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Coarsening kinetics of heteroepitaxial islands in nucleationless Stranski-Krastanov growth
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A large-scale three-dimensional computer investigation of coarsening kinetics of heteroepitaxial islands
during nucleationless Stranski-Krastanov growth is conducted. Both surface diffusion and condensation are
considered. It is found that island formation and coarsening kinetics are strongly influenced by the growth rate
and growth mode. Under the nucleationless growth mode, unusual coarsening kinetics, i.e., the superlinear
increase in the mean island volume with respect to time, and the higher-than-linear-rate decrease in the areal
density of islands with respect to time described by Floroet al. @Phys. Rev. Lett.84, 701~2000!#, is observed.
It is proposed that unusual coarsening kinetics is attributed to the island volume distribution at the beginning
of coarsening. The standard mean-field theory considering the island volume distribution at the beginning of
coarsening reproduces the observed behavior.
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INTRODUCTION

The self-assembly of quantum dots~QD’s! through the
Stranski-Krastanov~SK! growth mode has attracted a gre
deal of attention in recent years. Ideally if each island has
same size, shape, and composition, the dense array of ep
ial islands can be used for quantum dot applications du
unique optical, electronic, and magnetic properties.1 During
SK growth, the formation of QD’s can occur through tw
routes: QD’s can initiate by nucleation2 or surface roughen
ing ~nucleationless!,3,4 followed by island growth and coars
ening. The former usually gives rise to a wide range of isla
distribution as nucleation is a random process and there
is ill-controlled, whereas the latter usually gives rise to
relatively more uniform and regular island array via the c
operative formation of the quantum dots.

Although enormous efforts have been made to achi
uniform and regular QD arrays through self-assembly, so
there is no reliable way to do so. The current uniformity a
regularity of QD’s is insufficient for majority of QD device
applications. Therefore it is of interest to know the size d
tribution of QD’s and how it evolves during growth.

Coarsening kinetics of self-assembled QD’s can prov
important information on the size distribution and evoluti
of QD’s. Traditional understanding of QD coarsening kin
ics is that coarsening of clusters follows Ostwald ripenin
which involves a diffusion-mediated mass transfer fro
smaller to larger islands.5–7 Ostwald ripening theories with
out considering mismatch strain have been w
established.8–10 Recently, it was found that island coarseni
can be promoted by mechanisms other than Ostwald rip
ing. It is observed that~1! coarsening can be dominated b
dynamic coalescence, which involves diffusion and sub
quent coarsening of islands;11 ~2! coarsening can be pro
moted by static coarsening, where islands undergo coa
cence only when neighboring islands touch;2,12 and ~3!
coarsening can be driven by the Gibbs-Thomson eff
which favors larger-sized islands due to the lower va
pressure around them. Smaller islands dissolve to establ
concentration gradient towards larger islands, which w
0163-1829/2003/68~3!/035402~8!/$20.00 68 0354
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continue to grow at the expense of smaller islands.2,11

During heteroepitaxial growth, the instability of surfac
under strain and subsequent island formation and coarse
is caused by the competition between the strain energy
the surface energy of the system. The instability of surfa
under strain was analyzed by Asaro and Tiller13 and
Grinfeld.14 The origin of the instability is the reduction of th
total free energy of the epitaxial system. However, the role
mismatch strain between the island layer and the substra
still controversial. On one hand, it is observed that the isla
size distribution is consistent with that of homoepitax
growth, implying that a strain-mediated mechanism
irrelevant.15 The underlying argument is that although th
mismatch strain does work to form three-dimensional~3D!
islands, it is insufficiently large enough to control the sha
of the islands and hence size distribution during growth.
the other hand, it is also believed that elastic interactions
dense array of islands contribute significantly to the grow
kinetics to reveal unusual coarsening kinetics,2,16,17which is
inconsistent with the standard Ostwald ripening kinetics.

