes this condition may not be satisfi

Analysis of the dependence of the peaks in the drift
locity on the tube diameter and the bandstructure hopp
integralg, indicates a peak height of

yd
max~n!>3S g

3D 2/3F11
12gcd~n11,2!

n G
3 log10~n!3107 cm/s, ~27!

occurring at a critical field of

Fc~n!>gcd~n11,2!S g

3D S 1

nD 3/2

3103 kV/cm. ~28!

Differences based on the tube type are represented by the
of the greatest common divisor ofn11 and 2, gcd(n
11,2). It is seen that the type 2 tubes have a drift veloc
peak which is larger and a critical field which is half as lar
as in the type 1 tubes. This is illustrated in Fig. 7~b! where
the peaks for both tube types are shown together. Since
portant features of charge transport occur at the critical fie
Eq. ~26! should be satisfied at this field value. We find tha
is satisfied for the tubes considered. The band separa
between the first and second subband satisfies Eq.~26! with
at least a factor of 2.5 to spare in the tubes considered in
work. For increasing larger tubes though, the condit
would eventually fail to be satisfied and field mediated int
subband transitions would occur readily.

One thing that determines the characteristics of the d
velocity peak is the decrease in the scattering rate with
creasingn. As seen in Eq.~21!, the scattering rates will be
proportional to D/r}g/n2. With less scattering asn in-
creases, electrons gain energy and occupy the second
band more readily as the field increases. This lowers
critical field significantly. The conduction velocity of the firs
subband,yc1, also strongly influences the drift velocity. Asn
increases, this velocity increases weakly withn, allowing the
electrons to reach higher drift velocities before the seco
subband is occupied. Differences in the peaks ofyd as the
tube type varies result largely from alterations inyc1. As
6-9
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seen in Fig. 8, the average velocity and the occupation of
second subband both increase much faster with increa
field when n510 as opposed to whenn511. This occurs
since compared to the type 1 tubes, the effective mass o
type 2 tubes is smaller. Since the conduction velocity is p
portional to 1/m1* (n), Table I shows thatyc1(kW ,n) is larger
in the type 2 tubes by a factor of (n14)/n. For the large
tubes considered this is a small increase, but for the sm
tubes this factor approaches 2. This leads to the deviat
from Eqs.~27! and~28! for the different tube types that wa
mentioned earlier.

V. CONCLUSION

In summary, semiclassical transport has been applie
electron conduction through long ‘‘perfect’’ semiconductin
zig-zag carbon nanotubes with wrapping indexes betwee

FIG. 8. Simulated average electron energy and percent o
pancy of subband 2 vs electric field in an510 and an511 zig-zag
CNT.
-

le

.L

c

is

04542
e
ng

he
-

ler
ns

to

10

and 59. The zone-folding method is used to calculate
electronic energy levels consisting of two valleys, while sc
tering occurs through the interaction of electrons with t
zone-folded longitudinally polarized acoustic phonon
graphene. Steady-state charge transport simulations co
ering a homogeneous applied electric field are performed
ing the Monte Carlo method.

Simulations at low fields show electron mobilities as lar
as in graphite for the larger tubes. At higher fields, the d
velocity is found to rise and peak with increasing fiel
reaching values as high as 53107 cm/s in the larger tubes. I
should be noted that the ability to extend the transport mo
to even larger zig-zag tubes in order to determine how th
properties evolve further is limited by the decreasing ene
spacing between the first two subbands. In larger tubes,
transport model must be altered if this spacing becom
small enough to allow field-assisted intersubband transiti
or if the spacing approaches the thermal energy of the e
trons.

The peaks in the electron drift velocity, which vary wit
n, show negative differential mobility due to electron trans
between the first two electronic subbands. This transfer m
occur within the same or within different but equivale
bandstructure valleys. This effect also occurs in other tra
tional semiconductors with small direct bandgaps such
GaAs, but in these materials electron transfer between
equivalent valleys in the electronic bandstructure is usu
involved. It is likely that some of the electronic properties
these materials may also exist in CNT’s. One interest
property of GaAs related to NDM is its ability to suppo
microwave fluctuations in the electron current know as
Gunn effect.45 There are many applications of the NDM i
these materials. Applications in electronics include use
oscillators, amplifiers, and logic and functional devices.46 It
may be possible that similar applications for CNT’s may a
exist.
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