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Design of two-dimensional photonic crystals with large absolute band gaps
using a genetic algorithm
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A two-stage genetic algorithm~GA! with a floating mutation probability is developed to design a two-
dimensional~2D! photonic crystal of a square lattice with the maximal absolute band gap. The unit cell is
divided equally into many square pixels, and each filling pattern of pixels with two dielectric materials
corresponds to a chromosome consisting of binary digits 0 and 1. As a numerical example, the two-stage GA
gives a 2D GaAs structure with a relative width of the absolute band gap of about 19%. After further
optimization, a new 2D GaAs photonic crystal is found with an absolute band gap much larger than those
reported before.
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Much attention has been focused on two-dimensio
~2D! photonic crystals since they are much easier to fabric
than 3D photonic crystals1,2 and have promising application
in, e.g., planar waveguide devices.3,4 Many applications of
photonic crystals are based on photonic band gaps, an
would thus be very interesting to design a photonic crys
with the largest photonic band gap for a given dielectric c
trast. Several 2D structures with large absolute band g
have been found by choosing their geometrical parame
appropriately.5–8 With the rapid improvement of the speed
modern computers, one may hope that a fast computer c
help to design a 2D photonic crystal with a maximal absol
band gap by either scanning all the possible configuration
using an effective global optimization method.

In the present paper, we use a genetic algorithm~GA! to
find a 2D photonic crystal with the largest absolute band g
As an effective global optimization method, a genetic alg
rithm usually searches for the global maximum in a discr
search space. The idea of the genetic algorithm came f
Charles Darwin’s theory of evolution~natural selection or
survival of the fittest!.9–12A binary gene is the basic buildin
block in a genetic algorithm. If the range of a paramete
approximately known, one can encode the parameter b
number of genes. In fact, the density of the search grid fo
genetic algorithm should not necessarily be very high, si
the search results can always be refined by a local adjustm
after a point in the vicinity of the global maximum has be
found.

We consider a 2D photonic crystal of a square latt
formed by two different materials with dielectric constan
ea and eb . In order to apply a genetic algorithm, we di
cretize the unit cell into many rectangular squares~called
pixels hereafter! and each square can be filled by one of t
two different materials~represented by a binary value, 1 or
in the genetic algorithm!. The total number of possible struc
tures of 2D photonic crystals increases exponentially w
the number of pixels, and a full-space search method wo
not be practical when the number of the pixels is very la
or the pixels are very small. In such a case, a genetic a
rithm is expected to be effective. In the genetic algorith
0163-1829/2003/68~3!/035109~5!/$20.00 68 0351
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each binary chromosome corresponds to a 2D photonic c
tal formed by ‘‘pixels’’ ~square rods of dielectric materia!
and is associated with a value of the fitness~the relative
width of the absolute band gap!. After ranking, selection,
crossover, and mutation in each iteration, the computer fi
the global maximum of the fit after a number of iteratio
~see, e.g., Ref. 10!.

Any global optimization method is time consuming~as
compared with some gradient-based local search metho!,
and thus it is essential to find a fast method to calculate
fitness. Fortunately, we have developed a very fast nume
algorithm for calculating the band structure for such a spe
type of 2D photonic crystal formed by ‘‘pixels.’’13 Therefore,
we consider 2D photonic crystals formed by ‘‘pixels’’ for th
convenience of the application of a genetic algorithm an
fast algorithm for calculating the band structures.

To apply a GA to design a 2D structure with a large a
solute band gap, one needs to translate the filling patter
the unit cell of a 2D photonic crystal into a binary chrom
some. GA operators~such as ranking, selection, crossov
and mutation; see, e.g., Ref. 12! are then used in each itera
tion to find the global maximum of the fitness, which is th
relative width of the absolute band gap~i.e., the ratio of the
width of the absolute band gap to the midfrequency of
band gap! in the present paper.

The unit cell is divided into 2M32M pixels, and each
pixel is filled by one of the two dielectric materials. In th
present paper we assume that the primitive unit cell~centered
at the origin, see Fig. 1! has the primary symmetry of bein
invariant under the mirror reflection with respect to thexz
plane andyz plane and under a 90° rotation around thez
axis. Thus, the whole photonic crystal structure can be de
mined by the pixel-filling pattern of a triangular part of on
eighth of the unit cell~see Fig. 1!, which can be represente
by a binary number ofM (M11)/2 digits. The total number
of the possible structures is 2M (M11)/2, and even forM
510 there are still more than 331016 different structures.
For such a large searching space, the full-space se
method is not practical for finding the best structure. In t
©2003 The American Physical Society09-1
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present paper we show that a genetic algorithm is effec
for such cases. The specific genetic algorithm used in
present paper is described as follows.

