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Theory of morphotropic transformations in vanadium oxides
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A theory of the morphotropic transformations occurring between stoichiometric phases in the vanadium-
oxide system is proposed. The interconnections between the different structures are shown to result from
definite symmetry-breaking mechanisms from a common parent structure. The homologous series VnO2n21

and VnO2n11 are interpreted as sequences of lock-in commensurate phases. Identification of the order-
parameter symmetries provides us with the form of the thermodynamic functions which allow for construction
of the theoretical phase diagrams in which the different phases are inserted. The general procedure allowing for
the description of morphotropic transformations is outlined.
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I. INTRODUCTION

A morphotropic transformation can be characterized1,2 as
the structural change occurring between two adjacent ho
geneous phases having different stoichiometries due to
variation in composition. Such transformations generally d
play a highly reconstructive mechanism and can be foun
all multicomponent systems, the phase diagrams of wh
contain a series of stoichiometric phases separated by
biphasic regions of coexistence, in which the content
neighboring phases varies continuously with concentrat
Attempts have been made to describe theoretically orde
solid solutions by expressing their structures in terms
static concentration waves,3 combined with energy calcula
tions based on the Ising model.4 However, to our knowledge
there exists no general theoretical framework that allows
to relate between them the entire set of stoichiometric pha
for a given multicomponent system, including their mutu
transformation mechanisms. In this work we show tha
unifying description of the morphotropic transformatio
taking place in a given system can be performed by con
ering the symmetry-breaking mechanisms giving rise to
observed ordered structures. This description provides
with an insight into the structural mechanism underlying
transformations and allows us to construct the phase diag
in which the stoichiometric phases are inserted.

In Sec. II our approach is illustrated in the case of t
vanadium-oxide system VOx(1<x<2.5), the phase diagram
of which contains not less than 16 homogeneous structu
We then discuss the general procedure which allows u
describe morphotropic transformations which is based on
Landau concepts and their extensions to incommensurate
reconstructive phase transitions~Sec. III!.

II. THEORY OF THE VO X PHASE DIAGRAM

A. The Magnéli phases

Figure 1 reproduces the experimental phase diagram
the V-O system. Its central part (V2O3-VO2) contains seven
homogeneous phases: VO2, V2O3 and the five intermediate
Magnéli phases5 corresponding to the homologous seri
VnO2n21 with 3<n<7. Let us first describe the connection
0163-1829/2003/68~2!/024109~7!/$20.00 68 0241
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between the rutile-type structure, denoted by VO2(R), of
VO2 and the structure of the Magne´li phases in which we
include the V8O15 and V9O17 compositions.6,7 Table I gives
the relationship between the basic vectorst1 , t2, and t3 of
the triclinic unit cells of the VnO2n21 structures and the basi
vectorsa, b, and c of the tetragonal unit cell of VO2(R),
according to the description given by Katzke and Schlo¨gl.8

One can see that for 4<n<9, one has

t15a2c, t25b2a2c, t35 1
2 ~2n21!~b2c!, ~1!

whereas forn 5 3, thet1 translation is doubled. Therefore,
V is the unit-cell volume of VO2(R), the unit cell of the nth
member of the homologous series is@(2n21)/2#V for 4
<n<9 and (2n21)V for n53, as indicated in column 3 o
Table I. Column 4 of the table lists the Wyckoff position
occupied by the atoms in each structure.

From Eq.~1!, one can deduce the critical wave vectorskn
of the primitive tetragonal Brillouin zone associated with t
transformations from VO2(R) to the VnO2n21 structures.
For 4<n<9 one finds kn5@4/(2n21)#k1 with k1
5(p/a,2p/a,p/c), while for n53, k35 4

5 k2 with k2
5(p/a,p/2a,p/c). Accordingly, as summarized in Fig. 2~a!,
the Magne´li phases can be interpreted as a sequence of l
symmetry structures, induced from the parent VO2(R) struc-
ture by successive first-order lock-in transitions with t

fractional lock-in vectors 4
17 k1 (V9O17),

4
15 k1 (V8O15),

4
13 k1 (V7O13),

4
11 k1 (V6O11),

4
9 k1 (V5O9), 4

7 k1 (V4O7),
and 4

5 k2 (V3O5). This is consistent with the descriptio
given by Hirotsuet al.9 of the Magne´li phases in terms of
long period modulated structures, where one oxygen laye
removed at everynth V layer in the direction perpendicular t
the ~211! plane of VO2(R). As n becomes large the differ
ence in the thermodynamic stability among the phases w
closer n becomes small, creating the condition for a ‘‘m
crosyntactic’’ intergrowth,10 meaning that two neighboring
structures intergrow in narrow bands, down to a few u
cells, with a mixing of their periods, and the lock-in stru
tures result from an accumulation of lattice defects.

