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Two-level model and the dynamic Hall effect in nonlinear semiconductors
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Nonlinear transport properties of a semiconductor with an S-shaped negative differential conductivity is
usually described by the well-established two-impurity-level model. However, previous attempts in using the
two-impurity-level model to explain the observed dynamic Hall effect in nonlinear semiconductors failed, at
least in the spatially homogeneous case. The model predicts a stable state when the transverse magnetic field
B is zero, and asB increases to exceed a critical value, the system undergoes limit cycle oscillations, but no
further bifurcation no matter how largeB is. Experimentally it was observed thatn-GaAs with shallow
impurities at 4.2 K exhibits limit cycle oscillations when the static electric fieldE0 exceeds a critical value with
B50. When the applied transverse magnetic fieldB increases from 0 to about 100 mT, the system undergoes
several bifurcation routes to chaos asE0 increases. In this paper we establish a two-impurity-level model, with
the assumption of spatial homogeneity, to explain the observed dynamic Hall effect inn-GaAs at 4.2 K. The
dynamic behavior of our model has the main features of the experimental observations described in the above.
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I. INTRODUCTION

It is well known that a semiconductor with an S-shap
current density-field (J-E) characteristic will exhibit many
interesting nonlinear effects, such as displaying a hyster
loop in the current-voltage (I -V) curve,1,2 formation of cur-
rent filaments3,4, self-sustained oscillations and chaos,2,5–10

when the system is connected in series with only adc bias
voltage. Many of the above nonlinear transport proper
can be described by the well-established two-impurity-le
model.2 However, up to now, this two-level model, with th
assumption of spatial homogeneity, fails to explain expe
mentally observed dynamic Hall effect when a transve
magnetic field B is applied to n-GaAs at helium
temperatures.11 The main feature of the experimental result
that, whenB50 the system exhibits limit cycle oscillations
and asB increases up to 100 mT, the system generate
sequence of quasiperiodic and frequency-locking current
cillations and finally a Ruelle-Takens-Newhouse scenario
chaos. In 1991, Hu¨pper and Scho¨ll 12 proposed a one-leve
model to simulate the dynamic Hall effect. Their main res
is that, whenB50 the system is always stable irrespective
the value of the applied electric field. AsB exceeds a critica
value, the system undergoes period-doubling routes to ch
and type-I intermittency. However, this is aone-level model
and the corresponding physical system is not anonlinear
semiconductor, because the model exhibits positive differ
tial conductivity~PDC! for all values of the electric fieldE in
the current densityJ vs electric fieldE curve. This is to be
compared with a nonlinear semiconductor which posse
negative differential conductivity~NDC! for some range of
E. The PDC system is stable for all values of the appl
electric field E when B50. In 1992 the same authors13,14

extended the theoretical analysis to include the two-le
model with spatial homogeneity. They used two different s
of material parameters for the two-level model to obtain t
different oscillation mechanisms:~1! self-generated oscilla
tions and chaos without a magnetic field, the system un
0163-1829/2003/68~3!/035211~6!/$20.00 68 0352
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goes period-doubling routes to chaos withB50 and ~2!
magnetic field induced limit cycle oscillations whenB ex-
ceeds a critical value. We have checked the calculation
confirm that the dynamic behavior does not change whe
transverse magnetic fieldB is applied to case~1!, only the
bifurcation point ~value of the applied electric field! is
shifted. For case~2!, we take the same parameters listed
Ref. 13 and follow the simulation proposed by the autho
The system is stable whenB50, and as the magnetic fieldB
increases beyond a critical value the system undergoes
cycle oscillations no matter how largeB is. Therefore the
proposed two-level models are unable to explain the
served dynamic Hall effect.11 Neither case~1! nor case~2! is
close to the experimental observations.

In this paper we would like to propose a two-level mod
with the assumption of spatial homogeneity, to explain
observed dynamic Hall effect inn-GaAs with shadow impu-
rities at helium temperatures.11 The governing dynamic equa
tions are basically the same as previous models, except
we use a set of slightly different parameter values which
more appropriate for shadow impurities inn-GaAs. We also
take into account the magnetic field effects in the imp
ionization parameters as well as the energy level splitt
between the impurity level and the conduction band. This
because the conduction electron effective mass ofn-GaAs is
rather small ('0.066m0), thus the Landau level shift of the
conduction electrons is much larger than the Zeeman shi
the bound impurity electrons which may have important
fects in the impact ionization processes. The main resul
our model is that, when there is no magnetic fieldB50, the
system undergoes limit cycle oscillations when the appl
electric field exceeds a critical value, and no further bifurc
tion is found as long asB50. When a transverse magnet
field B is applied, the system undergoes period-doubl
routes to chaos asB increases from 0 to exceed a critic
value. Our theory predicts the main features of the exp
mental observations: there are only limit cycle oscillatio
when B50, and asB increases from 0 to exceed a critic
©2003 The American Physical Society11-1
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value, the system undergoes various routes to chaos.