In step 1, we construct an initial population ofNpop chro-
mosomes randomly, i.e., each gene of theNpop chromosomes
at the first generation is set by 0 or 1 randomly. In genera
2D structure corresponding to a randomly produced chro
some has no absolute band gap. To speed up the searc
introduce a special chromosome~as a special seed! in the
initial population ~the other chromosomes are all random
produced by the computer!. The structure corresponding t
the special chromosome is an array of square dielectric
umns in air, which has a small absolute band gap when
geometric parameter is properly chosen~the relative width of
the absolute band gap is about 5.5% when the dielectric c
stant of the columns is 12).14

In step 2, we evaluate the fitness values for the chrom
somes. Note that the fitness of a chromosome is dire
defined as the relative width of the absolute band gap of
corresponding structure. In order to maintain the diversity
the chromosomes and avoid a premature convergence o
evolution, we set a small constant~e.g., the value of 0.01! for
the fit of any chromosome whose corresponding struc
has no absolute band gap. During the evolution process
maximal fitness of the chromosomes of a generation does
always increase. In such a case, we avoid the degradatio
the best chromosome. Thus, if this is not the initial popu
tion and the maximal fitness of the population decreases
replace a chromosome~randomly selected! of the current
population with the best chromosome~with the maximal fit-
ness! in the previous population~note that each generatio
has the same size of population, i.e.,Npop chromosomes!.

In step 3, we create a new population in the followi
procedure:~i!. SelectNpop chromosomes from the curren
population to constitute a mating pool by using the prop
tional ~roulette-wheel! selection scheme~i.e., the parents are
chosen with a probability proportional to their fit values!.
Before the selection, the fitness values of the chromoso

FIG. 1. Division of the unit cell of a 2D photonic crystal~with
certain symmetries! of a square lattice. The filling pattern of th
pixels ~the small squares! with thick, solid line edges in the trian
gular part of one-eighth of the unit cell determines the whole str
ture of the photonic crystal.
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are adjusted with a linear scaling so that the maximum of
scaled fitness is just two times larger than the averaged v
of the scaled fitness. This is to avoid any individual taki
over a significant selection probability at the start of the G
or the fittest individual making a random walk at the late r
of the GA. Note that for the chromosomes in the same g
eration the averaged value of the fitness is the same be
and after the scaling. Also note that some of the selec
Npop chromosomes may be identical and this phenome
occurs more often in the late generations as the evolu
tends to become steady.

~ii !. Mate the chromosomes randomly from the mati
pool, cross over each pair of parent chromosomes to ob
two offspring chromosomes~which inherit combined infor-
mation from the parent chromosomes!, and replace the par
ent chromosomes. Since the present problem is two dim
sional, a one-point crossover is not appropriate. As show
Ref. 12, a one-point crossover gives too monotonous patt
for a 2D problem. Thus, here we use a uniform crossove
achieve a better performance. We first produce a mask~con-
sisting of 0 or 1 randomly! to label the gene loci, and the
cross over the genes of the paired chromosomes at loc
beled with the value of 1.

~iii !. Mutate each gene of a chromosome with a p
defined small probabilitypm , and a small percentage of th
genes may be changed to the opposite values~1 to 0, or 0 to
1!. In a genetic algorithm,pm is a very important paramete
When pm is too small, the evolution of the chromosom
may converge quickly to a local maximum. On the oth
hand, whenpm is too large the algorithm tends to sear
randomly and the average fitness of the population beco
far less than its maximal fitness. Thus, an appropriate ch
of pm is key for balancing the local convergence and t
global search. According to the building block hypothesis9 of
the genetic algorithm, the operations~for both the crossover
and the mutation! of the algorithm can work effectively in
the evolution towards the global maximum when the aver
fitness has a medium value as compared to the maxima
ness for a generation. Therefore, to keep these opera
effective it is necessary to adjust the value ofpm at different
stages of the evolution process. In our algorithm, we all
pm to vary after every certain number (I mut) of generations
during the evolution. We choose the following chan
(Dpm) of the mutation probability for everyI mut genera-
tions,

Dpm5H 20.0002, h,30%,

0, 30%<h<60%,

0.0002, h.60%,

whereh is the ratio of the averaged fit to the maximal
~without scaling! at the last generation of theI mut genera-
tions. ~iv!. Repeat the second step.

