PHYSICAL REVIEW B 68, 035307 (2003

Period-doubling and Hopf bifurcations in far-infrared driven quantum well
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The behavior oh- §-doped wide quantum welQW) heterostructures in the presence of intense far-infrared
(FIR) radiation is studied using the semiconductor Bloch equations, in the time-dependent Hartree version and
without the rotating-wave approximation. A QW is designed where one can either obtain a strong subharmonic
(period doubling or a strong incommensurafielopf) frequency response by varying the sheet density and field
strength. These strong responses should be attainable with current technology, and the field amplitudes and
frequencies of the drive are well within the range of FIR free-electron lasers.
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The incommensurate-frequency respojthee to Hopf bi-  leads to a period-1 torus orkfivhich corresponds to a qua-
furcations (HB’s)] and subharmonic generatiofdue to  siperiodic orbit defined by the incommensurate and funda-
period-doubling bifurcation$PDB’s)] are not as ubiquitous mental frequencigs the magnitude of the incommensurate
features of driven classical nonlinear systems with dissiparesponse can also be of the same order as the magnitude of
tion as is superharmonic generation. These bifurcations usuthe harmonic. This motivates the search for a strong response
ally require the fine-tuning of parameters, but have manya HB from a fixed pointin our effectively nonlinear quan-
important application$? The same bifurcations may exist tum mechanical system that is a second frequency response
and require fine-tuning in some driven quantum mechanicabf the collective electron excitations incommensurate with
systems with dissipation. In a mean-field description, Bosethe frequency of the laser drive. In this study we report the
Einstein condensatés]osephson junctiorfs’ atomic beams existence of HB'’s in am-8-doped QW driven by intense FIR
in optical cavitie$ and n-doped quantum welfs(QW's) radiation. We also extend the work of Galdrikian and Bitnir
have nonlinear equations of motion. This necessitates a thend of Batistaet al!’ on PDB’s in a two-subband QW. The
oretical search for the appropriate parameter ranges in whighresent model allows more subbands and in principle can
these systems could have an essentially nonlinear responsdso include exchange-interaction terms and mass dispersion.
We will focus on strongly driven FIR intersubband transi- On the other hand, analytical calculations such as the aver-
tions in n-5-doped GaAs/AlGaAs QW’'s which have been aging technique used in Ref. 17 are considerably more diffi-
shown to exhibit superharmonic generation and nonlineacult to perform when more than two subbands are included.
phenomena in their absorption line shapes. In this study w&hus, we here focus on numerical results for the nonlinear
show that intersubband transitions can produce strong sulglynamics.
harmonic and incommensurate-frequency responses to the Many-body effects on intersubband transitions and optical
FIR drive. properties of QW’s have been studied in recent years with

The source of the nonlinearities is many-body interactionghe semiconductor Bloch equati¢8BE) using Hartree-Fock
that become much more prominent in wide QW's and rotating-wave approximatidiRWA) for the response of
(=300 A) where the intersubband spacing#sl0 meV—  two-(subband QW's’'8-21 Numerical integration of the
roughly the energy of electron-electron Coulomb interac-multisubband SBE was performed by Tsaegal,? al-
tions. The absorption-peak frequency is blueshifted by dythough they neglected depolarization-shift terms, which is a
namic shielding by the electron gas against the incomingerious handicap for their predictions for wide QW's.
radiation. This depolarization shift also generates second har- We study the SBE associated with intersubband transi-
monics of the drive frequency when it is at half the dressedions from a nonlinear dynamical-systems perspective and
frequency’ The shift and superharmonic generation havewithout the RWA. We find, in qualitative agreement with
been accurately simulated and measdéd.In additon  previous worlk that for two-subband double QW's driven
there is a dynamic Stark shift of the absorption peak propornear resonance period-2 orbitEreated through direct
tional to the intensity of the incoming radiation. Experi- PDB'’s) (Ref. 17) and optical bistabilitfhysteresis(Ref. 23
ment§1%3showed the intersubband absorption peak broadassociated with saddle-node bifurcatigS&B’s) may occur
ening, distorting, and redshifting towards the bare intersubas the FIR field strength is varied. For the three-subband
band frequency as it saturates with increasing far-infraredriple QW designed for this project we also find HB'’s besides
(FIR) intensity. These results are in good agreement with @ghese two types of bifurcations. When this QW is driven at
two-subband density matrix model of Zahyz***° resonance WithE,, (the intersubband enerdy,— E,), for

