
PHYSICAL REVIEW B 68, 033313 ~2003!
Excited-state relaxations and Franck-Condon shift in Si quantum dots
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Excited-state relaxations in molecules are responsible for a redshift of the absorption peak with respect to the
emission peak~Franck-Condon shift!. The magnitude of this shift in semiconductor quantum dots is still
unknown. Here we report first-principle calculations of excited-state relaxations in small~diameter<2.2 nm)
Si nanocrystals, showing that the Franck-Condon shift is surprisingly large (;60 meV for a 2.2-nm-diameter
nanocrystal!. The physical mechanism responsible for the Stokes shift changes abruptly around;1 nanometer
in size, providing a clear demarcation between ‘‘molecules’’ and ‘‘nanocrystals.’’
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The Stokes shift commonly observed in molecules1 and
ionic solids2 has its origin in excited-state atomic relaxation
When an electron-hole pair is created by optical excitati
the final state has approximately the same atomic config
tion as the initial state~Franck-Condon principle!. Prior to
emission, however, the system can relax to a new config
tion with lower total energy. Recombination occurs from t
relaxed atomic configuration, leading to a redshift of t
emission lines with respect to the absorption lines~Franck-
Condon shift!. The Franck-Condon shift in molecules can
as large as several eV. The magnitude of excited-state re
ations in semiconductor quantum dots, on the other han
still controversial. Quantum dots grown by colloidal chem
try methods range in size between 102 and 104 atoms, so
excited-state relaxations could be significant. Continu
models based on elasticity theory, however, have predict
Franck-Condon shift of only a few meV.3,4

A schematic diagram of the relevant electronic ene
levels as a function of the generic configuration variableR is
shown in Fig. 1. The minimum-energy atomic configurati
of the quantum dot in the electronic ground state~GS! is
different from the minimum-energy atomic configuration
the dot in the singlet~S! or triplet ~T! excited states. At low
temperature and in the absence of light, the quantum dot
the ground-state geometryRGS. The lowest-energy allowed
optical transition takes the system into the singlet exci
state, as the lower-energy triplet state is optically inacti
Absorption can actually occur into several vibrational sta
associated with the singlet electronic state, leading t
broadening of the absorption line. The exciton relaxat
then proceeds according to a few characteristic times:~i!
spin-flip timet f l ip , which is the time required for the exc
ton to switch from the singlet state to the triplet state,~ii !
recombination timest rec

S,T ~with t rec
S !t rec

T ), which include
radiative and nonradiative recombination paths, and~iii ! re-
laxation timest rlx

S,T in the singlet and triplet states, which a
the characteristic times for the dissipation of the vibratio
energy and are ultimately determined by the coupling of
quantum dot with the environment. Ift rlx

S,T!t rec
T ~and t f l ip

,t rec
T ), the quantum dot relaxes to the lowest-energy trip

excited-state configuration (RXS) before the electron and th
hole can recombine. In this case, the total Stokes shif
0163-1829/2003/68~3!/033313~4!/$20.00 68 0333
.
,
a-

a-

x-
is

-

a

y

in

d
.
s
a
n

l
e

t

is

DE5DEFC1DEST, where DEFC is the Franck-Condon
shift andDEST is the exciton exchange splitting. Differen
vibrational states may be involved in the emission proce
leading to a broadening of the emission peak.1,2

In this work, we investigate, usingab initio density-
functional methods, the excited-state dynamics of Si qu
tum dots, and calculate the ensuing Franck-Condon shift.
find that in small Si quantum dots (1.022.2 nm diameter!
the Franck-Condon shift is surprisingly large. For examp
in the case of a;2.2-nm-diameter quantum dot we predict
Franck-Condon shift of;60 meV, versus an exciton ex
change splitting of only;8 meV. By analyzing the physica
mechanism responsible for the Franck-Condon shift we
able to identify two physically distinct regimes: for subn
nometer Si clusters the dominant mechanism is the stretc
of a single Si-Si bond upon electronic excitation, while f
larger Si nanocrystals the Franck-Condon shift origina
from a change in the overall shape of the nanocrystal in
presence of an electron-hole pair. This distinction provide

