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Influence of the nonresonant processes in the dynamics of the image-potential states
of Cu„100… and Ag„100…

Y. J. Dappe and A. A. Villaeys
Institut de Physique et Chimie des Mate´riaux de Strasbourg, 23 rue du Loess, 67037 Strasbourg Cedex, France

~Received 12 February 2003; published 20 June 2003!

We will concentrate on the peculiar role played by the nonresonant processes resulting from the existence of
an initial distribution of bulk states on the two-photon photoemission spectroscopy of Cu~100! and Ag~100!
surfaces. In contrast to previous studies on the Cu~111! surface where the process is initiated from an intrinsic
surface state, here the transitions occur between the initially occupied bulk band states located below the
energetic gap and the image-potential states because there is no intrinsic surface state for this type of surface
orientation. We will show that the initial distribution of bulk states plays an important role in the evolution of
the image-potential states and cannot be reduced to a single state as previously described. The resulting
nonresonant processes can strongly affect the magnitude of the resonance structure of the photoemission
spectrum with respect to the predictions obtained on the basis of the sole resonant process.

DOI: 10.1103/PhysRevB.67.235415 PACS number~s!: 73.20.2r, 79.60.Bm, 78.47.1p
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I. INTRODUCTION

Image-potential states are now well-established as st
where the surface electron is trapped due to the Coulom
interaction with its image charge located in the metal.1 Be-
cause these states are generally unoccupied, their experi
tal detection and identification have been realized fi
through inverse photoemission spectroscopy.2–4 Then, the
observation of low-lying image-potential states was carr
out these last decades for different metal surfaces.5 The de-
scription of the surface electron moving freely parallel to t
surface and trapped perpendicular to the surface has
conveniently given in terms of plane waves along the unc
rugated surface times hydrogenics wave functions along the
normal to the surface. There has been strong emphasis o
determination of the image-potential state lifetimes acc
sible by two-photon photoemission spectroscopy,6–8 and the
influence of adsorbate layers of rare gases deposited on
bulk has been studied.9–11 In addition, some general rule
based on the experimental observations give a quantita
relation tn}pn

21 between the lifetimetn of the image-
potential state and its penetration factorpn corresponding to
the modulus squared of the surface wave function restric
to its z dependence and integrated over the bulk.12

While these observations were first performed by tak
advantage of the energy resolution, the high time resolu
attainable today with femtosecond lasers in two-photon p
toemission~2PPE! spectroscopy offers the opportunity
follow in real time ultrafast dynamics occurring amon
image-potential states, intrinsic surface states or bulk sta
and photoemitted electron states.7,9,13,14 The first measure-
ment on the determination of the 2PPE spectra was car
out on Ag~100! and Ag~111! using uv-pump–ir-probe de
layed pulses and showed the emergence of the second im
potential state during the rapid decay of the first one.15,16The
experimental determination of the cross-correlation cur
n51 andn50 performed on the Cu~111! surface by time-
resolved 2PPE spectroscopy has attracted much attentio9,13

The origin of the process underlying then51 cross-
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correlation curve as resulting from a simple sequential po
lation process initiated from the intrinsic surface sta
through the intermediate image-potential state was well
derstood. However, the case of the cross-correlation cu
n50 was a subject of controversy. It is now clear that
results from a purely coherent process where a populatio
extracted photoelectrons is created through coheren
among the initial intrinsic surface state, the intermedi
image-potential state, and the final photoelectron state. T
interpretation is confirmed by the location of the energy
the surface electron resonances corresponding ton50 and
n51.17,18Of course, not all the metallic surfaces have intri
sic surface states participating in the photoemission proc
such as Cu~111!. This is particularly true for the~100! sur-
face of copper and silver studied recently by Shumayet al.,7

where the time-resolved two-photon photoemission proc
is initiated from the bulk band states. Starting from a sup
cell geometry, Klamroth, Saalfrank, and Ho¨fer19 have used a
mapped Fourier-grid Hamiltonian method to simulate su
an experiment by introducing the local effective one-elect
potential of Chulkov, Silkin, and Echenique20 using a multi-
state open-system density matrix approach. They gave a
scription of the pump-probe process including energy a
phase relaxation that enables evaluation of the energy-
time-resolved 2PPE signal. This work is based on a gen
ab initio type of approach to avoid the introduction of an
idealized scaling law about energies and lifetimes of
image-potential states. By solving the eigenvalue probl
numerically and the dynamics of a multistate open-den
matrix model including continua of initial and final state
Chulkov, Silkin, and Echenique simulate the time-resolv
2PPE spectra. Although the method is quite powerful a
enables the evaluation of the image-potential states upn
515, the numerical predictions compared to the experim
tal 2PPE signal underestimate then51 resonance while
it overestimates then52, resonance as mentioned by th
authors.

