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Interplay between electronic structure and medium-range atomic order
in hexagonalb-Al9Mn3Si and w-Al10Mn3 crystals
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The electronic structures of the hexagonalb-Al9Mn3Si andw-Al10Mn3 phases are calculated from first-
principles using the TB-LMTO method. Theseab initio results are analyzed with a simplified model for
Al-based alloys containing transition metal atoms. The results show a strong effect on the atomic structure
stabilization by an effective Mn-Mn interaction mediated by conduction electrons over medium-range dis-
tances~5 Å and more!. The origin of large vacancies which characterize such atomic structures is explained.
The position and the effect of Si atoms in stabilizing are also discussed. The atomic structures ofb-Al9Mn3Si
andw-Al10Mn3 bear resemblance with the atomic medium-range structures of approximants of quasicrystals.
Consequently, the present work gives arguments on the interplay between the medium-range atomic order and
an minimization of the band energy in quasicrystals and related phases.
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I. INTRODUCTION

Since the 1950’s, many authors1–8 have considered Al-
~rich! crystals containing transition metal~TM! atoms as
Hume-Rothery alloys. In these phases, the important par
eter is the average number of electrons per atome/a. The
valences of Al and Si are fixed without ambiguity~13 and
14, respectively!. Following a widely accepted model,5,6 a
negative valence is assigned to TM atom~typically 23 for
Mn, 22 for Fe,21 for Co, and 0 for Ni!. As an example,
for almost isomorphicw-Al10Mn3 , b-Al9Mn3Si, and Al5Co2
phases,e/a is equal to 1.61, 1.69, and 1.86, respectively. T
occurrence of different compounds with similar structu
was therefore understood as Hume-Rothery phases
similar e/a ratios in spite of different atomic concentrations7

In these phases, a band energy minimization occurs when
Fermi sphere touches a pseudo-Brillouin zone, spanned
Bragg vectorsK p corresponding to intense peaks in the e
perimental diffraction pattern. The Hume-Rothery conditi
for alloying is then 2kF.Kp . Assuming a free electron va
lence band, the Fermi momentumkF can be obtained from
e/a.

The density of states~DOS! in Hume-Rothery alloys con
taining only sp valence electrons~sp-Hume-Rothery alloys!
is correctly described by theJones theory~see, for review,
Refs. 9–11!. The valence band~sp states! consists of nearly
free electrons, and the scattering of electrons by the pse
Brillouin zone~diffraction by Bragg planes! creates a deple
tion in the DOS, called the ‘‘pseudogap,’’ near the Fer
energyEF . The treatment of Al~rich! alloys containing TM
atoms requires a different model because thed states of TM
are not nearly free states. A model forspd-Hume-Rothery
phases which combined the effects of the diffraction
Bragg planes with thesp-d hybridization has been
developed.12–16 It shows that TM DOS~mainly d states! and
the total DOS depend strongly on the positions of T
atoms.14–16 Indeed, some TM atoms may ‘‘fill up’’ the
pseudogap, via thesp-d hybridization; whereas other TM
positions enhance the pseudogap. In some particular cas
gap is even induced by thesp-dhybridization.17,18
0163-1829/2003/68~4!/045117~11!/$20.00 68 0451
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The Hume-Rothery stabilization can also be viewed a
consequence of oscillating pair interactions betwe
atoms.11,19–22 In this framework, Zou and Carlsson hav
shown23,24that effective Mn-Mn interactions, mediated bysp
states of Al, are strong enough to favor Mn-Mn distanc
close to 4.7 Å in Al~rich!-Mn quasicrystals and approxi
mants. Recently,25 we have shown that effective Mn-Mn in
teractions for distances up to 10–20 Å induce a pseudoga
EF in cubic Al12Mn, orthorhombic o-Al6Mn, and cubic
a-Al-Mn-Si approximant. On the other hand, this effectiv
Mn-Mn interaction is also determinant for the existence
magnetic moments in Al-Mn quasicrystals an
approximants.26–28

In this paper, anab initio study of the electronic structur
in b-Al9Mn3Si andw-Al10Mn3 crystals is presented. Resul
are analyzed in the framework of Hume-Rothery mechan
for spdalloys. The stabilizing role of Si atoms is shown, a
the effective Mn-Mn medium-range interaction allows to u
derstand the effect of Mn positions. In particular, the orig
of a large hole~vacancy Va! in both b andw atomic struc-
tures is justified. We present the results forb, w phases,
Al5Co2, and m-Al4.12Mn, l-Al4Mn approximants. This
analysis shows a strong interplay between medium-ra
atomic order~up to 5 Å and more! and a minimization of the
band energy.

The paper is organized as follows. The structures ofw and
b and their relations with medium-range atomic order
quasicrystals are discussed in Sec. II.Ab initio calculations,
performed with the tight-binding~TB! linear muffin tin or-
bital ~LMTO! method, are presented in Sec. III. The effect
the sp-dhybridization is analyzed in detail through calcul
tions for hypothetical structures. In Sec. IV, a real space
proach of the Hume-Rothery mechanism shows the str
effect of an effective medium-range Mn-Mn pair interactio
~up to ;5 Å and more!. Conclusions are given in Sec. V.