The generic bifurcation from a fixed poiftorresponding some values of the field strength we observe a strong re-
to a periodic orbit in a classical system is a HB,and it  sponse signal at a frequency lower than the frequency of the
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drive. This signal corresponds to a dressind=e§— E,; and
is created through HB's. For other values of the field strength [ el T T e
strong subharmonic-response signals are observed. When the ST T el & ]
triple QW is driven in resonance with,, the only bifurca- g T T T i
tions observed are of the Hopf type. All of these responses B e T T T %
are produced at moderate values of the field strength. The 2 e bo
period-2 signal observed in the double QW in Ref. 9 was % e &
much weaker than the fundamental and occurred at relatively R £
large field strengths. Our approach can be applied to any [ 77— ST N
multisubband systems, but in practice whes Es,one may e e W)
run into problems such as coupling the system to the con- 250 |- ]
tinuum or the excitation of LO phonord »>36 me\}.?*

The optical properties of the confined electrons in the QW >
can be studied with the many-body Hamiltonian written ENBOT )
in terms of spinless fermion field operators. We assume EI
that the conduction-subband effective masses are identical, > 50t .
which is fairly accurate for GaAs/AlGaAs QW’'s. The -
interaction with the FIR field is introduced through the 50 , , , .
electric-dipole approximation. It is also assumed that 0 100 200 300 400
the electric field generated from the radiation off the collec- z (&)

tive oscillations inside the QW is negligible compared with _ _ _
the applied FIR fieldS. The field operator expressed as a FIG. 1. The stationary self-consistent potential fdg=3.0

N Tam-2 wi : iae indi i :
linear combination of annihilation operatoag , is #(x,t) ;210; C”.‘t W'éht;hef.e'?enenerg'.es 'n?'iated by Eor'zomalt barﬁ_’h
EA_]_/zEk'ne”(Apgn(Z) ak'n(t), where gn(z) is the self- e density an e TIrst seven eigenstates are snown on top. e

consistenhth Hartree eigenstaté is the in-plane wave vec- double barrier creates, through tunneling, three closely spaced sub-
9 ’ P bands well isolated from upper subbands. The slight asymmetry

tor e:cndA IS ﬂ}e”QWIfarea' . he | | h di enhances the nonlinear effects, but too much asymmetry reduces the
After carefully eliminating the long-wave en% 25 VeI tunneling and with it the decoupling with upper subbands.
gences in the total Hamiltoniafelectrons-donorg,”~> we

obtain the Heisenberg equation within the time-dependent 5
Hartree approximation. We neglect exchange terms since VO _ 2me NSJ f & (20)En(22)
their inclusion does not qualitatively modify our results and MN1N2NgNs €o Nyt F175N1 52
the analysis becomes simpler. Furthermore, it has been
showrf®?’ that exchange-correlation corrections on the FIR

absorption lines in a double QW when two subbands are well
populated are significantly reduced. in which ey~ 13 is the static dielectric constant in GaAs. We

In order to be more realistic we need to introduce dissiintroduced above, within the relaxation-time approximation,
pation in our equations of motion. Since we cannot do thathe phenomenological dissipation ratds,, =% oy, /T,
directly within the Heisenberg equations of motion, we use+#(1— 6,n)/T,, whereT, is the energy scattering tirer
the density matrix equations, here in the time-dependent Hagepopulation timeandT, is the momentum scattering time

tree approximation. They provide the collective optical re-(or depolarization time
sponse of the electrons to the FIR field. The GaAs/AlGaAs QW structure studied is 310 A wide

The equation of motion for the density matrix is and 300 meV deep with two barrier steps of 26 A in width
and 150 meV in height. The leftmost barrier is located at 92
A from the left edge of the QW and the distance between the

X |Zl_ 22|§n3(22)§n4(21)d21d221

i . 0

—ihonn=(Eqn=En)onn il nn (00 —0op,) two barriers is 88 A. Figure 1 shows the effective well shape
with a sheet densitil,=3.0x 10* cm™2 (provided by iden-