II. THE MODEL

Consider ann-type semiconductor with the donor conce
tration ND and the acceptor concentrationNA (ND@NA),
and the effective doping concentrationND* 5ND2NA . The
two-level model considers the electronic states of a do
impurity consisting of two levels: the ground and the fi
excited state. An electron in these states can be therm
ionized or impact ionized to the conduction band, and th
recombines with a donor having an empty state. This
known as the generation-recombination~GR! processes. De
note the electron densities asn, nt1

, andnt2
for the conduc-

tion band, the donor ground state and the first excited s
respectively. The GR rate equations are given by2,6

ṅ5X1ND* nn t1
1~X1

s1X1* ND* n!n t2
2T1

sND* ~NA /ND* 1n!n,
~1!

ṅ t1
52~X* 1X1ND* n!n t1

1T* n t2
, ~2!

wheren5n/ND* , . . . , etc., andn t2
can be eliminated by the

condition of the conservation of chargen t2
512n2n t1

. The

parametersX1
s , T1

s , X1 , X1* , X* , andT* denote the appro
priate GR coefficients as shown in Fig. 1. The forms of
GR coefficients and how the presence of a magnetic fi
will affect them, will be discussed in the next section.

Equations~1! and ~2! are two of the dynamic equations
other dynamic equations are obtained from the circuit eq
tions. We consider the case that a static electric field is
plied in thex directionE05E0x̂ and a static magnetic field in
they directionB5Bŷ, then in the limit of a very large resis
tance, we have the dynamic equations for then-type
semiconductors12,15

e Ėx5J2enND* mBvx2enND* mmBBvz , ~3!

e Ėz5enND* mmBBvx2enND* mBvz , ~4!

e Ėy52eND* mEy . ~5!

FIG. 1. Generation-recombination process considered in
two-level model, involving the conduction band, the trap grou
state and the first excited state.
03521
r
t
lly
n
is

te,

e
ld

a-
p-

HerenND* 5n is the conduction electron density,J the total
current density,e the permittivity of the sample,m the con-
duction electron mobility at zero magnetic field,mB5m/(1
1m2B2), andvx , vz are, respectively, thex and z compo-
nent of the drift velocityv of the conduction electrons. W
will give the explicit forms ofvx andvz in the next section.
Apparently,Ey is decoupled fromEx andEz , and the solu-
tion of Ey decreases exponentially to zero. For small pert
bations about the fixed point, Eqs.~1!–~4! are then the four
basic dynamic equations we have to solve for the transv
magnetic field case, i.e., the dynamic Hall effect. The appl
electric field E0 is chosen as the control parameter.E0 is
related to the static state total current densityJ in Eq. ~3! J
5J05en(E0)vx(E

0) in the steady state, when all the qua
tities in the left-hand side of Eqs.~1!–~4! are zero. In a
steady stateE05(E0,0,Ez

0), E0 is the applied electric field,
andEz

0 is the induced static Hall field. ThereforeE0 is thex
component of the electric field for the fixed point of th
dynamic equations~1!–~4!.

III. MAGNETIC FIELD EFFECT
ON THE GR COEFFICIENTS

In the absence of a magnetic field, the impact-ionizat
coefficientsX1 andX1* ~see Fig. 1! can be approximated as16

X1~E!5X1
0e2«b /E, ~6!

X1* ~E!5X1*
0e2«b* /E, ~7!

whereE is the total electric field,«b and«b* are the impurity
ground and the first excited state binding energy, resp
tively. When a transverse magnetic fieldB is applied to the
system, there will be two effects onX1 andX1* . The first one
is the binding energy shift of«b and«b* due to the Landau
level shift of the conduction electrons. Because the cond
tion electron effective massm* '0.066m0 of n-GaAs is
much less than the rest massm0, the Zeeman shift of the
bound electrons may be neglected. The second one is
enhancement of the cross sections of the impact-ioniza
coefficientsX1 andX1* due to the magnetic field.17 The con-
duction electrons with larger drift velocities make more co
tributions to the impact-ionization cross sections. For th
electrons the Lorentz force is not completely cancelled
the electric force of the Hall field, and therefore their orb
are helical rather than linear. The radius of the orbit
smaller for an electron with a larger velocity. This implie
that electrons with larger velocity will move with a slowe
translational velocity, because the magnitude of the velo
of an electron is not altered by the magnetic field. The
electrons are therefore much easier to be attracted b
nearby impurity site and increase the probability of impa
ionization. Combining these two effects, the impact ioniz
tion coefficientsX1 andX1* can be written as

X1~E,B!5X1
0~11gmB!e2«b

B/E, ~8!