Since thekn and k3 critical wave vectors are located i
general positions inside the tetragonal Brillouin zone,
irreducible representations~IR’s! inducing theP42 /mnm→
©2003 The American Physical Society09-1
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atoms over the six preceding positions, whereas the six-

H. KATZKE, P. TOLÉDANO, AND W. DEPMEIER PHYSICAL REVIEW B68, 024109 ~2003!
P1̄ symmetry changes are 16 dimensional. This dimensio
determined by the number of branches of the starskn* andk3*
~16! and by the order~1! of the invariance group of one
branch, which isC1. A Landau symmetry analysis show
that the triclinic symmetry is obtained for the equilibriu
valuesh5h15h2Þ0,h35•••5h1650 of the correspond-
ing order-parameter components, whereh1 and h2 express
the ordering plus shifting mechanisms,8 transforming the
VO2 structure into the structure of the Magne´li phases. The
order-parameter expansion contains even degree invar
truncated at the degree 2m with m>3 and one odd-degre
invariant of power 2n21 with 4<n<9. Consequently, the
effective order-parameter expansion associated with
VO2(R)→VnO2n21 transformation reads

FIG. 1. Experimental phase diagram of the VOx system (1<x
<2.5) from Refs. 17,18, and 30.
02410
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F~T,x,h!5F0~T,x!1
a1

2
h21

a2

4
h41•••1

a2m

2m
h2m

1
dn

2n21
h2n21, ~2!

where the odddn invariants play the role of the lock-in term
favoring the transformation to the lock-in commensura
structures.11 Figure 2~b! shows the theoretical phase diagra
in the (a1 ,dn) plane, as deduced from the minimization ofF
with respect toh, when assuming thata1 depends linearly
on temperatureT and concentrationx, whereasdn is linearly
dependent on thex variable. Although the sequential order o
the Magne´li phases is verified in this phase diagram, t
property that VO2(R) merges at a triple point with all pair
of neighboring Magne´li phases is inconsistent with the topo
ogy of the experimental phase diagram of Fig. 1. It sugge
that a higher-symmetry parent structure, from which VO2(R)
derives, has to be considered, with VO2(R) representing the
limit lock-in structure for largen in the VnO2n21 series.

In the rutile-type structure of VO2(R), as well as in the
homologous series VnO2n21, the oxygen atoms form a dis
torted hexagonal-close-packed array,12,13 whereas in the
corundum-type structure of V2O3, they form an almost idea
hexagonal close packing.14 It yields to take as a parent struc
ture for VO2(R) and V2O3 their maximal common substruc
ture which, as shown in Fig. 3~a!, consists of a bilayer (AB)
hexagonal-close-packing structure. In this bilayer struct
of symmetryP63 /mcm, denoted hereafter as theL structure,
the V atoms are disordered over six (2b) and (4d) positions.
The formation of the bilayer VO2(R) structure from theL
structure results from a fractional occupancyx5 1

2 of three V
ce
TABLE I. Crystallographic features of the V-O compounds described in the present work.

Oxide Basic lattice vectors Unit cell volume Wyckoff positions Referen

VO2(R) a,b,c V V(2a),O(4f) 12
V9O17 t15a–c, t25b-a-c, t35

17
2 (b-c) 17

2 V V1-V8~2i!,V9~1b!,V10~1g!, O1-O17~2i! 7
V8O15 t15a–c, t25b-a-c, t35

15
2 (b-c) 15

2 V V1-V8~2i!,O1-O15~2i! 6
V7O13 t15a–c, t25b-a-c, t35

13
2 (b-c) 13

2 V V1-V6~2i!, V7~1b!,V8~1g!,O1-O13~2i! 13
V6O11 t15a–c, t25b-a-c, t35

11
2 (b-c) 11

2 V V1-V6~2i!,O1-O11~2i! 13
V5O9 t15a–c, t25b-a-c, t35

9
2 (b-c) 9

2 V V1-V4~2i!, V5~1b!,V6~1g!,O1-O9~2i! 27
V4O7 t15a–c, t25b-a-c, t35

7
2 (b-c) 7

2 V V1-V4~2i!,O1-O7~2i! 28
V3O5 t152(a-c), t25b-a-c, t35

5
2 (b-c) 5V V1-V4~2i!,V5~1b!,V6~1f!,V7~1g!,V8~1h!, O1-O10~2i! 29

L aL ,bL ,cL VL V1~2b!,V2~4d!,O~6g!

