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Influence of subband mixing due to spin-orbit interaction on the transmission through periodically
modulated waveguides

X. F. Wang* and P. Vasilopoulos†
Department of Physics, Concordia University, 1455 de Maisonneuve Ouest Montre´al, Québec, Canada H3G 1M8

~Received 3 January 2003; published 3 July 2003!

Ballistic spin transport, through periodically stubbed waveguides, is studied in the presence of a weak
spin-orbit interaction~SOI! and the resulting subband mixing. By an appropriate choice of the waveguide
length and of the stub parameters, injected spin-polarized electrons can be blocked completely and the trans-
mission shows a periodic and nearly square-wave pattern with wide gaps when only one mode is allowed to
propagate in the waveguide. Relative to the case when subband mixing is neglected, the transmission changes
drastically as a function of the incident electron energy or of the stub height, as it exhibits new peaks or dips,
but remains robust as a function of the stubs’ degree of asymmetry. Varying the strength of the SOI parameter
changes the relative contribution to the total transmission or conductance of the spin-up and spin-down states.
The structure considered is a reasonable candidate for establishing a spin transistor.

DOI: 10.1103/PhysRevB.68.035305 PACS number~s!: 73.20.Mf, 72.20.2i, 72.30.1q
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I. INTRODUCTION

Recently, research in spin-related effects, such as spin
jection into devices, spin-polarized transport, has been in
sified. Part of the reason is that the possibility exists to
the electron’s spin for quantum computations.1 The basic
principle of a spin transistor was formulated in Ref. 2 for
waveguide in the presence of the spin-orbit interaction~SOI!
or Rashba coupling3 and was recently studied for a simp
semiconductor waveguide using a tight-binding model4 or
periodically modulated waveguides.5 Various spin-filtering6

or spin-valve7 effects have been studied and several desi
have been proposed to spin-polarize electronic current
nanostructures6,8 among other studies of SOI effects on t
band structure and transport of similar systems.9,10 In this
respect several efforts have been made using ferromag
semiconductor interfaces to produce spin-polarized e
trons, but this method must face the mismatch of phys
parameters between these two quite different materials.11 An-
other idea is to employ diluted magnetic semiconduct
~DMS!, which can match well with other extensively use
semiconductors, such as AlGaAs, and has created a lo
interest in DMS.12,13

Spin degeneracy in semiconductors results from invers
symmetry, in space and time, of the considered system
introducing a spatial inversion asymmetry, one can rea
spin splitting for carriers of finite momentum without appl
ing any external magnetic field. This so-called Rashba ef
or SOI ~Refs. 3,14! has been confirmed experimentally
various semiconductor structures.15 In semiconductor hetero
structures, this spatial inversion asymmetry can be easily
tained by either built-in and external electric fields or t
position-dependent band edges. It is found that in m
cases, especially in narrow gap semiconductor structures
corresponding SOI is a linear function of the electronic m
mentumk expressed as the Rashba termsW •(k3E) in the
electron Hamiltonian, wheresW is the Pauli spin matrix andE
the local electric field. Thus, a local electric fieldE acts on
the electronic spin similar to a local magnetic field perpe
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dicular to the directions ofE and of the electron momentum
The Rashba parameter is proportional to the average valu
E and can be well controlled by a top~back! gate over~be-
low! the device.16

Ballistic spinlesselectronic transport has been studied e
tensively in systems of reduced dimensionality,17,18 but until
recently it was not known how to effectively control th
spin-polarized flux in the relevant systems. In previo
work,5 we showed how spin-polarized transport can be re
ized and controlled in stubbed waveguides mostly when o
spin-up or spin-down electrons are injected and only o
mode propagates in the waveguide. Our treatment, wh
showed how asquare-wave, spin-dependent transmissio
could be realized, relied on the weakness of the SOI and
neglect of subband mixing due to this interaction. This p
some constrains on the ranges of various parameters, nam
the width of the waveguide, the height of the attached stu
and the energy of the incident electrons. In the present pa
we build upon this work and study in detail the effects
subband mixing which, to the best of our knowledge, ha
been dealt with only partly in Ref. 4 for waveguides witho
stubs. In doing so we relax substantially the constrains m
tioned above. Again our aim is to investigate in detail t
conditions for the realization of a spin transistor in perio
cally stubbed semiconductor waveguides in the presenc
SOI. As will be shown, relative to the work in Ref. 5, we fin
new results~peaks or dips! in the transmission as a functio
of the incident electron energy or of the stub height, but
square-wave pattern, as a function of the stubs’ degree
asymmetry, remains robust.