FIG. 1. Schematic diagram of the ground-state~GS! and
excited-state singlet~S! and triplet ~T! energy surfaces of a sem
conductor quantum dot. Light is absorbed (Eabs) by exciting the
quantum dot from the ground state to the optically active sing
state. Emission (Eemi) occurs from the triplet state, leading to
redshift of the emission line.
©2003 The American Physical Society13-1
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TABLE I. Calculated Franck-Condon shiftDEFC and electron-hole exchange splittingDEST ~in eV! of
hydrogen-passivated Si nanocrystals. Also shown are the ground-state and excited-state contribution
Franck-Condon shift:DEFC5DEXS1DEGS. The absorption energyEabs is estimated by adding the loca
spin-density band-gap error of bulk Si~0.7 eV! to the singlet excitation energy of the nanocrystal~see Ref.
15!.

Nanocrystal Diameter~Å! Eabs DEXS DEGS DEFC DEST

Si29H36 10.3 4.3 0.79 2.13 2.92 0.051
Si87H76 14.8 3.2 0.12 0.20 0.32 0.021
Si147H100 17.6 2.8 0.09 0.12 0.21 0.014
Si275H172 21.7 2.4 0.03 0.03 0.06 0.008
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1clear demarcation line between the molecular regime
the nanocrystal regime.

The calculations were performed usingab initio density-
functional theory in the local spin-density~LSD! approxima-
tion. We used ultrasoft pseudopotentials to describe
electron-ion interaction, and the plane-wave representa
~with an energy cutoff of 150 eV! to expand the Kohn-Sham
orbitals. Triplet excited states can be calculated wit
density-functional theory by minimizing the total energy
the system in the triplet spin configuration~constrained
density-functional approximation!. We find that in practice,
this approach works very well when compared with mo
sophisticated and computationally demanding techniqu
For example, in the case of the silane molecule SiH4, we
calculate a triplet excitation energy of 8.1 eV. This should
compared with 8.5 eV obtained by solving the Beth
Salpeter equation5 and 8.760.1 eV obtained by quantum
Monte Carlo simulations.5 In the limit of large quantum dots
we expect our approximation for the excitation energy
converge to the LSD band gap of bulk Si, which is;0.7 eV
smaller than the experimental band gap. Recentab initio
calculations of excited-state relaxations in molecules, us
the Bethe-Salpeter formalism,6 have shown that the con
strained density-functional approximation provides a v
good estimate of the excited-state equilibrium geometry. O
approach to the calculation of excited states is applica
only to the lowest-energy triplet state, where the elect
excited to the lowest unoccupied molecular orbital~LUMO!
and the electron remaining in the highest occupied molec
orbital ~HOMO! have parallel spin, i.e.,uT&5u↑↑&. Calcula-
tions of the excited-state singlet energy surface would
quire the handling of a two-determinantal wave functio
which is beyond the scope of simple density-functional th
ries ~see, however, Ref. 7!. For comparison, we have als
performed excited-state calculations on the ‘‘mixed’’ ener
surface given byuM &5u↑ ↓&. It can be shown that for a
given atomic configuration, the energy differenceEM2ET is
half of singlet-triplet splittingES2ET ~see Ref. 7!.

We consider here nearly spherical Si nanocrystals c
tered on a Si atom, having theTd point-group symmetry in
the ground-state geometry. The initial atomic configurat
~before atomic relaxations! is obtained by cutting out a
sphere from a bulk Si crystal. The Si-Si bond length is tak
as the bulk LSD bond length~2.33 Å!. The surface atoms
having three dangling bonds are removed, while the rem
ing surface dangling bonds are passivated by H atoms.
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nanocrystals considered here range in size from 29 Si at
~10.3 Å diameter! to 275 Si atoms~21.7 Å diameter!.

The calculation of the Franck-Condon shift requires fo
steps.

~i! First, the ground-state atomic configuration is obtain
by minimizing the total energy of the nanocrystal with r
spect to the atomic positions, as dictated by quantu
mechanical forces. This step gives the ground-state total
ergy EGS(RGS).

~ii ! Then we excite an electron-hole pair in the triplet sta
and calculate the excited-state energy in the ground-state
ometry:ET(RGS).

~iii ! Next, we relax the atomic positions on the tripl
excited-state energy surface, thus obtaining the excited-s
total energy in the excited-state~XS! atomic configuration:
ET(RXS).

~iv! Finally, we calculate the ground-state total energy
the excited-state geometryEGS(RXS).