VO2(R) bL ,cL , 1
3 (2aL1bL) 2

3 VL V~2a!,O~4f! 12
V2O3 aL ,bL ,3cL 3VL V~12c!,O~18e! 14
VOx ac ,bc ,cc Vc V~4a!,O~4b! 17
0.87<x<1.11
VO1.24 2(ac1bc),2(bc-ac),2cc 16Vc V1~4a!,V2-V3~16f!,V4~16g!,

V5~16h!,O1-O2~16h!,O3~32i!
18

V2O5 3ac ,bc ,cc 3Vc V1~4f!,O1-O2~4f!,O3~2a! 21
V3O7 6ac ,bc ,5cc 30Vc V1~4e!,V2-V5~8f!,O1~4e!,O2-O11~8f! 23
V6O13 3ac ,bc ,3cc 9Vc V1-V3~4i!,O1-O6~4i!,O7~2b! 22
VO2(B) 3ac ,bc ,2cc 6Vc V1-V2~4i!,O1-O4~4i! 19
9-2
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THEORY OF MORPHOTROPIC TRANSFORMATIONS IN . . . PHYSICAL REVIEW B68, 024109 ~2003!
layered V2O3 close-packed structure is obtained for an oc
pancyx5 2

3 of four V atoms. Figure 3~b! summarizes the L
→ VO2(R) andL→V2O3 transformation mechanisms. On
can see that both mechanisms are associated with a bre
of the hexagonal translational symmetry, with a doubling
the lattice parameter in the@100# hexagonal direction for
VO2(R), and a tripling of thec-hexagonal lattice paramete
for V2O3. A ferroelastic monoclinic deformation, involvin
the spontaneous strain components (exx2eyy) andexy is also
required for the formation of VO2(R), whereas a
ferrobielastic15 rhombohedral deformation of theL structure
is necessary for obtaining V2O3. Atomic shifts bring the V
and O atoms in their specific rutile-type and corundum-ty
positions.

Figure 3~b! indicates the critical wave vectors and orde
parameter symmetries involved in the formation of VO2(R)
and V2O3. Taking into account only the primary translation
symmetry-breaking order parameters,16 respectively, denoted
asz andj, yields the Landau free energy:

F~T,x,z,j!5F0~T,x!1
a1

2
z21

b1

4
z41

g1

6
z61

a2

2
j2

1
b2

4
j41

g2

6
j61

d

2
z2j2. ~3!

FIG. 2. ~a! Structural connections between the Magne´li phases
and the VO2(R) phase.~b! Theoretical phase diagram associat
with the free energy defined by Eq.~2!.
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Figure 3~c! shows the phase diagram associated withF in the
(a1 ,a2) plane, obtained by a minimization ofF with respect
to z and j and assumingd.0, b1,0, b2,0, andb1b2
2d2.0. In addition to the VO2(R) (zÞ0,j50) and V2O3
(z50,jÞ0) phases, an intermediate phase is stabilized
zÞ0,jÞ0, which possesses the triclinicP1̄ symmetry of the
Magnéli phases.

B. The VnO2n¿1 series

The preceding description concerns the structures wh
have been disclosed between VO2 and V2O3, i.e., corre-

FIG. 3. ~a! Maximal common substructureof VO2(R) and V2O3

(L structure!. ~b! Symmetry breaking mechanisms leading to t
VO2(R) and V2O3 structures from theL structure.~c! Theoretical
phase diagram corresponding to the free energy expressed by
~3!. Vanadium atoms are represented by smaller gray circles
oxygen atoms by larger black circles. Comments on the figures
given in the text.
9-3
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H. KATZKE, P. TOLÉDANO, AND W. DEPMEIER PHYSICAL REVIEW B68, 024109 ~2003!
sponding to 2>x>1.5 in VOx . For x,1.5 two additional
structures have been identified: a face-centered-c
structure17 (Fm3̄m, Z54) for 1.00<x<1.17 and a tetrago
nal structure18 (I41 /amd, Z51) for 1.24<x<1.33. In both
structures, shown in Fig. 4~a!, the oxygen atoms are cubic
close-packed and the cubic-to-tetragonal transforma
mechanism corresponds to an ordering of the vanadium
oms from 4(a) fcc positions to the interstitial position
16(h), 16(f ), and 16(g) as indicated in Table I. The rela
tionship between the basic vectors of the tetragonal (at ,bt ,
ct) and cubic (ac ,bc ,cc) unit cells is

at52~ac1bc!, bt52~bc2ac!, ct52cc . ~4!