+ > Vg,n T (T =00 ) tical Si-6-doped donor layers set back hundreds of A’s from

npngng 234 T4 T2 T2 both sides of the QW Equationg1) with three subbands are

integrated using the fourth-order Runge-Kutta method with

= 2 VT (Tnn =00 2048 steps per cycle of drive. After an equilibration time of
mngng 2 2 2000 cycles of the FIR field, the daglotted in Figs. 2—5

were taken over 128 cycles. These results are obtained at the
—z Ecod wt)(UmnTmn — Mn'mOnm), (1) temperatureT=0, but we verified that they are approxi-
m mately the same foll up to 50 K; the nonlinearity is sub-
. t stantially reduced fof >100 K. In the first exampléFigs. 2
where o, o= (ANg) "2 i(ay k), (-) denotes the quan- anq 3 the applied FIR field has frequenay=E.q, which is
tum statistical averagexgn, is the equilibrium density ma- ~5 THz (or 20 meVj and is well in the range of the FEL
trix (05,=0.68,05,=0.32), and the depolarization-shift co- (however,E,, can be lowered by decreasing the tunneling if
efficient is necessary We found that wheiN ~3.0x 10** cm™2 the bi-
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FIG. 2. The Poincarenap bifurcation diagram of the scaled ) ) ) )
dipole moment. As the FIR field amplitude increases a range of F!G- 4. As the FIR field amplitude increases an interval of op-
dynamical responses occurs: period-1, period-2, period-1 torudical bistability response occurs nemr=0.62 (not shown, and a

period-1, period-1 torus, chaotic, period-2 torus, period-2, anodirect Hopf bifurcation occurs at=0.69 with period-1 torus orbits
period-1 orbitsA =0.1 corresponds te=2.4 kV/cm. following. N=0.1 corresponds to~1.3 kV/cm and Ng=1.5

X 10" em™2.

furcations occur with the greatest strength and at the same

time require a small field amplitude, while fdN;<0.5 @=EioWe usedT;=T,=6.6 ps ((;=I',=0.1 meV). Our

X 10' cm™? and for Ng>6.0x 10 cm™2 the bifurcations first value ofT, is roughly the same as the one measured at
become too small for practical observations. The relaxatiofow FIR intensities in a two-subband QW/*Our secondr,
times used wer&,=T,=65.8 ps {;=1",=0.01 meV). We can be inferred from Ref. 10 for a field intensity of about
also verified that the HB's still occur for &, as low as 6.58 10° W/en? (A~0.9). Our firstT, is

ps while T; was kept at 65.8 ps. For the FIR frequency at
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FIG. 3. Some characteristic dynamical responses. In the col- FIG. 5. Some characteristic dynamical responses. In the col-
umns, from left to right, are shown the scaled dipole-moment timeumns, from left to right, are shown the scaled dipole-moment time
flows () p10.(1)), time flows (u)/u1q,(x)), Poincaremaps,  flows ((u)/10,(x)), time flows (u)/ m10.(1)), Poincaremaps,
and power spectrdin logarithmic scalg of the scaled dipole- and power spectrdin logarithmic scalg of the scaled dipole-
moment time flows with frequency given in units ef=E,,. The moment time flows with frequency given in units ef=E,,. The
corresponding values of are indicated in Fig. 2. corresponding values of are indicated in Fig. 4.
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about one order of magnitude higher than the linewidths obincreasing the QW asymmetry. The asymmetry, though,
tained more recently in Refs. 29 and 30. Their linewidths areshould not be too large; otherwise, the tunneling is reduced
larger than those found in Refs. 10 and 28 and they point ouind we cannot guarantee that our three-subband QW driven
that the most important contributions to them come fromat resonance witke , is really isolated from upper subbands
interface roughness of the QW walls and point impurities.and the continuum. In the power spectra of Fig. 3 we also
One can expect then that as QW growth techniques improvgave dc responsésectification, but they are inside the box
these sources of scattering will be decreased and our valuggmes.
of T, will be approached. So far no experiments were made A period-1 orbit occurs when there are transitions only
to determine€T, for high field intensities. Also to our knowl-  petween the first and third subbands. In period-2 and in torus
edge no experiments have been made to determine relaxatigfbits the three subbands are active. Their increased strength
times in three- or more-subband QW's. in our triple QW is due to the fact that they are being assisted
Below are some examples of the rich variety of dynamicalpy the presence of almost equally spaced frequerttigand

behaviors our system exhibits. The bifurcation diagram ing In the period-2 response the dresged (E.) and
Fig. 2 describes the collective electron oscillations. It showsd . E TE both | i tw/2. Wh thgi(' lO)t
the Poincaremap (strobe pictures taken at the drive fre- ressedE,; (Ez) both lock atw/2. en that Is not pos-

quency of the dipole-moment time flow {u(t)) S'ble’nt?s” 'nnthr?"rsasf rOf mcr)1re a;ymrgftirrl]C ?Wt?], the r?ndlyl
=tr{uo(t)} plotted as a function of the unitless field ampli- essentially noniinéar response we obtain are the period-

tude\ =e&z,4/E,q. Afixed point in this map corresponds to torus orbits.