Computer simulations have been used to understand
formation and coarsening kinetics of epitaxial islands.18–22

These simulations have revealed many details of the p
cesses that occur during growth, such as cluster edge d
sion, adatom diffusion between clusters, and island nu
ation and mobility. Most of the studies have focused on
first route of forming QD’s, that is, through the sequence
nucleation, growth, and coalescence.18–20 Although some
modeling efforts21,22 have been devoted to studying the se
ond route of forming QD’s, that is, through the sequence
surface roughening, formation of islands, growth, and rip
ing, due to the small number of islands involved, the coa
ening kinetics revealed by these studies is not yet compl

In this paper, we will study island formation and coarse
ing kinetics in the SK growth through large-scale compu
simulations. Our attention is focused on the second ro
that is, islands are formed through surface roughening ra
than nucleation. Our simulations reveal many detailed p
tures of island formation and coarsening kinetics. In parti
lar, a bell-shaped island size distribution at the beginning
©2003 The American Physical Society02-1
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coarsening is observed. It is found that the island size dis
bution can give rise to unusual coarsening kinetics, tha
the mean island volume increases superlinearly with t
and the areal density of islands decreases at a higher-t
linear rate.16 The standard mean field theory, with consid
ation of the bell-shaped island volume distribution at t
beginning of coarsening, reproduces the observed behav

PROBLEM FORMULATION

Consider an elastically isotropic thin film with lattic
spacingaf heteroepitaxially grown on an elastically isotrop
substrate with lattice spacingas . The mismatch strain is de
fined as«05(af2as)/as . The substrate with thicknesshs is
bonded to a rigid substrate. Although we consider hetero
taxial growth in the present paper, for simplicity, we negle
the mismatch of elastic properties between the substrate
the film, i.e., the film and substrate have the same ela
properties.

At the film surface, mass diffusion and condensation
related to the magnitude of the surface chemical potentia
surface energy is isotropic and does not depend on sur
strain, the surface chemical potential can be written as

x5x01V~v2kg!, ~1!

where x0 is the chemical potential of the bulk materia
which is the reference chemical potential,V is the atomic
volume of the diffusive atom,v5s i j « i j /2 is the strain en-
ergy density,k is the mean curvature~the sum of two prin-
cipal curvatures!, andg is the film surface energy. For sim
plicity, surface energy is assumed to be isotropic. For
film and the substrate, a linear elastic relation between
stress and strain is assumed, i.e.,s i j 5Ci jkl «kl , whereCi jkl
is the component of elastic modulus tensor,s i j is the com-
ponent of stress tensor, and«kl is the component of strain
tensor.

The growth rate is proportional to the growth flux and t
sticking coefficient.23 The growth flux is dependent on th
difference between the chemical potential of the vapor ph
and the film surface. The larger the difference, the larger
growth flux.23 To first-order accuracy, the condensation ra
of the thin film surface,ng , is assumed to be proportional t
the difference between the chemical potential of the va
phase,x01xn , and the surface chemical potential,x, i.e.,

ng5h~x01xn2x!, ~2!

whereh is a growth parameter that depends on the stick
coefficient, temperature, and the mass of the vapor part
Here,xn is the relative chemical potential of the vapor pha

Both surface diffusion and condensation contribute to
evolution of the film surface. Based on the conservation
mass, the surface evolution rate can be written as

nn5D¹s
2x1h~x01xn2x!, ~3!

where nn is the normal velocity,D5Dsds /kBT, Ds is the
surface diffusion coefficient,ds is the diffusive layer thick-
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ness,kB is the Boltzmann constant, andT is the absolute
temperature. Equation~3! can be written in the following
variational form:

E
S
nndnndA5E

S
$D¹s

2x1h~x01xn2x!%dnndA, ~4!

where the integration is over the film surface. By assumin
symmetrical condition and applying the surface divergen
theorem, we can rewrite Eq.~4! as

E
S
nndnndA5E

S
Dx¹s

2~dnn!1h~x01xn2x!dnndA.

~5!

This equation may be solved fornn using the finite-elemen
method.

We chooseu and n as a set of curvilinear coordinate
parametrizing the surface. The surface equation can be
pressed byr (u,n). The surface gradient operator and surfa
Laplace operator can be expressed as24

“s5
1

H2 r1S G
]

]u
2F

]

]n D1
1

H2 r2S E
]

]n
2F

]

]uD ~6!

and

¹s
25

1

H

]

]u
S G

]

]u
2F

]

]n

H
D 1

1

H

]

]n
S E

]

]n
2F

]

]u

H
D ,

~7!

where partial derivatives with respect tou, n are denoted by
the use of the subscripts 1, 2 respectively; andE5r1•r1 ,
F5r1•r2 , G5r2•r2 , andH25EG2F2.