It is the goal of this work to show that a similar difficult
can be encountered in evaluating analytically the 2PPE s
©2003 The American Physical Society15-1
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FIG. 1. On the left-hand side of the figure, w
represent the electronic structure of Cu~100! and
Ag~100! surfaces, involving bulk band state
image-potential states, as well as the continuu
of photoemitted electron states. On the right-ha
side, the sequential population process leading
the extraction of the photoemitted electro
through the intermediate image potential staten
5 i is illustrated.
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tra of the image-potential states when the sole resonant
tributions are retained. Of course, because the initial and
final state distributions pertain to two continua, we are
ways faced with competition between resonant and nonr
nant contributions. For this reason, it can be tempting,
done in previous work, to reduce the dynamics to the s
states contributing to the resonant transitions. We will de
onstrate that such an oversimplified model would lead to
erroneous evaluation of the spectra due to the high sensit
of the 2PPE spectrum with the density of initial states
equivalently, to the nonresonant processes.

II. RESONANT APPROACH TO THE DYNAMICS
OF IMAGE-POTENTIAL STATES

2PPE spectroscopy is mainly described in terms of
sole resonant processes which usually gives the main co
butions to the signal intensity detected in these experime
Then, time-dependent or energy-dependent calculations
carried out to simulate the cross-correlation functions or
spectra of the photoemitted electrons. Basically, the desc
tion is done in terms of the dynamical equations obtain
from the Liouville equation of the density matrixr(t),

]r~ t !

]t
52

i

\
@H01V~ t !,r~ t !#2Gr~ t !, ~2.1!

of the surface system interacting with the pump and pr
pulsed fields described microscopically in the semiclass
approach, assuming the dipolar approximation. Therefore
interaction terms can be expressed as

V~ t !52 (
v5p,s

m•@E~Vv!e2 iVvt1c.c.#e2gr ut2 t̄ vu.

~2.2!

Here,m is the usual dipole moment operator that needs to
considered for the particular transition involved in the p
cess. It interacts with the electric field of the biexponen
laser pulse,t̄ v being the pumping or the probing time an
gv

21 the duration of the pump or the probe pulse, depend
on whetherv5p or s, respectively. The quantityE(Vv)
stands for the amplitude of the pulse at frequencyVv . No-
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tice that the analytical structure of the pulse shape adopte
the present work has negligible consequences on the phy
results due to time integration. For the problem at hand,
area and the width of the pulse are important. More reali
envelopes will be probably described by Gaussian sha
impeding an analytical treatment. However, the pulse du
tions must be much shorter than the dynamical times of
electronic system; otherwise they affect the dynamical e
lution and must be accounted for in the analysis of the
perimental results. This is the case we are dealing with in
present study, because the pump and probe pulse dura
are even longer than the lifetimes or dephasing times of
system. This is why the pulse shape enters in our descrip

Finally, relaxation and dephasing processes occurring
tween surface electron states or surface and bulk elec
states are accounted for by the damping Liouvillian opera
G. For our present purpose, the two surface systems of in
est are the Cu~100! and Ag~100! surfaces. These two metalli
surfaces share the fact that the two-photon photoemis
processes are initiated from an occupied bulk state below
energy level because there is no intrinsic surface state
these surfaces. The electronic structure associated with
surfaces can be schematically represented as shown on
1, where the sequential process responsible for the ph
emission is indicated. Therefore, the corresponding Ham
tonian driving the surface dynamics in these 2PPE exp
ments is usually restricted to a three-level system

H05Ebub&^bu1Ei u i &^ i u1Eeue&^eu, ~2.3!

where ub&, ui&, and ue& stand for the bulk state, the imag
potential state and the photoelectron state, respectiv
Therefore, the inelastic and elastic processes taking p
during the course of the experiments will be accounted
by dephasing constantsGbibi , total decay ratesG i i i i and
Gbbbb, transition rateGbbii , and the various pure dephasin
constantsGbi

(d) , Gbe
(d) , andG ie

(d) . All the other constants are
negligible and this is particularly true for the lifetime of th
photoelectron state. In addition, all these quantities are
lated by the expressionG i j i j 5 1

2 @G i i i i 1G j j j j #1G i j
(d) for the

dephasing constants and sum rules for the transition c
stants and total decay rates.
5-2
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We focus on then51, n52, andn53 resonances of the
image-potential states of the Cu~100! and Ag~100! surfaces.
Therefore the underlying dynamical process is clearly id
tified as a sequential population process.17 This process
arises due to the population created in the image-pote
state from the initial bulk state by the femtosecond pu
pulse and subsequently excited by the probe pulse to ex
electrons from the surface. Here, we have no intrinsic surf
state, and there is no observation of resonant structure in
electronic spectra resulting from a possible coherent con
bution. The photoemitted electron population created by
pulses from the bulk band states through the image-pote
state is evaluated for weak light beams by a fourth-or
perturbation expansion with respect toV(t). Therefore, the
formal expression for the population of photoemitted el
trons is given by

ree
~4!~ t !5

1

\4 (
m,n,p,q,r ,u

E
t0

t

dt4E
t0

t4
dt3E

t0

t3
dt2

3E
t0

t2
dt1Geeee~ t2t4!Leeur

V ~ t4!