The computational time required for the GA to find
structure with the maximal absolute band gap depends
how fast and accurately we can calculate the relative wi
of the absolute band gap. Therefore, it is necessary to
velop a fast and accurate numerical method for calcula
the band structure~to evaluate the fitness of each chrom
some!. Since the material discontinuities of the photon
crystals considered in the present paper are only along e

-
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DESIGN OF TWO-DIMENSIONAL PHOTONIC CRYSTALS . . . PHYSICAL REVIEW B 68, 035109 ~2003!
x or y directions, a fast plane-wave expansion method can
developed for these special 2D structures.15 The fast plane-
wave expansion method described in our previous paper13 is
employed in the GA in the present paper.

As a numerical example, we assume that the two die
tric materials forming the crystals are air and GaAs, i.e.,ea
51 andeb511.4. In order to avoid the obtained structu
becoming impractical for fabrication~e.g., having too thin
veins or too small holes!, we start withM510 ~i.e., the unit
cell is divided into 20320 pixels!. In this case each chromo
some has 55 gene loci, and we chooseNpop5100. The initial
value ofpm is set at 0.001, andPm varies every 100 genera
tions during the evolution in the way mentioned earli
Plane waves numbering 441 are employed in the fast pla
wave expansion method, and our numerical analysis sh
that the relative errors of the obtained absolute band g
~with a noticeable value! are less than 1%. After a lon
evolution of more than 104 generations, the maximum of th
fitness~i.e., the relative width of the absolute band gap! tends
to become steady at a value of 16.946%. The obtained o
mal structure~with the largest fitness! is shown in Fig. 2~a!,
and its photonic band structure is shown in Fig. 2~b!. This
structure has an absolute band gap of 0.132(2pc/a) at a
midfrequency of 0.779(2pc/a). From Fig. 2~a! one sees tha
the structure is well composed~GaAs parts are well con
nected to each other, which favors a large band gap for thH
polarization16! but the interface between the two dielectr
materials is quite rough, which is due to the fact that the s
of the used pixels is not small enough.

Thus, we divide further the unit cell of the square latti
into 40340 pixels~i.e., M520). This time we consider only
an improved optimization on the edges of the inclus
~GaAs! for the structure obtained above. We code into
chromosome only those pixels@indicated by the squares wit
dashed edges in Fig. 3~a! for the triangular part of one-eight
of the unit cell# at the edges of the inclusion, while keepin
the remaining pixels unchanged. From Fig. 3~a! one sees tha
each chromosome contains 56 gene loci now. Note that
pixels located at the internal edges of the thin veins have
been included in the coding since we want the structure
have wide enough veins during the evolution. Here we
the change of the mutation probability asDpm520.0002
when h<95% andDpm50.0002 otherwise. The GA with
the new type of chromosomes is then run in a way simila
the one described earlier. Through an evolution of over 1
generations the maximum of the fit becomes steady a
value of 19.571%. The optimized structure is shown in F
3~b!, which has an absolute band gap of 0.1518(2pc/a) at a
midfrequency of 0.7756(2pc/a).

The structure of Fig. 3~b! naturally suggests a new pho
tonic crystal structure~with smooth circular columns! of Fig.
4~a!. This new structure is obtained directly by replacing t
staired edges of Fig. 3~b! with straight-line edges or circula
edges. Note that two insignificant GaAs pixels@the right-
most pixel of the first row and the topmost pixel of the rig
column in Fig. 3~b!# are removed. The new structure simp
consists of circular, square, and rectangular columns of G
linked by three types of thin veins, respectively. The unit c
of the structure is indicated by the dotted square in Fig. 4~a!.
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The upright circular column in the unit cell is centered at t
point (63a/16,63a/16) and has a radius of 7a/80. The
smoothed veins oriented at645° or 6135° in the unit cell
have a thickness ofA2a/20. In order to calculate the ban
structure of this 2D photonic crystal with the established f
plane-wave expansion method, we divide the unit cell of
structure into 100031000 small pixels of same size, an
assume that the dielectric permittivity in each pixel takes
value at its center. Our numerical calculation shows that
absolute band gap of this new structure is 0.151(2pc/a)
with its midfrequency at 0.795(2pc/a) ~the relative width of
the absolute band gap is about 19%). The number of pl
waves used in our calculation is 441. By comparing the
tained results with those computed with more plane wave
smaller pixels~e.g., 200032000), it is shown that the rela
tive errors of the numerical results is less than 1%. It
interesting to optimize further the new structure to achie
an even larger absolute band gap. We optimize further
geometric parametersr, w1 , w2 , d1, andd2 @see Fig. 4~a!
for these notations#. The original values for these paramete
are r 57a/80, w15A2a/20, w25a/10, d153a/20, andd2
53a/20. Note that the symmetries of the structure, the c
ters of the circular columns, the square column~with a side
length of 3a/20) at the unit center, and the thinnest vei
~with width of a/20) are fixed in the local optimization. Afte
a smooth search in the neighboring region, we find a lar
absolute band gap of 0.157(2pc/a) at midfrequency of
0.7826(2pc/a) ~the relative band gap increases from 19