NUMERICAL PROCEDURE

A finite-element method with a semi-implicit Eule
scheme is introduced to solve Eq.~5!. The reference surface
configuration is perturbed by a small displacementun along
the normal direction of the surface within a small time inte
val Dt. In the forward Euler numerical scheme,un5nnDt.
The new surface configuration equation is

r 85r1unn, ~8!

wherer (u,n) andr 8(u,n) are the surface reference config
ration and the perturbed configuration, respectively, andn is
the surface normal vector. The mean curvature after the
turbation is24

k85k1n•¹s
2~unn!22“̄•~unn!, ~9!

where

“̄52
1

H2 n1S G
]

]u
2F

]

]n D1
1

H2 n2S E
]

]n
2F

]

]uD
~10!

is a surface operator. It can be proved thatk8 can be simpli-
fied as
2-2
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k85k1¹s
2un1un~k222K !, ~11!

whereK is the Gaussian curvature. Replacingk in Eq. ~5!
with k8 and rearranging the equation, we can write the se
implicit scheme as

E
S
undnn1DtVg@¹s

2un1un~k222K !#

3~D¹s
2dnn2gdnn!dA

5DtVE
S
~v2kg!~D¹s

2dnn2gdnn!1gxndnndA.

~12!

This equation may be solved forun using the finite-elemen
method.

A finite-element method for computing the surface evo
tion of the film has been developed.21 The geometry of the
film surface is specified at timet. Our objective is to calcu-
late the shape change of the surface during a subseq
infinitesimal time intervalDt. At time t, the stress and strai
distribution along the surface is calculated to obtain
strain energy distribution on the surface. The calculation
lows small-strain elastic theory. Next the surface curvat
based on a rectangular mesh of nine Lagrangian elemen
the surface is determined. Finally Eq.~12! is solved to obtain
the surface displacement and a new surface during the
interval Dt. Based on the configuration att1Dt, the new
configuration during a subsequent infinitesimal time inter
Dt is calculated. This process is repeated and the sur
evolution is modeled.

The triangular plate bending element devised by Spec25

was used to solve the surface diffusion. The plate elem
shape functions are parametrized by the three areal co
nates,L1 , L2 , and L3 . The local coordinates of the plat
bending element,x, y, are chosen as the curvilinear coord
nates. The following relations are used to transform the
coordinate systems:

]

]x
5

1

2D S b1

]

]L1
1b2

]

]L2
1b3

]

]L3
D , ~13!

]

]y
5

1

2D S c1

]

]L1
1c2

]

]L2
1c3

]

]L3
D , ~14!

whereD is the area of the triangular element and

b15y22y3 , b25y32y1 , b35y12y2 ,

c15x32x2 , c25x12x3 , c35x22x1 ,

where (x1 ,y1), (x2 ,y2), and (x3 ,y3) are the nodal coordi-
nates of the triangular element.

The following normalization scheme is used:v*
5v/v0 , l * 5 l / l 0 , t* 5t/t0 , wherel is the length scale,t is
the time scale,v05E«0

2/(12n) is the strain energy densit
of the initially flat film, l 05g/v0 , and t05g3/(v0

4DV2).
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Symmetrical boundary conditions are used in the calcu
tions of strain energy density, surface curvatures, and sur
evolution.