II. ATOMIC STRUCTURES

The almost isomorphic stableb-Al9Mn3Si ~Ref. 7! and
metastablew-Al10Mn3 ~Ref. 8! phases are often present
©2003 The American Physical Society17-1
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TABLE I. Lattice parameters and atomic positions of the hexagonalb-Al9Mn3Si ~Ref. 7!, w-Al10Mn3

~Ref. 8!, and Al5Co2 ~Ref. 29! phases from crystallographic studies. Space group isP63 /mmc.

Lattice parameters b-Al9Mn3Si w-Al10Mn3 Al5Co2

a ~Å! 7.513 7.543 7.656
c ~Å! 7.745 7.898 7.593

Wyckoff Atomic b-Al9Mn3Si w-Al10Mn3 Al5Co2

notation positions x z x z x z

~2a! 0, 0, 0 ~Al,Si!~0! Al ~0! Al ~0!

~6h! x, 2x, 1
4 ~Al,Si!~1! 0.4579 Al~1! 0.4550 Al~1! 0.4702

~12k! x, 2x, z ~Al,Si!~2! 0.2006 20.0682 Al~2! 0.1995 20.0630 Al~2! 0.1946 20.0580
~6h! x, 2x, 1

4 Mn~1! 0.1192 Mn~1! 0.1215 Co~1! 0.1268
~2d! 2

3 , 1
3 , 1

4 Va Va Co~0!
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quenched alloys containing quasicrystals in Al~Si!-Mn sys-
tems. Their hexagonal unit cell contains 26 atoms in a co
plex arrangement. Unit cell dimensions ofb andw are simi-
lar ~Table I!, with the same space groupP63 /mmc. b andw
phases are almost isomorphic to Al5Co2,29 which is an ap-
proximant of the decagonal phase.30 Atomic positions and
interatomic distances are given in Tables I and II.

TABLE II. Interatomic distances inb-Al9Mn3Si, w-Al10Mn3,
and Al5Co2. TM~1! is either Mn~1! or Co~1!. X corresponds to the
vacancy Va inb, w phases, and to Co~0! in Al5Co2.

Atom Site Neighbors distances~Å!

b-Al9Mn3Si w-Al10Mn3 Al5Co2

Al,Si~0! ~2a! 6 Al~2! 2.66 2.65 2.62
6 TM~1! 2.48 2.53 2.53

Al ~1! ~6h! 2 Al~1! 2.81 2.75 3.14
4 Al~2! 2.77 2.84 2.74
4 Al~2! 2.98 2.99 2.97
2 TM~1! 2.42 2.41 2.41

1 X 2.72 2.77 2.61
Al ~2! ~12k! 1 Al,Si~0! 2.66 2.65 2.62

2 Al~1! 2.77 2.84 2.74
2 Al~1! 2.98 2.99 2.97
2 Al~2! 2.81 2.79 2.73
1 Al~2! 2.82 2.95 2.92
2 Al~2! 2.99 3.03 3.19
1 TM~1! 2.68 2.67 2.51
2 TM~1! 2.68 2.71 2.70

1 X 2.23 2.29 2.35
TM~1! ~6h! 2 Al,Si~0! 2.48 2.53 2.54

2 Al~1! 2.42 2.41 2.41
2 Al~2! 2.68 2.67 2.51
4 Al~2! 2.68 2.71 2.70
2 TM~1! 2.69 2.75 2.91

X ~2d! 3 Al~1! 2.72 2.77 2.61
6 Al~2! 2.23 2.29 2.35

6 TM~1! a 3.81 3.82 3.86

aX and TM~1! are not first neighbors.
04511
-
A. Relations with medium-range atomic order of quasicrystals

The first-neighbor atoms of Mn@Mn~1! in Table I# are 10
Al/Si 1 2 Mn atoms situated at the vertices of a distort
icosahedron. Such an icosahedron is considered in the s
tural representation ofb-Al9Mn3Si ~Fig. 1!. b-Al9Mn3Si
andw-Al10Mn3 structures have significant relations with th
complex structuresm-Al4.12Mn @hexagonal, P63 /mmc,
;563 atoms/(unit cell)]31 and l-Al4Mn @hexagonal
P63 /m, ;568 atoms/(unit cell)]32 which are approximants
with large unit cell. For instance, in Fig. 1 of Ref. 31, ou
lines of the repeated unit cell ofw phase on several parts o
m phase are drawn. This shows that some parts of thm
atomic structure are very similar to the atomic arrangem
inside the unit cell ofb, w. Similar resemblances have bee
found withl-Al4Mn.32 Kreiner and Franzen32,33have shown
that the ‘‘I3 cluster,’’ a structure unit of three vertex con
nected icosahedra containing more than 30 atoms, is the
sic building block of a large number of intermetallic phas
related to icosahedral Al-Mn-Si such asa-Al9Mn2Si,
m-Al4.12Mn, andl-Al4Mn. The I3 cluster is also found inb
andw structures.32,33Therefore, although diffraction feature
of b and w are different from those of quasicrystals, the
atomic structure in a unit cell has important correlations w
medium-range atomic order of approximants and quasic
tals.

Each Mn has two Mn first neighbors arranged in Mn tri
let. Between Mn triplets, Mn-Mn distances are about 4.17
Similar isolated Mn triplets exist also inm-Al4.12Mn.