X1* ~E,B!5X1*
0~11g8mB!e2«b*

B/E, ~9!

e

1-2
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whereg andg8 are adjustable parameters. Referring to R
17 we takeg50.1 andg850.4. In the presence of a tran
verse magnetic field, thez-component of the electric fieldEz

will be nonzero and thereforeE5(Ex
21Ez

2)1/2 is the total
electric field. Because the Zeeman shifts are much sma
and much more complicated than the Landau level shift,
take into account only the Landau level shift to simplify t
calculations. The magnetic field dependent binding ener
«b

B and«b*
B then have the form

«b
B5«b1D«B , ~10!

«b*
B5«b* 1D«B , ~11!

where D«B5\vc* /2 (vc* 5eB/m* c) is the conduction
ground state Landau level shift. Forn-GaAs m*
50.066m0 , D«B50.877B meV with B in units of T ~Tesla!.
The energy shiftD«B can not be neglected forB close to a
few tenths of 1 T, as«b56.0 meV and«b* 51.5 meV for
n-GaAs.

Magnetic field effect on the binding energies of the imp
rity electrons will also affect the thermal ionization probab
ity of the impurity electrons at low temperatures. Taking in
account the effect of the Boltzmann factor we may write
thermal ionization coefficient as

X1
s~B!5X1

s~0!e2D«B /kBT, ~12!

wherekB is the Boltzmann constant. At helium temperatu
T54.2 K, kBT50.362 meV which is comparable toD«B for
B to be a few tenths of 1 T.

Finally the components of the drift velocity are model
by the phenomenological saturation form18 modified by the
presence of the magnetic field

vx5
arctan~r BEx!

r B
~13!

and

vz5
arctan~r BEz!

r B
, ~14!

wherer B5r /(11m2B2) and r is a dimensionless saturatio
parameter forB50. This form of saturation drift velocity
has been used in several two-level model calculations.2,13,19

IV. NUMERICAL RESULTS AND CONCLUSIONS

In this section we present the results of numerical sim
lations for the two-level model with a transverse magne
field by using the parameter values which are appropriate
n-GaAs atT54.2 K. The dynamic equations are Eqs.~1!–
~4! with the magnetic field dependent GR parameters E
~8!–~12! and the drift velocity components Eqs.~13!–~14!.
The effective doping concentrationND* is taken to be 1.0
31015 cm23, and other parameter values are listed in Ta
I. The four dynamic variables are (n,n t1

,Ex ,Ez). The control

parameter is the applied electric fieldE0, and the transverse
magnetic fieldB is considered to be an adjustable parame
This means that we choose a value ofB and study the dy-
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namic behavior of the dynamic equations~1!–~4! as the con-
trol parameterE0 varies. By choosing different values ofB
and repeating the calculations, we can study the magn
field effect on the bifurcation features of the dynamic syste
We use the standard procedure to study the dynamic be
ior of the system. We first solve the fixed point of the d
namic equations~1!–~4!, when all the time derivatives in the
left-hand side of these equations are zero. As we analyze
eigenvalues of a steady state, we linearize the dynamic e
tions around the fixed point and solve the eigenvalue pr
lem of the Jacobian matrix of the linearized dynamic eq
tions. There are four eigenvalues. We are interested in
case where there are two real and negative eigenvalues
the other two are complex conjugate to each other. The n
linear oscillations of the electron density and the elec
field are found when the real part of the complex eigenval
are positive. This can be found only when the system
operating in the NDC regime.

In Fig. 2 we plot the real part of the complex eigenvalu

TABLE I. The parameter values forn-type GaAs at 4.2 K for
the two-level generation-recombination model studied in this pa

Parameter Value

T1
sND* t 1022

T* t 1025

X1
st 231026

X* t 231027

X1
0ND* t 531024

X1*
0ND* t 1022

NA /ND* 0.3
r 1.3
e 10e0

m* 0.066m0

m 83103 cm2/V s

FIG. 2. The real part of the complex eigenvaluel of the Jaco-
bian matrix as a function of the control parameterE0, for B50,
0.4, and 0.5 T. Re(l) is in units of 1025t21 (t56.91310213 sec is
the relaxation time atB50) andE0 is in units of V/cm. The critical
field Ec is the value ofE0 when Re(l)50.
1-3
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FIG. 3. The limit cycle oscillation in the (n,Ex) plane with the
magnetic fieldB50 and control parameterE0553.2 V/cm. The
conduction electron concentrationn is in units of 1023ND* andEx