It corresponds to the critical wave vectork5(0,p/a,p/a)
located inside the fcc Brillouin zone. One can verify that t
I41 /amd space-group symmetry with a 32-fold multiplica
tion of the Fm3̄m primitive cell is induced by a 12-
dimensional IR of theFm3̄m group.

The fcc structure of VOx(x>1) can be used as a pare
structure for the VnO2n11 structures, withn52, 3, 6, located
on the right-hand side of the phase diagram of Fig. 1, an
the metastable VO2(B) ~Ref. 19! form of VO2, obtained by
reduction of V2O5. Following the suggestion given by Hyd
and Andersson,20 V2O5, V3O7, V6O13, and VO2(B) can be
considered as oxygen deficient fcc structures, which are
duced from the cubic structure by introducing different o
dered vacancies in the oxygen close-packing array.
atomic positions in each VnO2n11 phase are given in Table I
If xV and xO are the respective concentrations of vanadi
and oxygen, the threefold orthorhombic structu
(Pmmn,Z52) of V2O5 ~Ref. 21! corresponds toxV5 1

3 ,
xO5 5

6 , the ninefold V6O13 structure (C2/m,Z52) ~Ref. 22!
is obtained forxV5 1

3 , xO5 13
18 , and the 30-fold idiosyncratic

structure of V3O7 (C2/c, Z512) ~Ref. 23! is stabilized for
xV50.3, xO50.7. In the sixfold monoclinic structure o
VO2(B)(C2/m,Z58) ~Ref. 19!, xV5 1

3 and xO5 2
3 . Figure

4~b! represents the structures of the homologous se
VnO2n11 for n 5 2, 3, 6, the structure of VO2(B), and the
connections with the fcc structure of VO. It has to be no
that the monoclinic V6O13 and VO2(B) structures involve a
collapse of the fcc layers along thec cubic axis, since the
ordering mechanism leaves one out of six layers filled
vacancies in V6O13 and one out of four vacant fcc layers
VO2(B). This collapsing induces the observed monoclin
shear deformation.

The breaking of translational symmetry with respect
the fcc structure corresponds for V2O5, V6O13, and VO2(B)
to critical wave vectors located in the same directionk
5(2p/3a,0,kz) inside the fcc Brillouin zone, withkz50,
kz52p/3a, andkz5p/a. For V3O7 the critical wave-vector
is k5(2p/6a,0,2p/5a). Accordingly, a lock-in mechanism
analogous to the one proposed for the VnO2n21 series, can
be assumed for the VnO2n11 series, VO2(B) playing the role
of the limit lock-in structure. The onset of the VnO2n11
lock-in phases can be related to the successive fracti
concentrations of vacancies in the oxygen packing:
02410
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2xO)51
6 (V2O5), 5

18 (V6O13), 0.3(V3O7), and 1
3 „VO2(B)….

Figure 5~a! shows the linear dependence of (12xO) in the
function of the V valence, which is well verified except fo
V3O7. A determination of the still unknown structure o
V4O9,24 for which a V2O5 related structural model with or
dered oxygen vacancies and orthorhombic symmetry
been proposed,25 should provide a further test for the lock-i
nature of the VnO2n11 phases.

Denotingh15r cosQ andh25r sinQ the nonzero equi-
librium values of the order-parameter components associ
with the fcc→@VnO2n11 or VO2(B)] transition,26 one gets
the effective Landau free energy

F~T,x,r,Q!5F0~T,x!1
a1

2
r21•••1

amr2m

2m

1
dP

P
rPcosPQ, ~5!

where thedP invariants ~with P>3) play the role of the
lock-in terms. Figure 5~b! shows the phase diagram resultin
from the minimization ofF with respect tor and Q in the
(a1 ,dP) plane. It displays the V2O5-V6O13-VO2(B) phase
sequence with the same sequential order as in Fig. 1.

FIG. 4. ~a! Face-centered-cubic structure of VO and the tetr
onal structure of VOx(1.24<x<1.33). ~b! Symmetry-breaking
mechanisms leading to the structures of the VnO2n11 series (n
52,3,6) and VO2(B) from the cubic VO structure. Vanadium a
oms are represented by smaller gray circles and oxygen atom
larger black circles.
9-4
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THEORY OF MORPHOTROPIC TRANSFORMATIONS IN . . . PHYSICAL REVIEW B68, 024109 ~2003!
C. The parent structure in the V-O system