an orbit with the period of the diveperiod 3, two pointsto - tieoR WA 0 BRI, S e e
an orbit with twice the period of the driygeriod 2, a range y p P

of points filling space densely correspond to quasiperiodic ngzghglraeirzgnt?mv:;h Eg?sg(zrr‘::b:é ngétzrrisggﬂﬁ?é?gggbggg
to chaotic orbits(further investigation is required to distin- i i i th ' tp I, W withN=15
guish thenm. The results are plotted for adiabatically increas- ransiions _in e same ftrple Q WI NS

1 —2 — — — H
ing \. For our systemx =0.1 corresponds to an electric field X 1.01 cm %, T,=T,=6.6 ps, and"_“’.lo had Hopf bifur-
of ~2.4 KV/cm. In the interval (0,0.158 period-1 orbits cations leading to period-1 torus orbits. Although the dy-

occur [see Fig. 3, row(c)], and at\=0.156 a direct PDB namical response is much weaker than the previous case, a

occurs; in(0.156,0.18D we obtain period-2 responségsee Trgc;t I;l‘opf blfur::za(jt|otrr1] 'S SF'” clearlghseen in Fig. 4, nt_ear d
Fig. 3, row (b)], and then ah=0.180 a subcritical HB oc- _ -/ 5 EXPECted, INere IS no subharmonic generation due

curs and period-1 torus orbits appear;(180,0.236 we tohthe nolrjteglste??ﬁ O.f an mtersubb?nd transition mﬁ{aF Fi
have period-1 tori, and then they disappear and we obtai € ampliiude of the Incommensuraté response seen in =g.

. . - _ , unlike the previous case, is considerably smaller than the
EEQSSS %/vr?izbr:tiaigsézg z;r(t())i.g;;zjsufsr'rloﬁsir%zthétr;\spg(;azsz;?s;bsilli\tlf harmonic response. This seems to be due to t_he fact that the
is associated with this, seen from decreasindut it is not process leading into the two output frequencies needs two

shown herg Period-1 torus orbits occur i60.313,0.33p  input photons Eio+E»=2w), instead of just oneat w,)

[see Fig. 3, row(c)]; then, some region of apparently chaotic S before. Now the three subbands are active for period-1
behavior(probably transient response due to the proximity oforPits as well as for the torus orbits. In the period-1 response
two attractory in (0.330,0.353 and then in(0.354,0.378 the E;q andE,; both lock atw, while in the torus response
period-2 torus orbits occisee Fig. 3, rowsd) and(e)]. The  these dressed frequencies are differétit.E;;=0.8w, we

tori decrease continuously in amplitude Jasncreases until  jpioi the differenc& ,y— E ;= 0.4w, which is responsible
they disappear at about=0.378, which constitutes a re- o the extra peaks in the power sp,ec)tra.

verse direct HB. I(0.378,0.492 we obtain period-2 orbits; A the THz region of the spectrum is opened—for science
they slowly decrease and disappear into a reverse direghy technology—the need arises for materials and structures
PDB. After that we only obtain period-1 orbits. exhibiting nonlinearities at the FIR frequencies. The realiza-

The power spectra of the .confined—electrons dipoleadon that QW’s can undergo a Hopf bifurcatigiiom a peri-
moment time series are shown in the last column of Fig. 3qgjc orbi only observed before ifsemiclassical nonlinear
The large and broad peak nea#2 is the main feature of the systems may lead to such applications as frequency down-

period-1 torus orbit as can be seen in Fig. 3, in koW This  conyerters for electronic detection of amplitude-modulated
peak is broad due to the presence of the dressed energy diir signals and new sources.

ferences = (E,;—Eg), which generate sideband peaks

around it(other sidebands can also be seen close to the origin The authors thank M. S. Sherwin and S. J. Allen for help-
and around the harmonic pealOn the other hand, the/2  ful discussions. The idea of nonlinear bifurcations in QW's
peak for the period-2 orbits is sharp, as can be seen in rowas inspired by J. D. Crawford’s elegant exposition on bi-
(b). For the period-2 tori, as can be seen in raqdsand (e) furcation theory* We acknowledge Grant Nos. NSF-DMS-
of Fig. 3, the peak neaw/2 becomes closer t@/2 and 0072191 and DARPA-Navy and N00014-99-10926A.B.
therefore narrower as the tori decrease in amplitude. Bynd B.B), Proyectos UBACyT 2001-2P.1.T), NSF-ECS-
varying the sheet density and field strength the incommens®072986, and the Office of Naval Research and the Yamac-
rate peak can be tuned. It can also be changed further byaw program of the State of GeorgiA.A.B. and D.S.C.
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