B. Vacancies

The hexagonal structure of theb, w phases is almos
isomorphic to that of Al5Co2,29 where Co replaces Mn an
vacancy Va~Table I!. These phases have similar atomic sit
and first-neighbor distances~Table II!. However, a major dif-
ference is that the site (2d) is empty~Va! in b andw phases,
whereas it is occupied by cobalt@Co~0!# in Al5Co2. It is thus
interesting to understand why this vacancy is maintained
b andw crystals. Because first-neighbor distances around
in b, w are close to those around Mn~1! in b, w and to those
around Co in Al5Co2, the presence of Va cannot be e
plained from steric encumbering.
7-2
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FIG. 1. Crystal structure of theb-Al9Mn3Si phase described in terms of icosahedral clusters centered on the atoms. Si atoms
Wyckoff site (2a). Squares show the sites of the vacancy Va@site (2d)]. Top and side views of both layers atz5

1
4 , 3

4 are shown. The
icosahedral environment of each Si atom is also shown on the right low part of the figure.
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Environment of Va forms a tricapped trigonal prism@3
Al ~1! and 6 Al~2!#. The same environment is also found
m-Al4.12Mn ~Ref. 31! andl-Al4Mn ~Ref. 32!. But in m and
l, these sites are occupied by Mn@Mn~0! site (2b) in
m-Al4.12Mn and Mn~0! site (2d) in l-Al4Mn]. In m andl,
the first-neighbor distances Mn~0!-Al are 2.35–2.48 Å,
which are similar to Va-Al first-neighbor distances inb and
w. In the following~Secs. III D 2 and IV C!, it is shown that
the presence of Va inb, w is explained by the presence of a
effective TM-TM pair interactions for distances up
medium-range distances~more than 5 Å!.

C. Role and positions of Si atoms

A small proportion of Si atoms is known to have stro
effect in stabilizing Al-based phases. Unstable quasicrys
are obtained in Al-Mn system, whereas stable quasicrys
are formed when a small proportion of Si atoms is added.34,35

Similar stabilizing effects occur for icosahedr
Al-Cu-Cr-Si,36 and for the approximantsa-Al-Mn-Si,34
04511
ls
ls

1/1 Al-Cu-Fe-Si,37,38anda-Al-Re-Si.39 Investigations on the
relations between isomorphic stableb-Al9Mn3Si and meta-
stablew-Al10Mn3 phases represent thus a great interes
order to analyze Si effect. The number of valence electr
are 3~4! per Al ~Si! atom. With respect to the Hume-Rothe
condition for alloying (2kF.Kp), it may be possible that the
substitution of a small quantity of Si increases thee/a ratio,
which is in better agreement with 2kF.Kp .

Experimentally, Al and Si atoms have not been dist
guished inb-Al9Mn3Si. However, Robinson7 has proposed
that Si atoms are on site (2a) because the interatomic dis
tances between an atom in (2a) and its six neighboring Al
atoms are less than the distances between any other pa
Al atoms inb structure~Table II!. But, from a comparison of
b and w, Taylor8 has suggested that Si atoms should
preferentially in (12k) instead of in (2a). In this case, Si site
has mixed occupancy with some Al. In Sec. III, an analy
of ab initio calculations suggests that Si atoms are likely
be in (2a).
7-3
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III. AB INITIO CALCULATIONS
OF THE ELECTRONIC STRUCTURE

A. LMTO procedure, treatment of Si

Electronic structure determinations are performed in
framework of the local spin-density approximation~LSDA!40

by using the self-consistent tight-binding~TB! linear muffin
tin orbital ~LMTO! method@TB-LMTO Version 4.6~1994!,
O. K. Andersen, Stuttgart, Germany#.41,42 In the atomic
sphere approximation~ASA!,41,42 space is divided into
atomic spheres and interstitial regions where the potentia
respectively spherically symmetric and flat. Following t
standard procedure, sphere radii are chosen so that the
volume of atomic~Wigner-Seitz! spheres is equal to that o
the solid. This code includes combined corrections that c
rect errors from the partial overlap of the spheres and in
stitial regions in ASA. For vacancies~Va! empty spheres are
introduced on site (2d). The sphere radii~R! are determined
so as to minimize the overlap between spheres:RSi/Al(0)
51.37 Å, RAl(1)5RAl(2)51.53 Å, RMn51.34 Å, RVa
51.04 Å for b phase, andRAl(0)51.38 Å, RAl(1)5RAl(2)
51.55 Å, RMn51.35 Å, RVa51.05 Å for w phase. As these
structures are metallic and rather compact, it is found th
small change of sphere radii~less than 10%! does not modify
significantly the results. Neglecting the spin-orbit coupling
scalar relativistic LMTO-ASA code is used. Electronic de
sities of states~DOS’s! are calculated by integration on
reduced Brillouin zone.43 The final step of the self-consisten
procedure and the DOS calculation are performed with 4
k points in the reduced Brillouin zone. With an energy me
equal toDE50.09 eV, the calculated DOS’s do not exhib
significant differences when the number ofk points increases
from 2160 to 4416. The energy accuracy is thus less t
0.09 eV and details in DOSs larger than 0.09 eV are
artifacts in calculations. In LMTO DOS figures the ener
resolution is equal to 0.09 eV.

