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Possibility of flux expulsion and flux trapping in thick mesoscopic cylinders

M. Czechowska,* M. Lisowski,† M. Szopa, and E. Zipper
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Persistent currents in mesoscopic nonsuperconducting rings and cylinders are a manifestation of quantum
coherence. In this paper the possibility of self-sustaining persistent currents in thick mesoscopic cylinders is
disscussed. The long-range magnetostatic~current-current! interactions are taken into account by the method of
self-consistent field. Axially symmetric solutions of the differential equations for the self-consistent flux are
found for geometry of a long hollow cylinder made of a set of a large number of cylindrical layers. The
conditions under which the system exhibits flux expulsion and quantization of trapped flux are formulated.
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I. INTRODUCTION

It is well known that flux expulsion and flux trapping a
one of the main features characterizing the superconduc
state being a hallmark of a phase coherence.

In this paper we want to answer the question whet
these phenomena can be obtained in nonsupercondu
structures such as metallic or semiconducting mesosc
systems. We found that under very special conditions fl
expulsion and flux quantization may exist in the normal st
as well. Let us consider a mesoscopic cylinder of lengthL
and wall thicknessd,

d5R22R1 , ~1!

(R2 and R1 are its outer and inner radii, respectively,L
@R2) in the presence of a magnetic field parallel to t
cylinder axis. Because in the presented model considerat
we do not invoke electron pairing to get a desired coher
behavior, one has to impose strong geometry and mat
requirements. The main difficulty with the normal multicha
nel structures is that, in general, different channels contrib
with random sign to the response of the system. Thus,
main goal of this work was to find the realization in whic
all ~or majority of! channels contribute with the same sig
giving rise to the coherent behavior.

In this paper we perform some model calculations sho
ing that flux expulsion and flux trapping can be obtained
mesoscopic cylinders of finite thickness with on
dimensional~1D! or two-dimensional~2D! conduction. Ma-
terials with layered structure where the conduction ta
place in the layers or in the chains and also multiwall carb
nanotubes~MWNT! have the desired structure.

In mesoscopic systems the level quantization is mo
not due to the magnetic field~no Landau levels!, but due to
small sample dimensions. As a result, the wave function
rigid with respect to the magnetic fieldH and one can ob-
serve large orbital magnetism.1 Cylindrical coordinatesr, u,
andz shall be used, wherer measures the distance from th
cylindrical axis,u is the angle around it, andz is the distance
parallel to the axis.

Mesoscopic cylinders can exhibit diamagnetic or pa
magnetic reaction to the small external magnetic field
plied parallel to the cylinder axis. The induced currents
0163-1829/2003/68~3!/035320~7!/$20.00 68 0353
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persistent at lowT ~Ref. 2! and, if their amplitude is high,
there exists a possibility of creating self-sustaining curre
that run even if we switch the external field off.3,4 For sim-
plicity we consider a system of spinless fermions. The g
eralization to the case with spin can be easily done. We a
assume a relatively clean sample~ballistic regime! and we
neglect the influence of disorder. The inclusion of weak d
order, which is known to decrease the amplitude of persis
currents, does not change the results qualitatively.

In our previous papers we discussed persistent s
sustaining currents3,4 ~fluxes! in mesoscopic hollow cylinders
of radiusR, lengthL, and a very small thicknessd (d!R).
The considerations were based on the assumption tha
magnetic flux within the cylinder wall was practically con
stant and equal tof5HpR2, whereR was an external ra-
dius of a cylinder. In such thin samples we were not able
show the flux expulsion and the full flux quantization, b
only some initial traces of it.

In this paper we remove the restriction of a very th
cylinder wall and consider cylinders withd smaller or of the
order ofR1. The single quantityf is then to be replaced by
f(r ), measuring the flux contained within the radiusr. Solv-
ing the differential equation forf(r ) one can formulate the
conditions under which the mesoscopic system can exh
full flux expulsion and trapping of the quantized flux. Th
results of our earlier papers were preliminary and only t
paper gives the solution to the problem as the strong in
mogeneity of the flux is accurately accounted for. Below
discuss these phenomena in systems with quasi-1D
quasi-2D conduction. For simplicity we assumeT50, the
validity of the obtained results for finiteT will be discussed
in Sec. IV.