In Sec. II, we present the formalism and contrast the
sults for the eigenvalues and eigenvectors with those
tained without subband mixing. In Sec. III we formulate t
transmission problem, and in Sec. IV we present numer
results. Concluding remarks follow in Sec. V.

II. FORMALISM

When a typical two-dimensional~2D! electronic system,
such as an InGaAs/InAlAs quantum well, is confined, e.
©2003 The American Physical Society05-1
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by a potentialV(x) along thex direction, we have a quasi
one-dimensional electronic system, such as the stub
waveguide shown in Fig. 1. The one-electron Hamiltoni
including the Rashba SOI term, reads

H5
pW 2

2m*
1

a

\
~sW 3pW !z1V~x!

5F2l¹W 21V~x! a¹2

2a¹1
2l¹W 21V~x!

G , ~1!

where l5\2/2m* , ¹W 25]2/]x21]2/]y2, and “65]/]x
6 i ]/]y. The parametera measures the strength of the SO
and is proportional to the interface electric field;sW

5(sx ,sy ,sz) denotes the spin Pauli matricess; andpW is the
momentum operator. The wave function can be expresse
the form

Cky
~r !5eikyy(

ns
fn~x!Cn

sus&5eikyy(
n

fn~x!S Cn
1

Cn
2D ,

~2!

with us&5(0
1) for spin up~1! and (1

0) for spin down (2).
f(x) is the eigenfunction of the 1D Hamiltonianh(x)5
2l¹x

21V(x) with an assumed square-well confining pote
tial V(x).

We insert this eigenfunction in the equationHC5EC,
multiply both sides byfm(x), and integrate overx. With
*dxfm(x)fn(x)5dmn and Jmn5*dxfm(x)fn8(x), we ob-
tain

FIG. 1. A stubbed waveguide along they direction ~a! with a
two-stub section detailed in~b!. The width isc in region I anda in
region III. The height of the stubs ish, their lengthb, and the length
of the segment between theml. The asymmetry parameterd is the
distance between the center lines of the waveguide and stubs.
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FEm
0 2E aky

aky Em
0 2E

G S Cm
1

Cm
2D 1a(

n
JmnF 0 1

21 0G S Cn
1

Cn
2D 50,

~3!

whereEm
0 5Em1lky

2 ; the indexm labels the discrete sub
bands resulting from the confinement along thex axis.

As shown elsewhere,5 if we neglect mixing between the
subbands by assumingJmn'0, we can easily solve Eq.~3!.
This procedure is valid foruaJmnu!uEm2Enu. The resulting
eigenvalues read

E6~ky!5Em1\2ky
2/2m* 6aky . ~4!

The eigenvectors corresponding toE1,E2 satisfy Cm
15

6Cm
2 . Accordingly, the spin eigenfunctions can be taken

u6&5S 1

61D /A2. ~5!

An important aspect in this case is that the difference
wave vectorsky

1 and ky
2 , resulting fromE15E25E, is

constant; it reads

ky
22ky

152m* a/\2. ~6!

To go beyond this limiting case, described byJmn'0,
and still have a tractable problem, we neglect allJmn terms
exceptJ21 and J1252J2158/3w5d, wherew is the width
of the waveguide alongx; that is, we include mixing only
between the first and second subband. Then, the sec
equation for these two lowest subbands reads

F E1
02E aky 0 ad

aky E1
02E 2ad 0

0 2ad E2
02E aky

ad 0 aky E2
02E

G S C1
1

C1
2

C2
1

C2
2

D 50. ~7!