The LMTO basis includes all angular momenta up tol
52 and the valence states are Al (3s,3p,3d), Mn
(4s,4p,3d), Co (4s,4p,3d), Si (3s,3p,3d) and Va
(1s,2p,3d).44 In order to analyze the position of Si atoms
the b phase, we perform calculations forb-(Al,Si)10Mn3
where the Si atoms occupied randomly the Al sites. In t
case an average atom, named~Al,Si!, is considered~virtual
crystal approximation!. In the LMTO-ASA procedure this
atom is simulated by an atom with nuclear chargeZ5(1
2c)ZAl1cZSi , wherec is the proportion of Si atoms, an
ZAl513, ZSi514 are the nuclear charge of Al, Si, respe
tively. Such a calculation is justified because the main diff
ence between Al and Si is the number of valence electro
Three possibilities are considered for theb phase.

The phase calledb-Al9Mn3Si where Si are on site (2a)
and Al, on site (6h) and site (12k) as proposed by
Robinson.7

The phaseb-I-(Al,Si) 10Mn3 where Si atoms substitut
for some Al on sites (2a), (6h), and (12k).

The phaseb-II-(Al,Si) 10Mn3 where Si atoms substitut
for some Al~2! @site (12k)] as proposed by Taylor.8

For these three cases, the same atomic positions
sphere radii are assumed.
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B. General aspects of the density of states„DOS…

Self-consistent total energies are calculated for differ
volumes, with isotropic volume changes, i.e., the ratioc/a is
constant and equal to the experimental value~Table I!. The
atomic positions are not relaxed. Minima of energies are
tained for nonmagnetic Mn~paramagnetic states!. Calculated
lattice parametersa are equal to 7.41 Å forb-Al9Mn3Si,
7.41 Å for b-I-(Al,Si) 10Mn3, 7.42 Å forb-II-(Al,Si) 10Mn3,
and 7.43 Å forw-Al10Mn3. These values are, within 1.5%
close to experimental values~Table I!. Similar results have
also been found in LMTO-ASA calculations for Al-TM crys
tals with a small concentration of TM elements.15

The total DOSs ofb and w phases~Fig. 2!, are very
similar. Local DOS’s ofb are also shown Fig. 3. Except fo
low energies~less than210 eV), the total DOS ofb does
not depend on Si positions. The parabola due to the Al ne

FIG. 2. Total density of states~DOS! calculated by LMTO-ASA
method of ~a! w-Al10Mn3, ~b! b-Al9Mn3Si, and ~c!
b-I-(Al,Si) 10Mn3. Details of the total DOS’s aroundEF are given
in the insets.EF50. The DOS ofb-II-(Al,Si) 10Mn3 is almost the
same than that ofb-I-(Al,Si) 10Mn3.
7-4
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INTERPLAY BETWEEN ELECTRONIC STRUCTURE AND . . . PHYSICAL REVIEW B68, 045117 ~2003!
FIG. 3. LMTO local DOSs ofb-Al9Mn3Si phase. Si atoms ar
on Wyckoff sites (2a). The local Mn~1! DOS calculated without
sp-dhybridization is also shown~see text!. EF50.
04511
free states is clearly seen. A larged band, from22 to 2 eV,
is due to a strongsp-d hybridization in agreement with ex
perimental results45–49 and withab initio calculations15,50–52

for Al-TM crystals and quasicrystals.
The sum of local DOS’s on Al and Si atoms, shown F

4~a!, is mainly asp DOS. As expected for a Hume-Rother
stabilization, it exhibits a wide pseudogap nearEF due to
electron scattering by Bragg planes of a pseudo-Brillo
zone. The width of the pseudogap in$Al 1 Si% DOS is about
1 eV. This is the same order of magnitude as the one foun
Al-Mn icosahedral approximants.15,50–52 This large
pseudogap is mainly characteristic of ap band at this energy
but the pseudogap in the total DOS is narrower. Indeed
states of Mn atoms fill up partially the pseudogap in the to
DOS @Fig. 2~b!# with respect to the pseudogap in$Al 1 Si%

FIG. 4. LMTO local$Al 1 Si% DOS of b-Al9Mn3Si: ~a! calcu-
lated includingsp-d hybridization,~b! calculated withoutsp-d hy-
bridization. ~c! Local $Al 1 Si% DOS of hypotheticalb-Al9Al3Si
and ~d! of hypotheticalb-Al9Mn4Si. EF50.
7-5



g

s
xi

or
r
O

th
n
is

n
r
it
i

f

in

y

er

a

om
m

-

ut
ms

,
:

the

ta-

ent.
gg

ies
-

l

ny

s.

a
in

dis-
-

ers

the
f

s
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DOS @Fig. 4~a!#. Nevertheless, it is shown in the followin
that the presence of a pseudogap in$Al 1 Si% DOS is related
to the scattering ofspstates by the Mn sublattice via thesp-d
hybridization.

Spiky DOS’s were obtained for the studied phases a
has been found in LMTO DOS of icosahedral small appro
mants @a-Al-Mn-Si,50 1/1 Al-Cu-Fe,51 1/1 Al-Pd-Mn ~Ref.
53!#. It is the small electron velocity~flat dispersion rela-
tions! which contributes to anomalous electronic transp
properties.50,51,54It may come from long-range atomic orde
and/or medium-range atomic order. Fine peaks in the D
may be the signature of electron confinements55 in atomic
clusters characteristic56 of the quasiperiodicity. This is not in
contradiction to a Hume-Rothery mechanism because
tendency to localization has a small effect on the ba
energy.55 The existence of spiky DOSs in quasicrystals
much debated experimentally57,59,60 and theoretically~Ref.
58, and references therein!. Our calculations do not give a
answer to this question in the case of quasicrystals. But fob
andw crystals, we have checked that features in DOS w
an energy resolution equal to 0.09 eV are not artifacts
calculations~Sec. III A!.