The Franck-Condon shiftDEFC is then given by

DEFC5@ET~RGS!2EGS~RGS!#2@ET~RXS!2EGS~RXS!#.
~1!

DEFC can be further decomposed into an excited-state c
tribution DEXS5ET(RGS)2ET(RXS) and a ground-state
contribution DEGS5EGS(RXS)2EGS(RGS) ~see Fig. 1!.
Note thatDEXS and DEGS are total-energy differences be
tween different atomic configurations of the same syste
Thus, we expect the accuracy of the calculated Fran
Condon shift to be comparable with the accuracy of cal
lated vibrational energies~a few % error in the case of bulk
Si!.

The results for Si nanocrystals are summarized in Tabl
Note that the ground-state contribution to the Franck-Con
shift DEGS is larger than the excited-state contributio
DEXS, particularly for the smaller nanocrystals. This diffe
ence reflects the reduced curvature and increased nonpa
licity of the excited-state energy surface compared to
ground-state energy surface. Martinet al.3 proposed a simple
model, based on the envelope-function approximation
empirical deformation potentials, to estimate the Fran
Condon shift in Si nanocrystal. They predicted that for
nanocrystal with an excitonic gap of 2.3 eV~approximately
corresponding to the largest nanocrystal considered here! the
Franck-Condon shift would range from 9 to 21 meV, depen
ing on the parameters of the model. Using a similar co
3-2
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tinuum model, Takagahara and Takeda4 obtained a Stokes
shift of ;7 meV for a nanocrystal of similar size. The a
proximations underlying these model calculations, nam
the effective-mass approximation and elasticity theory,
expected to break down in the limit of small nanocrysta
where the electron wave functions extend over a few in
atomic distances. Ourab initio calculations show that thes
models significantly underestimate the Franck-Condon s
of small Si quantum dots.

The calculated Franck-Condon shift is very large in t
small Si29 H36 cluster, where the distortions due to the ele
tronic excitation are large. Figure 2~a! shows the Si-Si bond
length distributionn(L) of this cluster, both in the ground
state geometry and in the relaxed excited-state~triplet!
geometry. We see thatn(L) is similar in the ground state an
in the excited state, except for a single Si-Si bond in
interior of the nanocrystal that is stretched by about 15%
the excited-state geometry. The HOMO and LUMO wa
functions in the excited-state geometry are strongly locali
around the stretched Si-Si bond, as shown in the inset
Fig. 2~a!, and the corresponding energy levels are well ins
the band gap of the Si nanocrystal, thus producing the la
Franck-Condon shift of 2.9 eV. Using tight-binding tota
energy calculations, Allan, Deleure, and Lannoo8 predicted
that in small hydrogen-passivated Si nanocrystals, excit
can become self-trapped in~meta!stable states localized a
the surface. Ourab initio calculations show that excited-sta

FIG. 2. Bond-length distribution in the ground-state geome
~dashed lines! and in the triplet excited-state geometry~solid lines!
for the Si29H36 nanocrystal and the Si87H76 nanocrystal. The insets
show the electron and hole single-particle wave functions in
excited-state configuration. The arrows denote the calculated
Si-Si bondlength.
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relaxations lead to the spontaneous formation of a stretc
bond in the interior of the nanocrystal and therefore, th
Franck-Condon shift should depend weakly on the type
surface passivation. Hirao9 calculated the Stokes shift o
Si29H36 nanocrystals, finding a value of 0.22 eV, over
order of magnitude smaller than our result. This differen
may be due to the lower energy cutoff used in the pla
wave expansion of Ref. 9.

Figure 2~b! shows the bond-length distribution of th
Si87H76 nanocrystal. The distribution is centered around
bulk Si-Si bond length, with very little differences betwee
the ground state and the excited state. In fact, we find that
Franck-Condon shift in this nanocrystal~and in larger nanoc-
rystals! is due to a change in the overall shape of the na
crystal, from spherical to ellipsoidal, upon electronic exci
tion. This change of shape leads to a splitting of the state
the top of the valence band~which are degenerate in the Td
representation! and thus, to the Franck-Condon shift. Th
insets in Fig. 2~b! show that the electron and hole wav
functions in the excited-state configuration are delocaliz
over the entire nanocrystal.