3Gurur~ t42t3!Lurqp
V ~ t3!Gqpqp~ t32t2!

3Lqpnm
V ~ t2!Gnmnm~ t22t1!Lnmbb

V ~ t1!rbb~ t0!,

~2.4!

whererbb(t0)51 with the system completely relaxed at th
initial time t0 implying Gbbbb(t12t0)[1. The various con-
tributions are associated to the combinations of indi
shown in the following table:

m n p q r u

b i i i i e
b i i i e i
i b i i i e
i b i i e i

Here, the main difficulty lies on the analytical structure
the laser pulse envelopes, which has been overcome
previous study of pumped sum-frequency generation invo
ing five-wave mixing processes.21 Here, LV(t)5@V(t), # is
the interaction Liouvillian andG(t82t9)5exp@2(i/\)(L
2i\G)(t82t9)# stands for the free evolution Liouvillian. The
matrix elements are quite often expressed in terms of t
spectral decompositions obtained in the Liouvillian eige
state basis set. For our system, these states satisfy the e
value problem
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L2GG uaa&&5Eauaa&&, a51,2,3. ~2.5!

The evaluation ofGi ji j (t2t8) for the coherences is straigh
forward becauseG is diagonal in the Liouvillian subspace o
the coherences so that

Gi ji j ~ t2t8!5e2 iv i ĵ ~ t2t8!2G i j i ĵ ~ t2t8!, iÞ j . ~2.6!

However, the spectral decompositionGii j j (t2t8) for the
population is more intricate due to the presence of the tr
sition constants and requires the diagonalization of the z
order Liouvillian in the population subspace.21 In the particu-
lar case of our three-level system, we obtain

E150, E25Gbbbb1G i i i i , E350, ~2.7!

with the corresponding overlapings

^^eeu33&&^^33uee&&51,

^^ i i u11&&^^11u i i &&5^^bbu22&&^^22ubb&&

5Gbbbb/~Gbbbb1G i i i i !, ~2.8!

^^ i i u22&&^^22u i i &&5^^bbu11&&^^11ubb&&

5G i i i i /~Gbbbb1G i i i i !.

Therefore, the evolution of the population is given by

Gii j j ~ t2t8!5(
q

^^ i i uqq&&e2r q~ t2t8!^^qqu j j && ; ~ i , j !,

~2.9!

where, for our system,

Giiii ~ t2t8!5
1

Gbbbb1G i i i i
@Gbbbb1G i i i i e

2~Gbbbb1G i i i i !~ t2t8!#,

~2.10!
Geeee~ t2t8!51.

From the expressions of these matrix elements the dete
nation of the surface electron populationree

(4)(t) is readily
evaluated.

The five-wave mixing process quite generally reprodu
the two-photon photoemission process in which the extr
tion of a surface electron is substituted by the emission of
coherent signal. Here, in contrast, only two different probi
times t̄ p and t̄ s exist because the electronic population
dependent on the interaction of the sample with both
pump pulse and the probe pulse. Therefore, the evaluatio
the population of extracted electrons results from contri
tions of the different pathwaysh described previously having
the general form
E
t0

t E
t0

t4E
t0

t3E
t0

t2
dt4¯dt1eDht41Cht31Bht21Aht1e2gsut42 t̄ su2gsut32 t̄ su2gput22 t̄ pu2gput12 t̄ pu ~2.11!
5-3



te
co
n

te
cte
on
il-

x-

tly
F

tte
n

d

m

a
e

ag
e
co
ex

the
s in
in

data
face
o-

f. 7.
on-
g the
the

el-

g
the
aces
ll

the
m-

the
cu-
ous

an
Of
the
ted
all

oto-
en-
ill

sso-
s

tial
ge-
bu-
as

ed

s.

om
tia
pu
g
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and only the constants of pathways 1 and 2 will be evalua
because the others can be deduced by simple complex
jugation. Notice that if the argument of the exponential ca
cels, the limit has to be taken properly. Since we are in
ested in the determination of the number of electrons eje
from the surface at a given energy and in a given directi
we only require the probability at long times. This probab
ity is obtained as follows. The expression ofree

(4)(t) is ob-
tained by multiple time integration. We reject from this e
pression the exponential time-dependent terms that go
zero in the limit t→` because their arguments are stric
negative. Otherwise, their contributions must be retained.
nally, the number of electrons that have been photoemi
through the sequential process at long times is a functio
t̄ s2 t̄ p and corresponds to