II. TOTAL ENERGY AND THE DIFFERENTIAL
EQUATION FOR THE SELF-CONSISTENT FLUX

Let us consider a mesoscopic 3D cylinder made of a m
terial with layered structure under the influence of a sta
magnetic fieldH. On the thicknessd of the cylinder we have
Md coaxial closely packed layers (d5Mdb, b is the distance
between layers! and the conduction takes place within th
layers. Similar problem has been discussed in Ref. 5 for
mesoscopic system withd!R1, where the difference in the
radii of the layers has been neglected.
©2003 The American Physical Society20-1
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The field is partially of external origin and partially due
the currents in the system:

H5He1H i , ~2!

whereHe is the external magnetic field parallel to the cyli
der axis andH i is the magnetic field due to the currents
the system.

Because the conduction takes place only in the (z,u)
planes, internal fieldH i produced by the electron motion an
the total fieldH5curlA are parallel to the axis and depen
only on r.

To study the coherent behavior of the system we use
method similar to that developed by Bloch and Rorschach6 to
study persistent currents in superconducting cylinders.

The energy of an electron system is given by

Ee5(
j 51

Md

(
kj l j

Nkj l j
E

o

L

dzE
o

2p

duCkj l j
* HeCkj l j

, ~3!

where Nkj l j
are the occupation numbers of electron sta

(kl) in a j th layer described by the normalized wave fun
tion Ckj l j

, He is the Hamiltonian operator for an individua
particle

He5
1

2m S 2 i\“2
e

c
AD 2

. ~4!

The state of an individual particle in a given layer can
characterized by the quantum numbersk and l, which, mul-
tiplied by \, represent the components parallel to thez axis
of linear and angular momentum, respectively. They
quantized due to the periodic boundary conditions applie
the u andz directions.6

The corresponding wave function can be written in t
form

Ckl5
1

~2pL !1/2
ei (kz1 lu), ~5!

k52p l /L, l 50,61,62, . . . .

Let fs be the flux inside the sth cylinder (s
51, . . . ,Md), s51 for the cylinder atr 5R1 , s5Md at r
5R2. The flux5 through the area between the (s11)th and
sth cylinders is created byHe andH i , whereH i is the field
created by the currentsI (f) in the outer cylinders. We get

fs112fs52pr sbFHe1
4p

cL (
j 5s11

Md

I ~fs!G[2pr sbHs .

~6!

Let us assume thatfs is a smooth function ofs. One can
then transform Eq.~6! into a differential equation

H~r !5
1

2pr

df~r !

dr
, ~7!

where
03532
e
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f~r !52prA~r !,

f5fe1f i , ~8!

fe andf i are the external and internal fluxes, respective
It has been shown7 that the long-range magnetostat

~current-current! interactions when taken in the sel
consistent mean-field approximation result in an inter
magnetic fluxf i .

Making use of Eq.~7! one can write down the formula fo
the energy stored in the magnetic fieldHi(r ):

Ef5
1

8pE Hi
2~r !d3r . ~9!

Replacing the sum overj in Eq. ~3! by an integral, the ex-
pression for the total energyE5Ee1Ef after some algebra
takes the form

E5
pL\2n

m E
R1

R2
rdr(

kl

Nkl

N Fk21
~ l 2f8!2

r 2 G
1

L

4 S \c

e D 2E
R1

R21

r S df i8

dr D 2

dr, ~10!

where N is the number of electrons in a single layer,f8
5f/f0 , f05hc/e, f0 is the flux unit, n51/a2b is the
electron density,a is the lattice constant in the conductin
planes. Notice that the fluxf8 shifts the energy levels con
nected with the angular momentum leading to uneq
~asymmetric! occupation of6 l states.

Equation~10! now be used to obtain the formula for th
self-consistent flux. Demanding that the energyE has an ex-
tremum against variation of the functionf i8(r ) and using the
standard Euler-Lagrange procedure we get the follow
equation forf i8(r ):

r
d

dr S 1

r

df i8

dr D 52
4pe2n

mc2 (
kl

Nkl

N
~ l 2f8!. ~11!