The resulting eigenvalues («n
s) and eigenvectors (Cn

s) are

«1
15~E1

01E2
02DE2!/2, C1

15
1

C S f11r Bf2

f12r Bf2
D ,

«1
25~E1

01E2
02DE1!/2, C1

25
1

D S 2f11r Af2

f11r Af2
D ,

«2
15~E1

01E2
01DE1!/2, C2

15
1

D S f21r Af1

f22r Af1
D ,

«2
25~E1

01E2
01DE2!/2, C2

25
1

C S 2f21r Bf1

f21r Bf1
D ,

«n
15En

01aky , n.2; Cn
15

1

A2
S fn

fn
D ,
5-2
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«n
25En

02aky , n.2; Cn
25

1

A2
S 2fn

fn
D . ~8!

Here, DE65@(DE1262aky)
214a2d2#1/2, DE125E2

02E1
0,

A5(DE1212aky)1DE1 , B5(DE1222aky)1DE2 , r A

52ad/A, r B52ad/B, D25212r A
2 , and C25212r B

2 .
Notice that the first fourtwo-row eigenvectors are linea
combinations of thefour-row ones corresponding to Eq.~6!.
We further notice that the eigenvalues and eigenvec
given above reduce to those given, respectively, by Eqs.~4!
and ~5! if we setd50.

The dispersion relation given by Eq.~8! for the lowest
two subbands is shown in Fig. 2 by the solid curves. For
electron of energyE in branches«1

1 , «1
2 , «2

1 , and«2
2 , the

corresponding wave vectors alongy are k1
1 (2k1

2), k1
2

(2k1
1), k2

1 (2k2
2), andk2

2 (2k2
1), respectively. When an

electron with a positive wave vectorky has energy much
higher than Ec55E1/219\2E1

2/(8m* a2), the value at
which anticrossing due to the SOI occurs between the«1

1

and the«2
2 branches, its spin is up along thex direction

@ us&5(1
1)] when it is in the two higher spin branches («2

1 ,
and«2

2) and down@ us&5(21
1)] when it is in the other two

branches. When its energy is lower thanEc , its spin is up in
the ‘‘1’’ branches («1

1 , and «2
1) and down in the ‘‘2 ’’

branches. Electrons of the same energy and the same
opposite momenta have always opposite spin orientati
Similar observations were made in Ref. 10 for a quant
wire with parabolic confinement. One interesting case is t
an electron of positive momentum always has its spin po
ing down and vice versa in the bag of each branch«n

s with
energy between the bottom of the branch and ze
momentum energy«n

0 . Another noteworthy feature in Fig.
is that mode mixing makes the wave vector differencesk1

1

2k1
2 andk2

12k2
2 depend slightly on the energy. The leng

of the horizontal segment AC between the dotted curv
given by Eq.~6!, is constant and independent of the ene

FIG. 2. Energy dispersion of the two lowest subbands,E1 and
E2, in an InGaAs waveguide 500 Å wide. The solid curves inclu
subband mixing, induced by the SOI, the dotted and dash-do
ones do not. The intersections of the dispersion curves with
dashed line, showing the constant energy of the incident electr
defines the6 components of the wave vectors.
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whereas that of the segment AB between the solid curve
not and depends on the energy; AB satisfies Eq.~6! only
approximately.