During Stranski-Krastanov growth, it is energetically u
favorable for the substrate to become exposed. To model
wetting effect, a thin transition layer with varied mismatc
strain between the substrate and the fully strained film
introduced. The strain gradient is assumed to be lin
Physically, the transition region can be thought of as a mix
phase of the thin film and substrate, giving rise to the va
tion of the mismatch strain. An initial parametric study h
shown that the surface evolution and island formation
insensitive to the transition layer thickness when its dim
sionless thickness is less than 0.1. In the present simulati
the dimensionless transition layer thickness is taken as 0

RESULTS AND DISCUSSION

The effects of growth rate on island formation and coa
ening kinetics have been examined. A random perturbatio
the form of a Fourier series with random amplitudes a
wavelengths is introduced on the transition layer surface
mimic initial surface roughness. The computer simulatio
show that when the initial surface is random, the conclusi
obtained in the present paper are insensitive to the star
configuration. During subsequent surface roughening and
land formation, for simplicity, it is assumed that the variati
of the surface chemical potential due to growth noise
much smaller than the variation of the total surface chem
potential. Hence, in subsequent growth, the small pertur
tion in the growth rate due to growth noise is neglected.
such, all of the simulations reported herein start from
same random surface. The dimensionless length and wid
the simulation cells used are both 80, and the dimension
substrate thickness is 16.

We focus on the situation close to complete condensat
i.e., the chemical potential of the vapor phase is larger t
the surface chemical potential of the film, which is often t
case in semiconductor growth. The growth parameterh* is
held fixed, which is equal to 5. The growth rate is controll
by the vapor chemical potential,x* n . Three vapor chemica
potentials are used during the simulation, i.e.,x* n52, 5, and
8, to represent low, intermediate, and high growth conditio
respectively. Also annealing has been simulated for a dim
sionless film thickness of 0.2.

The snapshots of the surface morphology evolving dur
low, intermediate, and high growth rate, i.e.,x* n52, 5, and
8, are shown in Figs. 1, 2, and 3, respectively. These figu
show that island formation and ripening kinetics are stron
affected by growth rate. At low growth rate, the rough su
face evolves into flat and shallow islands, which sub
quently evolve into isolated islands as shown in Fig. 1~a!.
The areal density of these isolated islands is relatively lo
These islands start to undergo ripening at an earlier stag
shown in Fig. 1~b! compared with higher growth rates. A
growth proceeds, larger islands grow at the expense
smaller islands as shown Fig. 1~c!. Even at the later stage
islands remain sparsely distributed as shown in Fig. 1~d!. At
the intermediate growth rate, both islands and ripples app
at the early stage of evolution as shown Fig. 2~a!. Subse-
quently, all the ripples break up into islands as shown in F
2~b!. The island density shown in Fig. 2~c! is higher than that
2-3
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of the low growth rate. As a result, the island separat
becomes smaller. At the later stage, although the numbe
islands decreases, the coverage of the islands still incre
as shown in Fig. 2~d!. At high growth rate, both islands an
ripples were observed as shown in Fig. 3~a!. However, the
number of ripples is higher than the number of islands. S
sequently, almost all of the ripples break up into islands@see
Fig. 3~b!#. The mean island volume is larger than the pre
ous two cases. The maximum island density is lower th
that of the intermediate growth rate, but the island cover
is much higher as shown in Fig. 3~c!. At the final stage,
densely compact islands are formed as shown in Fig. 3~d!.
For the annealing case, a rippled structure is first formed
shown in Fig. 4~a!. The rippled structure breaks up into i
lands@see Fig. 4~b!#, followed by island ripening as shown i
Fig. 4~c!. As the ripening proceeds, the island density d
creases@see Fig. 4~d!#.

The evolution of the QD growth process can be divid
into two stages: first, island formation, followed by islan
coarsening. In the simulations, coarsening starts att* '4.

FIG. 2. Snapshots of surface morphologic evolution at interm
diate growth rate, that is,x* n55. ~a! Isolated islands and som
ripples are formed;~b! ripples break up into islands;~c! islands
undergo ripening, the island density drops, and the mean is
volume increases; and~d! islands from a relatively dense array.