C. Analysis of Si effect

The total DOS’s ofb-I-(Al,Si) 10Mn3 @Si mixed with Al
on sites (2a), (6h), and (12k)] and b-II-(Al,Si) 10Mn3 @Si
mixed with Al on site (12k)] are very similar, thus we
present only those ofb-I-(Al,Si) 10Mn3 @Fig. 2~c!#. In the
vicinity of EF , this DOS is rather similar to the DOS o
b-Al9Mn3Si @Si are in~2a!#. In particular,EF is always lo-
cated at the minimum of the pseudogap as expected
Hume-Rothery stabilization.

Nevertheless, a difference between the band energ
b-(Al,Si)10Mn3 and that of b Al9Mn3Si is shown from
LMTO DOS’s. Two bonding peaks are present at low en
gies (211.5 and210.3 eV, Fig. 3! in the local Si DOS of
b-Al9Mn3Si. Each Si atom has 6 Al~2! and 6 Mn first neigh-
bors ~Table II!. The close proximity between Si and Mn~1!
and the presence of the two peaks in Mn~1! DOS at the same
energies show that the Si-Mn~1! bond is rather strong. This
suggests a covalent character of the Si-Mn~1! bond which
increases the stability ofb phase when Si are in (2a).

In the vicinity of EF , the total DOSs ofb-Al9Mn3Si and
w-Al10Mn3 are similar except the position ofEF @Figs. 2~a!
and 2~b!#. At EF , the DOS ofb is 5.6 states/~eV unit cell!,
and the DOS ofw, 16.0 states/~eV unit cell!. The small
amount of Si increases the average valencee/a in b. As in a
rigid band model,EF is moved to the minimum of the
pseudogap, and the band energy is thus minimized. This
lows us to understand why theb-Al9Mn3Si phase is stable
whereas thew-Al10Mn3 phase is metastable.

D. Effects of thed states of the transition-metal atoms

In this part the origin of the pseudogap is analyzed fr
LMTO calculations for hypothetical phases derived fro
b-Al9Mn3Si. Three points are successively considered:~1!
the effect on the pseudogap of thesp-dhybridization,~2! the
04511
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role of Mn positions which explains the origin of the va
cancy ~Va! in b and w phases, and~3! the effect on the
pseudogap of Mn-Mn pair distances up to 5 Å and more.

1. Role of the sp-d hybridization on the pseudogap

Self-consistent LMTO calculations are performed witho
sp-dhybridization by setting to zero the corresponding ter
of the hamiltonian matrix.17 Such a calculation is physically
meaningful because the Mnd states are mainly localized in
the Mn sphere and the Alspstates are delocalized. In Fig. 3
the local Mn DOS~mainly d states! is shown in two cases
with sp-dhybridization and withoutsp-dhybridization. The
comparison between these local DOSs shows that thesp-d
hybridization increases the width of thed band. This con-
firms a strongsp-dhybridization. The local$Al 1 Si% DOS
@mainly sp DOS, Fig. 4~a!# is also affected by thesp-d hy-
bridization since the pseudogap disappears completely in
calculation withoutsp-dhybridization@Fig. 4~b!#.

For Hume-Rothery alloys containing TM elements, a s
bilization mechanism is more complex than forsp alloys
because of the importantsp-dhybridization in the vicinity of
EF .14,15Al and Si atoms, which have a weak potentialVB ,
scatter sp electrons by a potential almost energy independ
This leads to the so-called diffraction of electrons by Bra
planes inspalloys ~Jones theory!.9–11,22But, the potential of
Mn atoms depends on the energy. It is strong for energ
aroundEd , and thus creates ad resonance of the wave func
tion which scatterssp states via thesp-d hybridization.
Therefore inb, w phases, the scattering by the Mn~1! sub-
lattice creates a Hume-Rothery pseudogap.

LMTO calculations performed for hypothetica
b-Al9Al3Si, constructed by putting Al in place of Mn~1! in
b-Al9Mn3Si, confirm the previous analysis. There are ma
small depletions in the DOS of hypotheticalb-Al9Al3Si
@Fig. 4~c!# that may come from diffraction by Bragg plane
But there is no longer a pronounced pseudogap nearEF .
This shows that electron diffraction by Bragg planes by
weak potentialVB is not enough to explain the pseudogap
DOSs ofb-Al9Mn3Si andw-Al10Mn3.

2. Effect of Mn positions, origin of the vacancy

As explained in Sec. II, a particularity ofb andw struc-
tures is a vacancy Va on site (2d). This is the main differ-
ence with the Al5Co2 structure~Table I!. The origin of this
vacancy cannot be explained from small near-neighbor
tances~Sec. II B!. LMTO calculations are performed includ
ing a new Mn atom, called Mn~0!, on site (2d) in
b-Al9Mn3Si phase. Atomic positions and lattice paramet
are those ofb-Al9Mn3Si ~Table I!. This hypothetical phase is
namedb-Al9Mn4Si. Its total DOS and$Al 1 Si% DOS are
shown Figs. 5 and 4~d!, respectively.