As shown in Fig. 1, the exchange contribution to t
Stokes shift is given~at low temperatures! by the singlet-
triplet splittingDEST evaluated at the ground-state geome
RGS. We therefore calculate the exchange contribution a

DEST52@EM~RGS!2ET~RGS!#. ~2!

The results are shown in the last column of Table I. We fi
that the electron-hole exchange splitting is significan
smaller than the Franck-Condon shift, even for the larg
nanocrystal considered here. Spin-orbit coupling, wh
leads to a mixing of the triplet and singlet states, is smal
Si, so it was not included in our calculations. Semiempiri
pseudopotential calculations10 have shown that the effect o
spin-orbit coupling is to reduce the electron-hole exchan
splitting. The singlet-triplet splitting of Si nanocrystals ha
been calculated in the past using the effective-m
approximation,4 the tight-binding approximation,3 and the
empirical pseudopotential method.11 Our ab initio calcula-
tions are in good agreement with these calculations. For
stance, for a Si nanocrystal with a predicted band gap of
eV, we find DEST58 meV ~see Table I!. For nanocrystals
with the same band gap, Martinet al.3 reported exchange
splittings ranging from 6 to 12 meV, depending on the sha
of the nanocrystal. Takagahara and Takeda4 and Reboredo,
Franceschetti, and Zunger11 found an exchange splitting o
;15 meV for spherical nanocrystals with a 2.4 eV band g

The Stokes shift of Si nanocrystals has been measu
using both optical and thermal methods.12–14Using selective
laser excitation, Calcottet al.12 and Kovalevet al.13 mea-
sured the redshift of the photoluminescence onset of
nanocrystals with respect to the excitation energy. For
ample, for an excitation energy of 2.41 eV, Calcottet al.12

reported a redshift of 23 meV. Similarly, Kovalevet al.13

measured a redshift of 12 meV for an excitation energy
2.1 eV. The photoluminescence onset was attributed to z
phonon emission, and the observed redshift was assig
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entirely to the electron-hole exchange splitting. The reds
was found to increase dramatically as the emission ene
increases~or, alternatively, as the size of the nanocryst
decreases!, as shown in Fig. 20 of Ref. 13.

Following the experimental work of Calcottet al.,12 sev-
eral semiempirical calculations of the electron-hole excha
splitting in Si nanocrystals have been reported in
literature,3,4,11 showing that the predicted exchange splitti
is consistently smaller than the measured redshift. The
ference can be as large as 50% in small Si nanocrystals.
discrepancy was attributed3,4 to the Franck-Condon shift
Model calculations based on elasticity theory4 indeed sug-
gested that the Franck-Condon shift may account for the
ference between the experimentally observed redshift and
calculated exchange splitting.

Based on our first-principles calculations, we note the f
lowing points:

~i! We confirm that the exchange splitting is smaller th
the measured redshift. For example, for a 22 Å Si nanoc
tal ~with an estimated excitation energy of;2.4 eV) we find
an exchange splitting of only 8 meV~see Table I!. This value
should be compared with the 23 meV redshift observed in
nanocrystals excited with a 2.4 eV laser light.12

~ii ! The photoluminescenceonset originates from zero-
phonon emission, as pointed out in Ref. 12. Thus, the
evant Franck-Condon shift isDEXS ~see Fig. 1!. For a 22-Å-
diameter Si nanocrystal we findDEXS.30 meV ~see Table
of
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I!, which is somewhat larger than the measured red shif
23 meV.13

~iii ! In the experiments of Refs. 12,13, a relatively lar
ensemble of nanocrystals are excited~namely, all the nanoc-
rystals with an absorption feature at the excitation wa
length!, but only a small set of nanocrystals contribute to t
photoluminescence onset. Thus, the observed redshift is
minimum value of the redshift for the set of optically excite
nanocrystals, as noted in Ref. 13. As a result, the meas
redshift represents a lower bound for the red shift
hydrogen-passivated, nearly spherical Si nanocrystals, s
as those considered in this work.

In conclusion, we have shown by excited-state dens
functional calculations that the Franck-Condon shift in sm
Si nanocrystals is larger than previously thought. We ha
found that in subnanometer clusters, the Franck-Condon s
originates from the stretching of a Si-Si bond, while in larg
nanocrystals it is due to a change in the overall shape of
nanocrystal upon electron-hole excitation.
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