One can notice thatf i8 on the left side of Eq.~11! can be
replaced byf8, because such a replacement merely add
term corresponding to the derivatives offe8 , which is 0 in
the region of space considered here.

Now we want to determine the occupation numbersNkl
for the lowest-energy state. As our calculations are p
formed atT50, we assume that electrons occupy the low
quantized energy levels. Thus, the occupation numbers
chosen to be

Nkl5H 1, for~kl !below the Fermi surface~FS![~kl !occ

0, otherwise.
~12!

The Euler-Lagrange equation~11! now takes the form

r
d

dr F1

r

df8~r !

dr G52
1

l2
@ i p~f8!2f8~r !#, ~13!

where
0-2
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1

l2
5

4pe2n

mc2
, ~14!

l is the parameter containing only the material consta
known as a penetration depth,

i p~f8!5

(
(kl)occ

l

N
. ~15!

It is easy to see that the right-hand side~rhs! of Eq. ~13! is
proportional to the currentI in a single cylindrical layer,
where

I 5
e\N

2pmr2
@ i p~f8!2f8#. ~16!

This current screens the magnetic field and when it is str
it can lead to flux expulsion and trapping of the quantiz
flux. I is composed of the paramagnetic and diamagn
parts. The diamagnetic reaction, described by the term lin
in f8 exhibits a strong flux expulsion. However, the to
reaction tof8 depends also on a paramagnetic termi p(f8),
which is a monotonic~nondecreasing! steplike function.
When it is such that it cancels almost exactly the diam
netic response~narrow and low steps! we end up with a very
small net current. When, on the other hand,i p(f8) has wide
and high steps, then the net current becomes substantia
we get a strong reaction tof8.

III. FLUX EXPULSION AND FLUX TRAPPING

It is well known2,4b that persistent currents in mesoscop
2D cylinders depend strongly on the correlation of curre
from different channels labeled byk i.e., on the shape of the
FS. The most favorable situation is when the FS is flat, p
pendicular to the angular momentum, the currents then
coherently and the resulting current is the strongest. W
increasing curvature of the FS the current becomes sma

The following subsections deal with the solutions of E
~13! for several special cases.

A. Rectangular FS

We consider two different cases.
In the first casethe FS lies in the middle of the gap b

tween the last occupied and the first unoccupied statein the
( l th! direction in the reciprocal (k,l ) space. It is shown as
dashed line in Fig. 1 forf8,1/2. For a givenf8 the fol-
lowing momentum states below the FS are occupiedk
52kF ,2kF11, . . . ,kF , and l 52 l F1 l 8,2 l F1 l 8
11, . . . ,l F1 l 8, wherel 8 is given by

l 85@f81 1
2 #, ~17!

@x# is the integer part ofx.
For a such Fermi surface the sums overk andl in Eq. ~15!

are independent and
03532
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i p~f8!5
1

N (
k52kF

kF

(
l 52 l F1 l 8

l F1 l 8

l 5
~2kF11!~2l F11!

N
l 85 l 8.

~18!

Such cylinders exhibit a diamagnetic reaction to smallf.
Current~16! is a sowtooth function with paramagnetic jump
at half integerf8 and diamagnetic in between. In fact, th
number l 8 is the number of flux quanta~in units of f0)
inside the cylindrical layer.

In the second casethe FS lies on the last occupied statein
the l th direction. In this case2 l F1 l 8 and l F1 l 8 states are
only partially occupied and

l 85@f8#1 1
2 , ~19!

i.e., the cylinders react with the paramagnetic jump at inte
f8 being diamagnetic in between.

The Euler-Lagrange equation for the rectangular FS re

r
d

dr S 1

r

df8

dr D52
1

l2
~ l 82f8!. ~20!

Equation~20! is valid when all layers forming a thick cylin
der exhibit the same~diamagnetic or paramagnetic! reaction
to smallf8. The discussion of this condition is given in Se
IV.

To solve Eq.~20! we denote

b~r ![f8~r !2 l 8, ~21!

b(r ) is proportional to the currentI from Eq. ~16!.
Further we assume that in the considered range ofr the

value of l 8 is constant. This assumption is justified for th
magnetic fields for whichub(r )u<1/2.