III. FORMULATION OF THE TRANSMISSION PROBLEM

Let us consider the transmission process when an elec
of energyE is incident from the left to a stubbed waveguid
shown in Fig. 1. The electron wave function is decompos
into 1 and2 branches in all regions in Fig. 1. In each regio
we have fn(x)5(21)n11sin„np(x1w/2)/w…, 2w/2<x
<w2, wherew is the width along thex direction. Including
spin and referring to Fig. 2, we can write the eigenfuncti
of energyE in region I as

f15(
m

@cmCmc
1 ~hm

1!eihm
1y1 c̄mCmc

1 ~2hm
2!e2 ihm

2y

1dmCmc
2 ~hm

2!eihm
2y1d̄mCmc

2 ~2hm
1!e2 ihm

1y#, ~9!

in region III as

f25(
m

@amCma
1 ~bm

1!eibm
1(y2b)1āmCma

1 ~2bm
2!e2 ibm

2(y2b)

1bmCma
2 ~bm

2!eibm
2(y2b)1b̄mCma

2 ~2bm
1!e2 ibm

1(y2b)#,

~10!

and in the stub region II as

fs5(
m

@umCmh
1 ~gm

1!eigm
1y1ūmCmh

1 ~2gm
2!e2 igm

2y

1vmCmh
2 ~gm

2!eigm
2y1 v̄mCmh

2 ~2gm
1!e2 igm

1y#. ~11!

Here,hm
6 , bm

6 , andgm
6 are the wave vectorskm

6 in regions I,
III, and II, respectively. In this paper, we study the ca
where the electron energy is low enough so that at most
modes propagate in the waveguide segments~regions I and
III !, though more modes are considered in the stubs~region
II !. We proceed as follows.

We match the wave functions of different regions aty
50 and y5b; we multiply by C1h

1 (g1
1), C1h

2 (g1
2),

C2h
1 (g2

1), and C2h
2 (g2

2), respectively, the equationsCs(y
50)5C1(y50) and Cs(y5b)5C2(y5b). Then inte-
grating over x, we obtain eight linear equations fo
the eight coefficients of the wave functions of the tw
lowest coupled subbands denoted by the matri
Û12

T 5(u1 ,ū1 ,v1 ,v̄1 ,u2 ,ū2 ,v2 ,v̄2), in region II, L̂12
T

5(c1 ,c̄1 ,d1 ,d̄1 ,c2 ,c̄2 ,d2 ,d̄2), in region I, and R̂12
T

5(a1 ,ā1 ,b1 ,b̄1 ,a2 ,ā2 ,b2 ,b̄2), in region III, whereT de-
notes the transfer matrix. This gives

M̂12Û125 P̂12L̂121Q̂12R̂12. ~12!

The coefficients corresponding to n.2, Ûn
T

5(un ,ūn ,vn ,v̄n), can be found in a similar way by multi
plying by Cnh

1 (gn
1) andCnh

2 (gn
2) before integrating overx;

the result is

ed
e
s,
5-3
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M̂nÛn5 P̂nL̂n1Q̂nR̂12. ~13!

The matricesM̂12,P̂12,Q̂12,M̂n ,P̂n ,Q̂n as well as the matri-
ces N̂12,N̂n ,Ûn ,ĥ12,b̂12, appearing in Eqs.~14! and ~15!,
are specified in the Appendix.

We now match the derivatives of the wave functions
y50 and y5b. Further, we multiply by C1c

1 (h1
1),

C1c
2 (h1

2), C2c
1 (h2

1), C2c
2 (h2

2) the equationdCs /dyuy50

5dC1 /dyuy50 and by C1a
1 (b1

1), C1a
2 (b1

2), C2a
1 (b2

1),
C2a

2 (b2
2) the equationdCs /dyuy5b5dC1 /dyuy5b . Then

we integrate overx and obtain

N̂12Û121(
n

N̂nÛn5ĥ12L̂121b̂12R̂12. ~14!

Now the relation between the coefficients of the wave fu
tion to the left of the waveguide~region I! and to its right
~region III! is established as

L̂125S N̂12M̂12
21P̂121 (

n.2
N̂nM̂n

21P̂n2ĥ12D 21

3S 2N̂12M̂12
21Q̂122 (

n.2
N̂nM̂n

21Q̂n1b̂12D R̂12

5T̂1R̂12. ~15!

If there are more than one unit in the device, we denote
transfer matrix of thei th stub asT̂i and that of thei th wave-
guide segment asP̂i , and obtain the total transfer matrix a

T̂5)
i

T̂i P̂i . ~16!