The absence of pseudogap in the total DOS shows a
great effect Mn~0! which is very different from the one o
Mn~1! analyzed previously. Indeed Mn~1! @on site (6h)] cre-
ates the pseudogap inb-Al9Mn3Si DOS, whereas Mn~0! de-
stroys it in hypotheticalb-Al9Mn4Si total DOS. In local$Al
1 Si% DOS @Fig. 4~d!# a pseudogap is still present. It come
from the scattering by Mn~1! atoms. But a large peak fills up
7-6
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FIG. 5. LMTO total DOS’s
and local TM DOS’s of Al5Co2

and hypothetical b-Al9Mn4Si.
The b-Al9Mn4Si phase is built
from b-Al9Mn3Si ~Table I! by re-
placing the vacancy in (2d) by
Mn atom @Mn~0!#. EF50.
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partially this pseudogap in hypotheticalb-Al9Mn4Si DOS.
Consequently,EF is located in an antibonding peak due
sp@Al #-d@Mn~0!# hybridization. Thus Mn~0! on site (2d)
‘‘fills up’’ the pseudogap via thesp-dhybridization; whereas
Mn~1! on site (6h) enhances the pseudogap. A similar res
is obtained for hypotheticalw-Al10Mn4, by putting Mn~0! in
place of the vacancy in (2d). This illustrates clearly the
non-trivial effect of the Mn positions on the electronic stru
ture of spd-Hume-Rothery alloys.14,15

Total and local DOS’s of hypotheticalb-Al9Mn4Si and
Al5Co2 ~Refs. 15,46! are compared in Fig. 5. In spite of th
same proportion of TM atoms and the near isomorphism
tween these structures, their DOS’s are very different. Th
is pseudogap in Al5Co2 DOS and not inb-Al9Mn4Si DOS.
This indicates that Co~0! and Mn~0! act differently, thus jus-
tify the existence of a vacancy in bothb-Al9Mn3Si and
w-Al10Mn3 phases but not in Al5Co2. Similar Wyckoff sites
(2d) lead to both antibonding or bonding peaks depend
on the nature of the atom on this site@either Mn~0! or Co~0!,
respectively#. A further analysis is proposed in Sec. I
where cohesive energies are compared using real
TM-TM pair interactions.

3. Effect of Mn-Mn distances close to 5 Å

Mn-Mn distances inb-Al9Mn3Si are reported in Table III.
Mn are grouped together to form Mn triplets~Sec. II A!. In
order to determine the effect of an effective Mn-Mn intera
tion on the pseudogap, LMTO calculations are performed
a modifiedb phase containing only one Mn-triplet per un
04511
lt

e-
re

g

tic

-
r

cell instead of two.b-Al9Mn3Si was thus transformed into
b-Al9Mn1.5Cu1.5Si by remplacing one Mn triplet by one C
triplet. Mn environments remain identical up to 4.17
~Table III!.

The local Cu DOS atEF is very small @Fig. 6~d!#. Cu
having almost the same number ofspelectrons as Mn, it has
then a minor effect nearEF . The pseudogap disappears com
pletely in local Mn DOS@Fig. 6~c!#. A small depletion below
EF is still remaining in total DOS@Fig. 6~a!#. There is a
pseudogap belowEF in local $Al 1 Si% DOS @Fig. 6~b!#, but
it is less pronounced than forb-Al9Mn3Si @Fig. 4~a!#. Such a
disappearance of the pseudogap is due to the effect o
effective Mn-Mn interaction for distances equal to 4.1
4.96, and 6.38 Å~ . . . ! ~Table III!.

TABLE III. Mn-Mn distances inb-Al9Mn3Si and hypothetical
b-Al9Mn1.5Cu1.5Si ~see text!.

Mn-Mn distance Number of Mn-Mn pairs
~Å! b-Al9Mn3Si b-Al9Mn1.5Cu1.5Si

2.69 2 2
4.17 4
4.83 2 2
4.96 2
6.38 4
6.59 4 4
7.33 8
7.51 6 6
7-7
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IV. ROLE OF EFFECTIVE MN-MN INTERACTION
ON THE ATOMIC STRUCTURE

A. Medium-range TM-TM interaction in Al based alloys

Since Blandin19 the Hume-Rothery stabilization can b
explained in the framework of the pseudopotent
theory.9,11,20–22In this method, the energy is the sum of
termE0 ~which depends on the electronic density alone! and
of a termEBS ~which depends on positions of the atoms!. E0
represents about 80 to 90 % of the total energy, and i
essential in fixing the average atomic density.EBS can be
written as a sum of atomic pair interactionsFA-B which
present medium-range Friedel oscillations. A Hume-Roth
stabilization is thus a consequence of the oscillations ofF.
Realistic pair interactions23,24,61,62have been used succes

FIG. 6. LMTO DOS’s of hypotheticalb-Al9Mn1.5Cu1.5Si: ~a!
total DOS,~b! $Al 1 Si% local DOS,~c! Mn local DOS,~d! Cu local
DOS. The hypotheticalb-Al9Mn1.5Cu1.5Si is built by replacing one
Mn triplet by one Cu triplet in each unit cell ofb-Al9Mn3Si. EF