The fcc parent structure assumed for the VnO2n11 series
and VO2(B) corresponds to three stacked hexagonal-(ABC)
close-packed layers. It therefore has a simple relations
with the (AB) bilayerL structure used as the parent structu
for the VnO2n21 series and VO2(R). Figure 6 shows that the
maximal substructure common to the fcc andL structures is
composed by a monolayer structure of symmetryP6/mmm,
in which the atoms are randomly distributed over the V p
sitions 1(a) and 2(c) and O positions 1(b) and 2(d). The
stacking of such hexagonal monolayers in which one o
three positions are randomly occupied constitutes astatisti-
cally disordered polytype structure, from which theL and fcc
structures can be deduced by the following ordering mec
nisms, represented in Fig. 6 :~1! The P6/mmm (Z51)
→P63 /mcm (Z56) bilayer ordering yields the V atoms a
positions 2(b) and 4(a), whereas the O atoms are at po
tion 6(g). The corresponding sixfold multiplication of th
unit cell is induced by a two-dimensional IR at theH point
@k5(4p/3a,0,p/c)# of the hexagonal Brillouin zone.~2!

The P6/mmm→Fm3̄m cell-quadrupling mechanism yield
an occupancy of V and O atoms, respectively at the positi

FIG. 5. ~a! Dependence of the fractional concentrations of v
cancies in the oxygen packing as a function of the V valence.~b!
Corresponding theoretical phase diagram which includes
V7O15, V5O11, and V4O9 phases predicted theoretically.
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4(a) and 4(b). It is associated with a four-dimensional IR
@k5(4p/3a,0,2p/3c)# which gives rise to the rhombohedra
symmetryR3̄m, identifying to the fcc rhombohedron whe
the angles between the lattice vectors are 60°.

The existence of a parent disordered polytype structu
assumed in our approach, for all the structures found in
V-O system has a number of implications. In particular, the
structures should beintrinsically faulted. There are two dif-
ferent origins for the stacking faults :~1! one type of stacking
faults is symmetry induced and independent of the temp
ture. It results from the existence of antiphase domains~de-
formation stacking faults31! which occur at the monolaye
~hexagonal polytype! → bilayer (L structure! transition as
well as in the disordered polytype→ fcc transition. This
latter transition should also produce orientational doma
~twinning stacking faults31! transforming into one another b
the lost sixfold rotations.~2! Another type of temperature
dependent defects originates in the ordering mechanism
sumed for the formation of structures derived from theL and
fcc structures. In the disordered polytype phase each cl
packed layer corresponds to a stacking fault. The orde
process can be characterized by the numberD51
2(Nd /N), whereN is the total number of layers andNd is
the number of stacking faults. One hasD50 in the disor-
dered polytype parent structure andD51 in an ideal ordered
structure. Intermediate states correspond to 0,D,1. The
value ofD at a given temperature and pressure is determi
by the number of defects. In the ordered structures
asymptotic value ofD will reflect the symmetry-induced
type of stacking faults, whereas in the disordered structu
D accounts as well for the temperature-dependent defec

From the preceding consideration one can infer a qua
tive picture for the segregation process leading to the form
tion of the ordered V-O structures, inspiring ourselves fro
the ordering mechanism recently proposed for the clo
packed structures of cobalt34. Below the melt, the structure
are partially ordered (0,D,1) and formed by ordered re
gions surrounded by disordered sequences of close-pa
polytypes. On cooling, the fraction of disordered sequen
of layers reduce and the intrinsically faulted ordered regio
tend to coalesce. This picture provides a justification and

-

e

FIG. 6. Connections between the VO andL structures with the
parent disordered polytype unit cell structure. Vanadium atoms
represented by smaller gray circles and oxygen atoms by la
black circles.
9-5
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H. KATZKE, P. TOLÉDANO, AND W. DEPMEIER PHYSICAL REVIEW B68, 024109 ~2003!
interpretation of the hexagonal disordered polytype struc
which has been assumed from symmetry considerations t
the parent structure in the V-O system.

III. SUMMARY AND DISCUSSION

In summary, a phenomenological approach has been
posed for describing the transformation mechanisms ass
ated with the stoichiometric phases found in the vanadiu
oxide system. The homologous series VnO2n21 and
VnO2n11 structures have been interpreted as sequence
lock-in phases, the VO2(R) and VO2(B) being the limit
lock-in structures for the two series. The interconnectio
between the different structures have been shown to re
from definite symmetry-breaking mechanisms from a co
mon parent structure. Identification of the correspond
order-parameter symmetries has allowed for construction
thermodynamic potentials associated with the differ
classes of structures involved in the experimental phase
gram, and to deduce the partial theoretical phase diagram
each structural class. Our proposed approach differs es
tially from the concentration-wave approach3 used for de-
scribing the homogeneous structures of solid solutions
this respect, the theoretical model of the Magne´li phases pro-
posed by Pokrovskii and Khachaturyan4 assumes a commo
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