Equation~20! takes now the form

r
d

dr F1

r

db~r !

dr G5
1

l2
b~r !. ~22!

By introducing a new variablex, r 5lx, and a function
y(x), whereb(r )5lxy(x), Eq. ~22! can be reduced to a
form

x2
d2y

dx2
1x

dy

dx
2~x211!y50. ~23!

FIG. 1. Two shapes of the Fermi surface for which coher
behavior can be observed: rectangular and rectangular with rou
corners.
0-3
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It has well-known solutionsy(x)5c1I 1(x)1c2K1(x) in
terms of the modified Bessel functions of the first kindI 1(x)
and the second kindK1(x), c1 and c2 are constants. The
general solution of Eq.~22! is thus of the form

b~r !5r Fc1I 1S r

l D1c2K1S r

l D G . ~24!

The constantsc1 andc2 are to be found from the boundar
conditionsb(Ri)5f8(Ri)2 l 8, (i 51,2), wheref(Ri) is the
flux at the inner and outer wall of the cylinder, respective

In the limit R1 ,R2@l, the Bessel functions can be we
approximated by exponentials and solution~24! reduces to a
simpler analytical form

b~r !5A1expS 2
r 2R1

l D1A2expS r 2R2

l D . ~25!

We shall discuss now solution~25! in two limiting cases.6

1. Thin cylinder wall „d™l…

We can expandb(r ) in powers of x/l, where x5r
2R1. One obtains up to quadratic terms

b5AS 11
x2

2l2D 1D
x

l
, ~26!

where A and D are determined by the magnetic fieldH(r
5R1)5H1 andH(r 5R2)5H2.

From Eqs.~7! and ~26! we obtain the relations forH1
andH2,

H15
\c

eR1

D

l
, ~27!

H25
\c

eR2l S Ad

l
1D D . ~28!

We will consider now the case of trapped flux in the a
sence of an external magnetic fieldH2. From H250 one
getsA52Dl/d and inserting it into Eq.~26! one finds

b~x50!52
eR1l2

\cd
H1 . ~29!

Making use of the relationF8(R1)5pR1
2H1 /f0, one ob-

tains from Eq.~29! a self-consistent equation forf8(R1),

f8~R1!5
l 8

11
2l2

R1d

, ~30!

wherel 8 fulfills the conditionu l 8u,(11Rd/2l2)/2.
In an analogous way we can calculate

f8~R2!5

l 8S 11
d

R1
D

11
2l2

R1d

.f8~R1! ~d!R1!. ~31!
03532
.

-

Thus, the total flux contained in the cylinder is quantize
but the effective magnitude of the flux quantum~due tod
!l) is less than its full valuef0.8

Equation~30! has a simple interpretation. Let us take, f
example, the case with integerl 8 @Eq. ~17!#. The inner layers
carry current that creates a self-sustaining flux. However,
a very thin cylinder, ifRd/2l2,1/2, only l 850 fulfills Eq.
~30! and we cannot trap a flux, because the number of cur
carrying layers is too small. Formula~30! for the flux trapped
in mesoscopic thin cylinders has been earlier obtained
us4a by a different method valid only for thin cylinders~we
neglected ther dependence of the flux!.

The investigations presented in this paper allow us to d
cuss the behavior of flux also in thick cylinders.

2. Thick cylinder wall „dš2l, R1šl…

Inserting Eq.~25! into Eq. ~7! one can express the con
stantsA1 andA2 in terms ofH1 andH2. After some algebra
one obtains

b~r ![f82 l 85
2pl

f0
~2R1H1e2(r 2R1)/l1R2H2e(r 2R2)/l!.

~32!

One can see that this expression is appreciable only wi
distances of orderl from the boundaries of the cylinder an
approaches 0 in its interior. As a result

F85 l 8, ~33!

i.e., the quantized flux is trapped within the interior of th
system.

Having solution forb(r ) one gets from Eq.~7! the for-
mula for H(r ),

H~r !5
f0

2pr

db~r !

dr
. ~34!

If we assumeH15H2 andl 850 the exponential decay o
b(r ) andH(r ) in the interior of the cylinder is equivalent t
the flux expulsion, i.e., to the Meissner-like effect.