FIG. 1. Snapshots of surface morphologic evolution at l
growth rate, that is,x* n52. ~a! Isolated islands are formed wit
large separation;~b! islands undergo ripening at the earlier stage;
growth proceeds, the island density drops and the mean island
ume increases as shown in~c! and ~d!.
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From our simulations, some quantitative data on coarsen
kinetics can be extracted. The mean island volume^V* & ver-
sus growth timet* is shown in Fig. 5 for the three growth
cases and the annealing case. In the annealing case, the
island volume increases linearly with growth time durin
coarsening. In the growth cases, the increase in mean is
volume with respect to growth time is also approximate
linear at low growth rate. However, with an increase
growth rate, the mean island volume increases more
more superlinearly with growth time, which is consiste
with the unusual kinetics observed by Floroet al.16

The change in areal density of islands with respect
growth time for the three growth cases and the annea
case is shown in Fig. 6. During the early stage of coarsen
the areal density of islandŝN* & is shown to decrease at
higher-than-linear rate with growth timet* . But with the
increase of growth time,̂N* & decreases at a lower-than
linear rate. Interestingly, at high growth rates, the areal d
sity of islands decreases almost linearly with growth tim
after the initial higher-than-linear regime. This result is co
sistent with the unusual coarsening kinetics.16 In Fig. 6, the

-

nd

FIG. 3. Snapshots of surface morphologic evolution at h
growth rate, that is,x* n58. ~a! The formation of ripples is domi-
nant;~b! ripples break up into islands;~c! islands undergo ripening
the island density drops, but the island coverage and the mea
land volume increase; and~d! islands from a highly dense array.

FIG. 4. Snapshots of surface morphologic evolution under
nealing.~a! The formation of ripples is dominant;~b! ripples break
up into islands;~c! islands undergo ripening, both the island dens
and the island coverage decrease, but the mean island volum
creases; and~d! islands form a sparse array.
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intermediate growth rate is shown to give rise to a maxim
island density. This indicates that the maximum island d
sity can be optimized by changing the growth rate.

The coverage of islandsu versus growth timet* is shown
in Fig. 7. In the annealed case, the coverage is show
decrease linearly with growth time after island formation
completed. For the growth cases, the coverage increase
early with time. This observation is different from the expe
mental results.16 The reason for this difference is that in th
experiment, the aspect ratio of islands is fixed since all
lands adopt@501#-faceted surfaces. In the computer simu
tions, the islands adopt a nearly spherical cup shape sinc
surface energy is assumed to be isotropic. Figure 8 sh
that the aspect ratio of islands increases with time, indica
the aspect ratio of the islands increases with increase o
land volume.

It is interesting to note that the unusual coarsening kin
ics observed by Floroet al.16 also appears in the prese
simulations. Such unusual coarsening kinetics was attribu
to the elastic interaction between the growing islands w

FIG. 5. The variation of the mean island volume^V* & with
growth time t* . At the coarsening stage, the mean island volu
increases superlinearly with time for the growth cases but line
with time for the annealing case.

FIG. 6. The variation of the areal density of islands^N* & with
growth timet* . At the initial growth and annealing stages, the ar
density of islands increases drastically. At the early coarsen
stage,̂ N* & decreases at a higher-than-linear rate, while at the l
stage,̂ N* & decreases at a lower-than-linear rate. However, at h
growth rate,̂ N* & decreases close to a linear rate. For the annea
case,̂ N* & decreases linearly with time.
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dense arrays.16 In the present simulations, unusual kinetics
shown for sparse arrays of islands. This implies that the e
tic interactions between islands may not be the only ca
for unusual coarsening kinetics.

The island volume distributions at the beginning of coa
ening are obtained and are shown in Fig. 9 for the th
growth rates. These island size distributions are quite dif
ent from these observed in the nucleation mode. In the nu
ation mode, the island size distribution was observed to
low a power-law decrease.7 In addition, a uniform island size
distribution was used to mimic the early stage of isla
coarsening.26 In the present simulation, the island size dist
butions at the early stage of coarsening roughly follow a b
shape. The cause for the bell-shaped distribution is due to
inherent morphological instability of the strained film
surface.13,14 Through surface roughening, a rippled or ce
like corrugated surface pattern forms first, followed by t
formation of islands. The surface roughening follows t

e
ly

l
g

er
h
g

FIG. 7. The variation of the island coverageu with time t* .
Since islands are shallow and flat at the early stage, the is
coverage is high. As growth proceeds, the coverage first decre
and then starts to increase. For the annealing case, the cov
continues to decrease but in a slow pace. At the coarsening s
the coverage changes linearly with time.