Assuming we input electrons from the left of the devi
and measure the transmission at its right, the reflection c
ficient at its right should be zero. ForE>«1

05$E11E2

2@(DE12)
214a2d2#1/2%/2, with «1

0 the first-subband’s zero

momentum energy, we haveā15b̄150, and for E>«2
0

5$E11E21@(DE12)
214a2d2#1/2%/2, with «2

0 the second-

subband’s zero-momentum energy, we haveā25b̄250. The
transmission matrixM̂ t and the reflection matrixM̂ r are
given by

M̂ t
215F T11 T13 T15 T17

T31 T33 T35 T37

T51 T53 T55 T57

T71 T73 T75 T77

G ~17!

and

M̂ rM̂ t
215F T21 T23 T25 T27

T41 T43 T45 T47

T61 T63 T65 T67

T81 T83 T85 T87

G , ~18!
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whereTi j is the element of the transfer matrixT̂. The trans-
mission process is then embodied in the matrixM̂ t :

S a1

b1

a2

b2

D 5M̂ tS c1

d1

c2

d2

D . ~19!

IV. RESULTS AND DISCUSSIONS

In our previous work,5 we obtained asquare-wavespin
transmission as a function ofh andd, when one mode propa
gates in the waveguide and the subband mixing due to
SOI is negligible. However, when a gate voltage is applied
the stubs to increase their heighth, the second subband ap
proaches the first one and the mixing between them beco
stronger. If not otherwise specified, we consider only spin
incident electrons and the following parameters: widtha
5c5500 Å, stub height h51600 Å, stub length b
5660 Å, waveguide segment lengthl 51050 Å, asymmetry
parameterd50, electron energyE54 meV, anda51.6
310211 eVm. The conductanceG at zero temperature ca
be expressed in terms of the transmissionT as G
5(e2/h)T.

In Fig. 3, we show the spin-up, Fig. 3~a! and spin-down
transmissions, Fig. 3~b!, through one unit with one symmet
ric stub as a function of the stub heighth when only spin-up
electrons are incident. The solid curves denote the res
with mixing and the dotted ones without it. The only influ
ence of the mixing in Fig. 3~a! is that a nearly zero transmis
sion is followed by a transmission peak in the ran

FIG. 3. TransmissionT as a function of the stub heighth for one
stub. Panel~a! is for spin upand panel~b! for spin down. The solid
curves include subband mixing, the dotted ones do not. Notice
absence of the first peak in~a! and the first dip in~b! when mixing
is neglected. The inset in~a! is a detailed view of the first peak.
5-4
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1100Å<h< 1200 Å. The form of the peak is shown in de
tail in the inset. In contrast, in the same range ofh, the
spin-down transmission in Fig. 3~b! shows a dip instead of a
peak. This happens whenh has such a value that the first an
the second subbands in the stubs are coupled with each
by the mixing termJmn and both of them are coupled we
with the waveguide mode through the interface connec
the stub and waveguide. The numerical result shows tha
phase of the output electrons is changed by the shift oh
when this transmission oscillation happens, which has
been observed when mixing is neglected.5 Correspondingly,
the phase difference between the1 and2 branches and the
spin orientation of the output electrons are changed byh, but
the total transmission is kept constant. Here, we see that
important effect resulting from SOI mixing is that the pr
cession of the electronic spins depends not only on the le
of the waveguide but also on its shape and width. If
change the parametera to shift the anticrossing energyEc ,
the position of the oscillation does not shift but its amplitu
can change. For the parameters used here, the electro
ergy is close toEc .