Figures 2–4 showb(r ) and H(r ) for different sets of
parameters (l,R1 ,R2).

In our model calculations we neglect tunneling betwe
the sheets and, therefore, in metallic systems we assumb
@a. In MWNT, although the distance between the walls
b53.4 Å, tunneling is negligible because electrons are v
strongly bound inside the walls.9

Assuming, e.g.,a53 Å, b519.1 Å one finds from Eq.
~14! l5694 Å and by assuming the densityn as for multi-
wall carbon nanotubes one getsl5160 Å.

The solutions given by Eq.~24! are marked by the solid
line and those given by Eq.~25! are marked by the dashe
line. In Fig. 2 they almost coincide, whereas in Fig. 4 mer
Eq. ~24! is valid. We see that the magnetic field penetra
only to the depth of a fewl and is fully screened inside th
cylinder wall if it is thick enough. This is the situation in Fig
2 whered@l and we get full flux expulsion and flux quan
tization f85 l 8.
0-4
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In Figs. 3 and 4 we observe only a partial flux expulsi
due to the smaller width of the considered samples. The
rameters in Fig. 4 are taken in the range typical for multiw
carbon nanotubes.

B. Circular Fermi surface

In the case of the circular FS, current~16! in each single
sheet is very small~the paramagnetic and diamagnetic ter
cancel almost exactly! and the rhs of Eq.~13! can be well
approximated by 0,

r
d

dr S 1

r

df8~r !

dr D50. ~35!

The solution of Eq.~35! is f8(r )5Hpr 2/f0 , i.e., H(r )
5H. In this case there is no flux expulsion, and the fie
penetrates into the mesoscopic cylinder.

C. Flat Fermi surface with rounded corners

The FS denoted by solid line in Fig. 1 contains two pa
of flat regions.

The sum over differentk channels in Eq.~11! can be split
into the part coming from the flat section and that of t
rounded portion of the FS. In our considerations we neg
now the contribution to the current coming from the round
part of the FS, as it is small~see above!. We then calculate
i p(f8) coming from the channels in the flat section only. W
obtain

FIG. 2. Magnetic fluxb and magnetic fieldH as a function ofr
for R1553103 Å, R25133104 Å, l5694 Å.
03532
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i p~f8!. f l 8, ~36!

where f 5M uu /M , f ,1, andM uu is the number of channel
in the flat section,M5(2kF11).

Equation~20! is now replaced by

r
d

dr S 1

r

df8

dr D52
1

l f
2 ~ l 82f8!, ~37!

wherel f
25l2/ f .l2. Equation~37! is of the same type as

Eq. ~20!, but due to smaller number of coherent chann
(M uu,M ), the screening is weaker, which results in t
larger penetration depth.

The discussion following Eq.~20! is also valid in this case
with l f replacingl.

For decreasingf the FS tends to the circular FS and th
effect disappears for negligiblef.

IV. DISCUSSION

We have considered a 3D mesoscopic cylinder made
material with layered structure where the conduction ta
place within the layers. If we apply the magnetic fieldHe
parallel to the cylinder axis, persistent currents are induce
the layers. The total magnetic field is then composed ofHe
and the internal fieldHi coming from the currents itself. The
origin of Hi is the magnetostatic current-current interactio
As we consider the systems without electron pairing it w
challenging to see what are the replacement conditions
have to be imposed to get the required coherent behavio

FIG. 3. Magnetic fluxb and magnetic fieldH as a function ofr
for R15478 Å, R252500 Å, l5694 Å.
0-5
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It turned out that they are quite strong—the system ha
exhibit quasi-1D or quasi-2D conduction and all~or majority
of! the sheets have to react with the same~paramagnetic or
diamagnetic! current to the small magnetic field.

We have estimated the geometric condition for which
happens. Ifb5na/p, n is an integer, then all sheets rea
with the same~e.g., diamagnetic! current to the small field.
This is shown in Fig. 5 for the rectangular FS and for the
with rounded corners. The inhomogeneity of the curr
~flux! inside the cylinder is also seen. Besides the geome

FIG. 4. Magnetic fluxb and magnetic fieldH as a function ofr
for R15300 Å, R25600 Å, l5160 Å.