FIG. 8. The variation of island aspect ratioA with time t* . At
the initial growth and annealing stages, the aspect ratioA increases
very quickly. At the coarsening stages, the aspect ratioA increases
sublinearly with time for growth cases and linearly with time for t
annealing case. The aspect ratio for the growth cases incre
much faster than that for the annealing case.
2-5
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characteristic roughening wavelengths. The faste
roughening wavelength gives rise to the dominant surf
roughening mode. The farther a roughening wavelength
viates from the fastest-roughening wavelength, the l
dominant the corresponding surface roughening mode
be. Therefore a bell-shaped island distribution is develo
with its peak corresponding to the fastest-roughening mo
In addition, the critical instability wavelength of the straine
surface determines the smallest island volume, implying
there is a low bound for the island size. Based on the ab
analysis, the island size distributions shown in Figs. 9 and
should be usual for nucleationless island formation. It sho
be noted that the island distributions shown in Fig. 9 ha
also been observed experimentally. Examples include In
GaAs ~Ref. 15! and Ge/Si~001! ~Ref. 2! self-assembled co
herent QD’s. It is worth mentioning that the bell peak shi
towards to a larger value of volume when the growth rate
increased.

It is proposed that the unusual coarsening kinetics
served here could be attributed to the island size distribu
at the beginning of coarsening. To validate this argument,
standard mean field theory used by Floroet al.16 is employed
to analyze the ripening kinetics during deposition and
nealing. Following their formulation, the chemical potent
is given asDx(V)5BV21/3, where B denotes the energ
scale andV denotes an island volume. The growth rate
any island of volumeV is given by

V̇5
dV

dt
5CV1/3~eDxm /kT2eDx~V!/kT!, ~15!

whereC is a constant,kT is as usual, andDxm is specified
by conservation of mass,

E
0

`

f ~V,t !V̇ dV5F, ~16!

whereF is the deposition rate andf (V,t) is the distribution
of island volumes. The evolution off (V,t) is obtained from
the flux continuity condition in size space,

FIG. 9. The island volume distribution at the beginning of coa
ening for the three growth cases.
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]~ f V̇!

]V
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where the length scale is normalized byl 05B/kT, the
chemical potential byx05kT, and the growth time byt0

5B2/(Ck2T2). Equation~17! is solved numerically.
We use mean-field theory to study the effect of the isla

size distribution at the beginning of coarsening on the coa
ening kinetics. If the island size distribution is uniform
distributed or follows a power-law decrease, the usual co
ening kinetics is obtained~see Fig. 10!. However, if the ini-
tial island distributions follow a bell shape as shown in F
11, the unusual coarsening kinetics is obtained~see Fig. 12!.
The underlying reason is that small islands exhibit a h
chemical potential, which disappear more quickly than la
islands. Since the number of small islands in the bell-sha
distribution is much less than that in the uniform or decre
ing power-law distribution, the disappearing rate for sm
islands in the bell-shaped distribution should be much slo
than that in a uniform or a decreasing power-law distributio
hence causing unusual coarsening kinetics.

In addition, unusual coarsening kinetics occurs even w
the island density is sparse. This suggests that the ela

-

FIG. 10. When the island volume distribution follows a unifor
distribution or a decreasing power-law distribution, the usual coa
ening kinetics is observed.~a! The mean island volume change
sublinearly with time;~b! the areal density of islands decreases a
slower-than-linear rate (F* is the growth flux!.
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interaction reasoning for growing islands with dense arr
may have a minor role compared to the initial bell-shap
island size distribution. It appears that the ‘‘unusual’’ kineti
is usual in nucleationless island formation since the b
shaped island size distributions shown in Figs. 9 and 11
not unusual in nucleationless island formation.

CONCLUSIONS

Large-scale three-dimensional computational studies
island formation and coarsening kinetics were perform
The computational results showed that the growth rate
growth mode play an important role in island formation a
coarsening kinetics. Unusual island coarsening kinetics
scribed by Floroet al.16 was observed. Unusual coarseni
kinetics is attributed to the bell-shaped island size distri
tion at the beginning of coarsening. The standard mean-fi
theory considering the initial island size distribution repr
duces the unusual coarsening kinetics. Since the island
distribution at the early stage of nucleationless island form
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address: maszyw@nus.edu.sg
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