Next, we evaluate the transmission of a structure co
posed of five units identical to the one above. We obtai
square-wave pattern of the transmission if we neglect m
ing, as shown by the dotted curves in Fig. 4. Surprisingly,

FIG. 4. As in Fig. 3 but for five stubs. Notice the wide gap f
both spin states starting at abouth51500 Å. Again the results
without mixing ~dotted curves! miss the prominent structure nea
h51120 Å. The inset in~b! is a detailed view of the region
1120 Å<h<1160 Å.
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subband mixing does not change the square-wave form
the transmission gap. Nevertheless, both spin-up and s
down transmissions shift here and there and five oscillati
appear forh51120 Å. The inset in Fig. 4~b! shows in detail
these oscillations. It is worth noting that here the transm
sion is much more sensitive to the variation ofh than that in
the previous one-unit case, and its oscillations may be we
ened or roundedoff by lateral fluctuations ofh, which are
expected to occur in real nanostructures.

Now we fix the heighth so that all electrons are reflecte
for one stub this happens ath51562 Å and for five stubs a
h51600 Å. Then, we shift the stub along thex direction to
change the asymmetry parameterd. The result is shown in
Fig. 5 and the mixing effect is negligible. The change
curve order from~a! to ~b! is due the change in the length o
the structure.

The transmission through one unit versus the electron
ergy is shown in Fig. 6 ford50. As shown in Fig. 3, we

FIG. 5. TransmissionT as a function of the asymmetry param
eter d for one stub in ~a! and five stubs in~b!. The lower~upper!
curves in ~a! and the upper~lower! ones in ~b! are for spin up
~down!. The solid curves include subband mixing, the dotted o
do not. As shown, the differences between the solid and do
curves are minimal.

FIG. 6. TransmissionT vs incident electron energy for one stu
Panel ~a! is for spin up and panel~b! for spin down. The solid
curves include subband mixing, the dotted ones do not.
5-5
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observe similar peaks~dips! in the spin-up ~spin-down!
transmission due to the subband mixing and the resul
spin precession. As shown, these occur close to the ene
E54.36 meV andE59.09 meV. Apart from these feature
the effect of mixing is negligible.

The effect on the transmission, through one stub, when
change both the electron energyE and the asymmetry param
eter d, is shown in Fig. 7. In both panels we see the sa
qualitative behavior between the different curves; we sim
notice a shift in the minima~gaps! when the two parameter
are varied. If we combine several stubs, the gaps, e.g.,
function ofd, become sharper or take a square-wave form
those in Fig. 5.

Finally, in Fig. 8, we show the dependence of the tra
mission, through one stub, on the Rashba parametera. As
can be seen, its qualitative behavior remains the same u
changinga. The main change is in the relative contributio
to the total transmission of the spin-up and spin-down sta
This results from the phase differenceky

22ky
1 ; when mix-

ing is included, Eq.~4!, ky
22ky

152m* a/\2, is only ap-
proximately satisfied, cf. Fig. 2.

V. CONCLUDING REMARKS

We investigated the influence of subband mixing on
spin-dependent electronic transmission through periodic
stubbed waveguides in the presence of a weak SOI. As
saw, the mixing affects mainly the transmission as a funct
of the incident electron energy and of the stub height, a
gives rise to the prominent peaks~dips! that are absent whe

FIG. 7. Spin-down transmissionT2, through one stub, as
function of the asymmetry parameterd in ~a! and of the energy in
~b!. The various curves are marked by the values of the energy~in
meV! in ~a! and ofd ~in 100 Å! in ~b!.

FIG. 8. TransmissionT, through one stub, as a function of th
asymmetry parameterd for a51.6310211 eVm ~solid curves! and
a51310211 eVm ~dotted curves!. The upper~lower! curves are
for spin down~up!.
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this mixing is negligible. In contrast, the square-wave patt
of the transmission remains robust when the stubs’ degre
asymmetry is varied.

The results we reported here were obtained with para
eters more easily accessible to experiments than those of
5. For instance, the waveguide width is twice bigger and
incident~Fermi! energy four times smaller. We hope that th
will further motivate the relevant experiments especia
since, as we showed, a weak mixing leaves almost intact
square-wave pattern of the transmission as a function of
stubs’ degree of asymmetry.