FIG. 2. ~a! The best 2D GaAs photonic crystal found with th
GA with M510. ~b! The corresponding photonic band structu
~the solid lines are for theE polarization and the dashed lines fo
the H polarization!.
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LINFANG SHEN, ZHUO YE, AND SAILING HE PHYSICAL REVIEW B68, 035109 ~2003!
to 20.1%). The optimal parameters arer 50.095a, w1
50.807a, w250.103a, d150.143a, and d250.155a. The
large band gap for such a structure seems consistent with
rule of thumb thatE-polarization band gaps are favored in
lattice of isolated high-e regions andH-polarization band
gaps are favored in a connected lattice.16 The band structure
of this optimized 2D photonic crystal is shown in Fig. 4~b!.

In summary, we have used a two-stage genetic algori
with a floating mutation probability to find a 2D photon
crystal ~of a square lattice! with the maximal band gap. Th
unit cell of a square lattice is divided equally into 2M
32M square pixels, and each filling pattern of pixels w
two dielectric materials corresponds to a chromosome c
sisting of binary digits 0 and 1. The genetic algorithm
naturally introduced with the fitness defined as the rela
width of the absolute band gap. In the first stage of the G
we divide the unit cell with a relatively large pixe
(M510). The best GaAs photonic crystal obtained at t
stage has an absolute band gap of 0.132(2pc/a) at a
midfrequency of 0.779(2pc/a) ~the relative width of
the absolute band gap of this structure is nearly 17%).
the second stage of the GA, we divide the unit cell
smaller pixels (M520), and code into the chromosom
only those pixels on the edges of the inclusion of the str
ture obtained in the first stage of the GA. The GA with

FIG. 3. ~a! Further optimization on the edges of the inclusi
for the structure of Fig. 2~a!. The small, dashed squares at the ed
of the inclusion in the triangular part are the pixels to be cod
in the second stage of the GA.~b! The best structure of a
2D GaAs photonic crystal found in the second stage of the GA w
M520.
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modified floating of the mutation probability gives a refine
structure with an absolute band gap of 0.1518(2pc/a) at a
midfrequency of 0.7756(2pc/a) ~the relative width of the
absolute band gap of the refined structure is about 19
The refined structure suggests a new structure with smo
circular columns, which gives an absolute band gap
0.157(2pc/a) at a midfrequency of 0.7826(2pc/a)
~the relative width of the absolute band gap is about 20.1
after optimizing its geometric parameters. The absolute b
gap of this new structure is nearly 4.5 times larger than
maximal gap value@0.035(2pc/a)# found for a square
lattice of anisotropic inclusion,8 approximately three times
larger than the large band gap@0.0548(2pc/a)# obtained
in a symmetry-reduced square lattice5 ~where two kinds
of air holes with different radii were etched in each un
cell!, and also approximately two times larger than the ma
mal band gap@0.0762(2pc/a)# found in a square lattice o
air holes ~with complicated shapes! in GaAs.7 To the best
of our knowledge, the structure of the photonic crystal fou
in the present paper has the largest absolute band ga
well as the largest ratio of the absolute band gap to
midgap frequency among all the 2D dielectric photon
crystals of square lattices that have been reported in
literature.

The partial support of the Natural Science Foundation
China under Key Project Nos. 90101024 and 60277018
gratefully acknowledged.
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FIG. 4. ~a! The optimal 2D GaAs photonic crystal structu
~with smooth edges! suggested by Fig. 3~b!. ~b! The photonic band
structure of this 2D photonic crystal after some local optimizatio
The optimal values for the geometric parameters arer 50.095a,
w150.807a, w250.103a, d150.143a, andd250.155a. The ratio
of the absolute band-gap width to the midfrequency of the band
is about 20.1%.
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