FIG. 5. The currentI as a function of magnetic fieldB for the
Fermi surfaces from Fig. 1 for five subsequent sheets withr 5R1

1sb, s50,1, . . . ,4,R15478 Å, a53 Å, b519.1 Å. Dashed line
is for rectangular FS and solid line for FS with rounded corners
03532
to
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condition we suppose that the interactions in the system
lead to such state if it minimizes the total energy. For e
ample, the energy of the current-current interaction of
adjacent sheets is the smallest if the currents run in para
Such considerations would need to take into account m
mechanisms together~including tunneling! and are outside
our simple model calculations. This problem is interesti
for further study.

For the circular FS the system exhibits a very weak re
tion to f followed by flux penetration and the absence
quantization.

We then considered the system whose FS has flat reg
on its opposite sides. Such FS’s are often met in lo
dimensional systems,10 e.g., in high-Tc superconductors, in
organic materials, bcc and body-centered tetragonal crys
close to half filling, and in hole-doped carbon nanotubes11

We have shown that systems withd@2l and largef, i.e.,
with large number of channels in the flat section of the
exhibit full flux expulsion and trapping of the quantized flu

These coherent phenomena decrease with decreasin
thicknessd of the cylinder, leading to partial flux expulsio
and trapping of the quantized flux, but the effective mag
tude of the flux quantum is then less than its full value@Eq.
~30!#.

The decrease inf leads to longer penetration depths.
The presented model calculations has been performed

simplicity atT50. However, they are also valid for temper
turesT,T* 5\vF /2p2R2 for which persistent currents ca
be created in mesoscopic systems. The temperature de
dence of persistent currents is given, e.g., in Refs. 2 an
Taking, e.g.,vF51.573108cm/s andR251mm we getT*
50.6K.

One can also estimate the upper magnetic fieldH* for
which the above considerations are valid. It can be calcula
from the conditionb(R2)51/2. By making use of Eq.~32!
one gets

H* 5
f0

4pR2l
. ~38!

The same formula forH* can also be obtained if we equa
the energy loss due to flux expulsion and the energy gain
to quantized flux~per single cylindrical sheet!. Assuming,
e.g., R251mm, l5694 Å, one finds from Eq.~38! H*
548 Gs.

Notice that bothT* andH* decrease with increasingR2
and tend to 0 in the macroscopic samples. Thus, the
sented phenomena can occur in samples of mesoscopic

In the presented model calculations we did not take
plicitly into account the Coulomb interaction. It was recen
shown that it does not influence persistent currents in cl
systems,12 whereas it enhances the currents in the diffus
regime.13 In a work by Pascaud and Montambaux the expe
ments that permit to test the role of Coulomb interacti
have been suggested.14 One should also stress that althou
in the system considered by us the conduction is quasi-1D
-2D, the Coulomb interaction in such systems is 3D, wh
makes a nontrivial difference from the purely 1D case. T
0-6
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Coulomb interaction hampers the fluctuations, which m
destroy the ordering in a similar way as in bulk 3
systems.15,16

Mesoscopic cylinders with layered structure can also
obtained by, e.g., lithographic methods.17

MWNT consisting of a set of concentric sheets nes
inside each other have also the desired cylindrical struct
However, in MWNT produced nowadays different she
may have, in general, different chiralities, and thus differ
electric and magnetic behavior. Therefore, the assump
that the present paper is based on does not seem to be
filled. However, one can obtain such a sequence of shee
MWNT that only some of them~e.g., every third sheet! ex-
hibit strong persistent currents of the same type, whereas
others having different chiralities18 give rise to the negligible
current. Then the effective distance between the ‘‘activ
sheets would be larger, but the idea remained the same

The phenomena discussed in the presented paper a
the moment a theoretical prediction. However, with the ra
development of the nanotechnology used to fabricate l
dimentional structures, there is a hope that such mate
will be fabricated in the future.

The Meissner-type effect and the orbital magnetism
clean cylindrical ring withL,d,R have also been predicte
in Ref. 19. Although the geometry of the system and
approximations used are different, in the presented pape
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