Though we did not show any results as a function of
temperatureT, we verified and can affirm that theT depen-
dence of the transmission is identical to that reported in R
5. Finite temperaturesT smoothen the curves obtained atT
50. As the ratioEF /kBT decreases, the curves are smoo
ened or rounded off more strongly.

Finally, we also showed that varying the strength of t
SOI parameter changes only the relative contribution to
total transmission of the spin-up and spin-down states.
though side gates, needed to control the heighth and the
distanced, may result in lateral fluctuations, e.g., ofh, and
though these do not directly address the electron spin, th
directly affect the phase of the wave functions in the stu
and accordingly control, through the matching procedure,
transmission profile of either spin orientation. As a result,
nearly square-wave pattern of the transmission can be m
more robust if we combine several units. This renders
structure we considered, a reasonable candidate for estab
ing a spin transistor.

Note added: In Ref. 19, which was recently brought to ou
attention, the effect of subband mixing, due to the SOI,
the transmission of electrons with energies near the a
crossing energyEc was considered in one section of wav
guide. The results of this work, obtained in an approxim
way, are similar to ours, but apply only to astublesswave-
guide.
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APPENDIX

Though not appearing explicitly, the produ

^Cnw
s (k)uCn8w8

s8 (k8)& in all matrix products mentioned be

low denotes the integral*Cnw
s (k,x)Cn8w8

s8 (k8,x)dx, where
Cnw

s (x) is the wave function alongx of a waveguide of
width w, n its subband index,k the wave vector, ands the
electron spin. To alleviate the notation, we will denote
(x1 ,x2 , . . . )cr(y1 ,y2 , . . . ) or (X)cr(Y) the product of the
column matrix X with the row matrix Y.

The upper (438) part of the 838 matrixM̂12 is given by

„Ah~g!…cr„Bh~g!…, ~A1!

where
5-6
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„Ah~g!…5„^C1h
1 ~g1

1!u,^C1h
2 ~g1

2!u,^C2h
1 ~g2

1!u,^C2h
2 ~g2

2!u…
~A2!

and

„Bh~g!…5„uC1h
1 ~g1

1!&,uC1h
1 ~2g1

2!&,uC1h
2 ~g1

2!&,

uC1h
2 ~2g1

1!&,uC2h
1 ~g2

1!&,uC2h
1 ~2g2

2!&,

uC2h
2 ~g2

2!&,uC2h
2 ~2g2

1!&…, ~A3!

Its lower part is given by

„Ah~g!…cr„uC1h
1 ~g1

1!&eg1
1b,uC1h

1 ~2g1
2!&e2g1

2b,

uC1h
2 ~g1

2!&eg1
2b,uC1h

2 ~2g1
1!&e2g1

1b,uC2h
1 ~g2

1!&eg2
1b,

uC2h
1 ~2g2

2!&e2g2
2b,uC2h

2 ~g2
2!&eg2

2b,

uC2h
2 ~2g2

1!&e2g2
1b
…. ~A4!

The lower (438) part of P̂12 (838) is zero; its upper
part is given by

„Ah~g!…cr„Bc~h!…. ~A5!

The upper (438) part of Q̂12 (838) is zero; its lower
part is the product

„Ah~g!…cr„Ba~b!…. ~A6!

The upper 234 part of the matrixM̂n (n.2) is given by

„Ch~g!…cr„uCnh
1 ~gn

1!&,uCnh
1 ~2gn

2!&,uCnh
2 ~gn

2!&,

uCnh
2 ~2gn

1!&…, ~A7!

where

„Ch~g!…5„^Cnh
1 ~gn

1!u,^C1h
2 ~gn

2!u…. ~A8!

Its lower part is given by

„Ch~g!…cr„uCnh
1 ~gn

1!&egn
1b,uCnh

1 ~2gn
2!&e2gn

2b,

uCnh
2 ~gn

2!&egn
2b,uCnh

2 ~2gn
1!&e2gn

1b
…. ~A9!

The lower (238) part ofP̂n (438) is zero; its upper par
is given by

„Ch~g!…cr„Bc~h!…. ~A10!
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