50.
04511
l

is
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fully for molecular-dynamics studies63,64 of Al-Mn and
Al-Co phases with composition close to those of quasicr
tals. Because the magnitude of the pseudopotential of
atoms is stronger than those of Al and Si, it follows that t
magnitude ofFTM-TM is larger than those ofFAl-TM and
FAl-Al . Zou and Carlsson23,24 have shown the existence of
specific Mn-Mn distance equals to 4.7 Å in Al~rich!-Mn
phases. A TM-TM interaction may thus play a significa
role in the stabilization. This interaction is mediated by t
sp states of Al, via the strongsp(Al)-d(TM) hybridization.
Consequently, this is a medium-range interaction~Fig. 7!.
Let us remark that the role of Al atoms is essential; inde
without sp(Al)-d(TM) hybridization the TM-TM interaction
should be only a short-range interaction (; first-neighbor
interaction!. This is the reason why we named this TM-TM
interaction an ‘‘effective’’ interaction. Our calculations55 of
FMn-Mn and FCo-Co ~Fig. 7!, performed within a multiple
scattering approach, yield results which are in good agr
ment with those given in Ref. 23. Parameters in these ca
lations are the Fermi levelEF fixed by the Al matrix (EF
511.7 eV), the width 2G of thed resonance which increase
as thesp-dhybridization increases, and the energyEd of the
d resonance. For Mn, realistic values are 2G52.7 eV, Ed
511.37 eV; and for Co, 2G52 eV, Ed510.6 eV. We have
checked that a small variation of these parameters does
modify qualitatively the results presented in the following

The magnitude of the effective interaction is larger for M
pair than for other TM pairs (TM5Cr, Fe, Co, Ni!, because
the number of d electrons with energy close toEF is the
largest for Mn. Indeed, electrons at Fermi energy are
most delocalized electrons and thus they contribute mor
the medium-range interaction. From Fig. 7, it is clear th
distances corresponding to minima ofFTM-TM depend also
on the nature of TM atom.

B. Contribution to the total energy of the effective
Mn-Mn interaction

The ‘‘structural energy’’E of TM sublattice in Al~Si! host
is defined as the energy needed to build the TM sub-lattic
the metallic host from isolated TM atoms in the same me

FIG. 7. Effective medium-range TM-TM pair interaction
~solid lines! Mn-Mn interactionFMn-Mn and ~dashed line! Co-Co
interactionFCo-Co. These interactions do not include short ran
repulsive terms between two TM atoms. TM atoms are nonm
netic.
7-8
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lic host. The metallic host is a jellium which models Al an
Si atoms. TheE per unit cell is

E5 (
i , j ( j Þ j )

1

2
FTM-TM~r i j !e

2r i j /L, ~1!

wherei andj are the indices of TM atoms andr i j , the TM~i!-
TM~j! distances.L is the mean-free path of electrons due
scattering by static disorder or phonons.65 L depends on
structural quality and temperature, and it is estimated to
larger than 10 Å. Note that a similar exponential damp
factor was introduced originally in the treatment of RKK
interaction.19,66 In the following, the effects of TM-TM pairs
for distances larger than first-neighbor distances are a
lyzed. Therefore, an energyE8 is calculated from Eq.~1!
without including the first-neighbor TM-TM terms in th
sum.E8 is the part of the structural energy of TM sublatti
that comes only from indirect TM-TM interactions.

Structural energiesE8 of the Mn sublattice are shown fo
b-Al9Mn3Si andw-Al10Mn3 structures in Fig. 8. They ar
compared to those of o-Al6Mn,67 and a-Al-Mn-Si
approximants.68,69 E8 is always negative with magnitude
less than20.1 eV/Mn atom. This is strong enough to give
significant contribution to the minimization of the band e
ergy.

This result is in good agreement with the effect of M
sublattice on the pseudogap shown previously~Sec. III D!.
According to a Hume-Rothery mechanism, one expects
pseudogap to be well pronounced for a large value of2E8.
Such a correlation is verified for the hypothetic
b-Al9Mn1.5Cu1.5Si ~Sec. III D 3!. Indeed the decrease of th
pseudogap inb-Al9Mn1.5Cu1.5Si sp DOS@Fig. 6~b!# as com-
pared to the pseudogap inb-Al9Mn3Si sp DOS @Fig. 4~a!#
corresponds to a reduction of2E8 ~Fig. 8!.

C. Origin of the vacancy

For phases containing several TM Wyckoff sites, the
fective TM-TM interactions allow us to compare the relati
stability of TM atoms on different Wyckoff sites. Conside
ing a phase with a structural energy of the TM sublatt
equal toE, the variationDEi of E is determined when one
TM~i! atom is removed from the structure

FIG. 8. Structural energyE8 of the Mn sublattice in~line!
b-Al9Mn3Si, (n) w-Al10Mn3 , (d) o-Al6Mn, (3) a-Al-Mn-Si,
and (L) hypotheticalb-Al9Mn1.5Cu1.5Si.
04511
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DEi52 (
j ( j Þ i )

FTM-TM~r i j !e
2r i j /L. ~2!

The TM atoms on different Wyckoff sites have differentDEi
values. The most stable TM sites correspond to the high
DEi values. The energy reference is one TM impurity in t
Al ~Si! matrix which does not depend on the structure. The
fore, it is possible to compare theDEi calculated for TM
atoms of different phases. As previously, the energyDEi8 is
calculated from Eq.~2! without the first-neighbor TM-TM
contributions in order to analyze effects at medium-ran
order.