is in units of V/cm.
03521
l as a function of the control parameterE0 for three different
values of the magnetic fieldB. We are interested in the re
gion where Re(l) changes sign from negative to positive
the control parameterE0 increases. The critical fieldEc ,
where Re(l)50, is 47.98 V/cm whenB50. The critical
field Ec increases asB increases. ForE0.Ec the system
undergoes a limit cycle oscillation for 0<B,0.1 T. Only
period one limit cycle can be found in this magnetic fie
range. The limit cycle oscillation of the conduction electr
densityn vs Ex is plotted in Fig. 3 for the caseB50. As the
magnetic field increases to the range 0.1 T,B,0.2 T, pe-
riod two oscillations are found with a critical fieldEc
551.4 V/cm. ForB.0.2 T the system undergoes a series
period-doubling routes to chaos as the control parameteE0
increases beyond the critical fieldEc . We have found period-
four and period-eight oscillations, but with further increa
of E0 the oscillations become nonperiodic and random wh
is a sign of chaos. The details of the phase portrait are sh
in Figs. 4 and 5. Figures 4~a!–4~d! show, respectively, the
projection of the phase portrait in the (n,Ex) plane for period
1, period 2, period 4 and chaos forB50.5 T. Figures 5~a!–
5~b! show the projection of the phase portrait for period 4
FIG. 4. The projection of the phase portrait in the (n,Ex) plane withB50.5 T, and the control parameter has the value~a! 52.0 ~a limit
cycle!, ~b! 53.2 ~period-2 oscillation!, ~c! 53.78~period-4 oscillation!, and~d! 54.0 ~chaos!. The units are the same as in Fig. 3.
1-4
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the (n,Ez) plane and the (Ez ,Ex) plane, respectively. From
Fig. 5~b! we see that the induced time dependent transv
electric fieldEz varies almost linearly with the longitudina
field Ex . To see the dependence more clearly, an inset, wh
enlarges the dotted region, is shown in Fig. 5~b!. A period-4
characteristic is clearly shown in the inset.

To summarize the magnetic field effect on the nonlin
behavior ofn-GaAs we plot the bifurcation diagrams in Fig
6 and 7. In Fig. 6,Ex

max is plotted as a function of the contro
parameterE0 with B50.5 T, whereEx

max is the maximum
value of the longitudinal electric fieldEx . A period-doubling
route to chaos is clearly shown in the figure. The dynam
behavior of the system is a function of both the transve
magnetic fieldB and the applied electric fieldE0, a phase
diagram is plotted in the (B,E0) plane in Fig. 7. From this
figure we can easily determine the dynamic behavior of
system for a given set of the control parameters (B,E0). For
example, if there is no magnetic field, i.e.,B50, the system
can only be a static normal system~for E0,47.98 V/cm) or
a limit cycle oscillation~for E0.47.98 V/cm). WhenB is in

FIG. 5. The projection of the phase portrait in the (n,Ez) plane
~a!, and in the (Ez ,Ex) plane ~b!, with B50.5 T and the control
parameterE0553.78. The units are the same as in Fig. 3.
03521
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the range 0.1 T,B,0.2 T, the system can bifurcate t
period-2 oscillations whenE0 exceeds a critical fieldEc

(2) .
Ec

(2) decreases asB increases in the magnetic field rang
0.1 T,B,0.2 T. But Ec

(2) increases asB increases forB
.0.2 T. WhenB.0.2 T period-4 oscillations come in, an
then a small change of the control parameterE0, the system
will bifurcate to chaos via the period-doubling route.

In conclusion, we have established a spatially homo
neous two-level model to simulate the dynamic Hall effe
which has been observed experimentally11 for n-GaAs at 4.2
K. Our model predicts the main features of the experimen
results. When there is no magnetic field, i.e.,B50, the sys-
tem can have limit cycle oscillations but no further bifurc
tion to more complicated oscillations. When the appli
transverse magnetic fieldB exceeds a critical value, the sys

FIG. 6. Bifurcation diagram of the electric field maximaEx
max vs

the control parameterE0, for the magnetic fieldB50.5 T. Both
Ex

max and E0 are in units of V/cm. This clearly shows a period
doubling route to chaos.

FIG. 7. Phase diagram in the (B,E0) plane withE0 in units of
V/cm andB in units of T. ForB50 the system can have only limi
cycle oscillations. AsB increases the system can undergo perio
doubling route to chaos for large enoughE0.
1-5
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tem may undergo various routes to chaos. Previous studie
the spatially homogeneous two-level models failed to pre
the above two main features, either there are no oscillat
whenB50 and only limit cycle oscillations whenB exceeds
a critical value, or the system may undergo various route
chaos even without the applied magnetic field. In the la
case, the application of a transverse magnetic field does
alter the bifurcation features of the system, only the criti
field Ec is shifted to higher values. Our model is essentia
the same as previous models, except that we take into
count the smallness of the effective mass of the conduc
electrons inn-GaAs, which makes the Landau level shift
the conduction electrons non-negligible. Magnetic field
fect on generation-recombination coefficients are also in
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