For the hypotheticalb-Al9Mn4Si, built fromb-Al9Mn3Si
where Mn~0! replaces the vacancy on site (2d) @Sec.
III D 2 #, it appears thatDEMn(1)8 .DEMn(0)8 ~Fig. 9!. Mn~0! in
(2d) is therefore less stable than Mn~1! in (6h) in the hy-
potheticalb-Al9Mn4Si, thus this justifies that a vacancy e
ists in the actualb phase. A similar result is obtained for a
hypotheticalw-Al10Mn4, by putting Mn~0! in place of the
vacancy in (2d).

On the contrary, the complexm-Al4.12Mn and l-Al4Mn
crystals contain a Mn site@site (2b) in m-Al4.12Mn ~Ref. 31!
and site (2d) l-Al4Mn ~Ref. 32!# with a local environment
similar to Va @or Mn~0!# environment inb structure~Sec.
II B !. We name Mn~0! the Mn atoms on these sites inm and
l phases. As shown Fig. 9, the correspondingDEMn(0)8 values
differ strongly from those of Mn~0! in hypothetical
b-Al9Mn4Si:

DEMn(0)8 ~m!.DEMn(0)8 ~l!.DEMn(0)8 ~b!.DEMn(0)8 ~w!.
~3!

Thus, Mn~0! atom is more stable inm-Al4.12Mn and
l-Al4Mn than Mn~0! in hypotheticalb-Al9Mn4Si and hypo-
thetical w-Al10Mn4. Moreover,DEMn(0)8 in m (l) have the
same order of magnitude as the energyDEi8 calculated for
other Mn~i! atoms inm (l) (m andl phases contain 10 an
15 Mn Wyckoff sites, respectively!. Therefore as far as the
effective Mn-Mn interaction is concerned, Mn~0! in m andl
are as stable as other Mn in these phases. Such a differ

FIG. 9. Variation of the structural energyDEi8 due to Mn-Mn
interactions for~simple line! Mn~0! in (2d) in the hypothetical
b-Al9Mn4Si; for (n) Mn~1! in (6h) in the hypothetical
b-Al9Mn4Si; for (d) Mn~0! in (2b) in m-Al4.12Mn; and for (3)
Mn~0! in (2d) in l-Al4Mn. Mn~0! in hypotheticalb-Al9Mn4Si,
m-Al4.12Mn, andl-Al4Mn have similar local environments.
7-9
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betweenb, w and m, l can be understood because of t
Mn-Mn distances with respect to the value of the Mn-M
interaction~Fig. 7!: In b, w phases, medium-range enviro
ment of Va contains two Mn at distance 3.8 Å~Table II!,
whereas the smallest Mn~0!-Mn distance is 4.8 Å inm, l
phases. According to the effective Mn-Mn interaction~Fig.
7!, 3.8 Å corresponds to an unstable Mn-Mn distan
whereas 4.8 Å corresponds to a stable one.

The Al5Co2 phase is almost isomorphic to theb and w
phases, but there is a Co site@Co~0!# corresponding to the
vacancy ofb and w ~Table I!. In this caseDECo(0)8 , calcu-
lated with the effective Co-Co interaction, is almost equa
DECo(1)8 ~Fig. 10!, thus Co~0! in (2d) is as stable as Co~1! in
(6h). This shows why a vacancy does not exist in Al5Co2.
This analysis of the origin of the vacancy in terms of effe
tive TM-TM interactions confirms the LMTO results pre
sented in Sec. III D 2.

V. CONCLUSION

Both ab initio calculations of the density of states and
model to analyze the role of Mn atoms, have shown tha
detailed analysis of the electronic structure explains the
lowing features ofb-Al9Mn3Si andw-Al10Mn3 atomic struc-
tures. Small amount of Si inb-Al9Mn3Si stabilizes its struc-
ture thanks to a shift of the Fermi energy toward t
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minimum of the pseudogap in the density of states~DOS!.
Ab initio DOS calculations shows that, at 0 K, Si atoms a
on a specific Wyckoff site without mixed occupancy wi
some Al atoms.

b-Al9Mn3Si and w-Al10Mn3 are spd-Hume-Rothery
phases. The transition metal~TM! elements have a crucia
effect becausesp electrons are strongly scattered by the M
sublattice via thesp-d hybridization. As a result the elec
tronic structure of Mn atoms and their stability depe
strongly on the Mn positions. This effect is related to
effective Mn-Mn interaction which has a strong magnitu
for Mn-Mn distances up to;5 Å and more. This interaction
is mediated by Al atoms and its medium-range characte
due to a strongsp(Al)-d(Mn) hybridization. Thus, the
pseudogap at Fermi energy comes from a combined effec
a Hume-Rothery mechanism and a strongsp-dhybridization.
Recently, we have shown that the effective medium-ran
Mn-Mn interaction induces also pseudogap in Al12Mn, o-
Al6Mn, and a-Al-Mn-Si.25 Finally, both, density of states
and effective TM-TM interactions lead to the understand
of the origin of a large vacancy existing inb-Al9Mn3Si and
w-Al10Mn3, whereas similar sites are not vacant but occ
pied by Mn in m-Al4.12Mn and l-Al4Mn, and by Co in
Al5Co2.

To conclude, inb-Al9Mn3Si phase andw-Al10Mn3 phase,
the Hume-Rothery minimization of band energy leads to
‘‘frustration’’ mechanism which favors a complex atom
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structure via the effective medium-range interactions
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