N~ t̄ s2 t̄ p!5 lim
t→`

ree
~4!~ t !, ~2.12!

where the detailed expression is presented in the Appen
As an example, we simulate in Fig. 2, the 2PPE spectrum
the Cu~100! surface using the numerical values taken fro
the experiments performed by Shumayet al.7 The pump la-
ser beam has been chosen to be resonant with the bulk
image-potential state transition. The electronic 2PPE sp
trum exhibits three resonances associated with the im
potential statesn51, 2, and 3. While the location of th
energies of these resonances is correct, we observe a
plete inversion of their magnitudes with respect to the
perimental data, showing that the resonancen51 is smaller

FIG. 2. Variations of the 2PPE signal intensities obtained fr
our model by retaining the sole resonant contribution. The ini
bulk state is chosen to assume resonant condition between the
field frequency and the transition between bulk state and ima
potential state.
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than n52, and itself is smaller thann53. We will demon-
strate in the following that this discrepancy arises from
fact that we have rejected the nonresonant contribution
this preliminary description. This point will be considered
the next section.

III. INFLUENCE OF THE INITIAL BULK
STATE DISTRIBUTION

For the present purposes, a number of experimental
concerning both the laser pulses and the electronic sur
system are required. Since we are dealing with the tw
photon photoemission spectra performed by Shumayet al.,
the parameters of the excitation pulses are taken from Re
To perform the simulations emphasizing the role of the n
resonant process, the physical parameters characterizin
energy levels corresponding to the particular cases of
Cu~100! and Ag~100! surfaces are required. They are mod
ized by the general formula

En52
R

16~n1a!2 , ~3.1!

at ki50 and witha the quantum defect of the correspondin
surface andR the Rydberg constant. These energies fit
experimental measurements obtained from these surf
quite well.22 Also, the vacuum level energy is required. A
these data are given below.

To illustrate our purpose and stress the influence of
nonresonant contributions, we still need the coupling para
eters. For the sake of simplicity, we first assume that all
couplings are comparable. Later, we will discuss the parti
lar case of the surfaces of interest here. There is a continu
distribution of initial bulk states that, at least in principle, c
participate in the sequential photoemission process.
course, for a given pump laser beam frequency, besides
resonant contribution provided by the bulk state associa
with the resonant excitation of the image-potential state,
the other bulk states contribute nonresonantly to the ph
emission spectrum. While nonresonant contributions are g
erally quite small with respect to the resonant ones, we w
show in this section that the nonresonant contributions a
ciated with the continuous distribution of initial bulk state
modify substantially the spectrum of the image-poten
states obtained in a 2PPE experiment for the different ima
potential states. Taking into account the continuous distri
tion of initial bulk states, the cross-correlation function
well as the photoemission spectrum must now be summ
over the initial distribution and can be obtained from

N~ t̄ s2 t̄ p ,Ekin!5E dEbs~Eb!ree
~4!~ t→`!, ~3.2!

where s(Eb) represents the density of initial bulk state

l
mp
e-
5-4



l
e
d

f
d
-
s

ir
r-
l

INFLUENCE OF NONRESONANT PROCESSES IN THE . . . PHYSICAL REVIEW B 67, 235415 ~2003!
FIG. 3. We fit the experimenta
2PPE signal intensity versus th
pump-probe delay time obtaine
by Shumayet al. ~Ref. 7! for the
n51 resonance of the Cu~100!
surface. From the evaluation o
the dynamical constants obtaine
for n51 and the measured life
times of the image-potential state
n52 and 3, the spectra of the
photoemitted electron versus the
kinetic energies have been dete
mined for these image potentia
states.
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Since the distribution of initial states is specific from t
bulk, these are similar for the three resonances and will
affect the relative contributions of the 2PPE resonance s
tra. Therefore, we have chosen a simple uniform distributi
It is interesting to note that the introduction of an initi
distribution of states has previously been introduced
Klamroth, Saalfrank, and Ho¨fer in a different approach.19

Besides the determination of the dynamical constants,
want to emphasize the high sensitivity of the surface elec
spectra of Cu~100! and Ag~100! to the nonresonant process
that can take place during the course of a 2PPE experim
Both 2PPE spectroscopy experiments performed on Cu~100!
and Ag~100! surfaces present some similarities because n
of these surfaces have an occupied intrinsic surface stat
ing below the Fermi level. Therefore, the sequential proc
leading to the photoemission process starts, in both ca
from an initial distribution of the bulk state, enabling a un
fied description of these experiments. Also, both experime
have been realized with uv-pump and ir-probe laser beam
energies of\vp54.71 eV and\vs51.57 eV, with pulse du-
rations of 90 and 70 fs, respectively. For the particular c
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of the Cu~100! surface, the vacuum energy isEvacuum

54.63 eV, and the various image-potential state energ
are, atki50, E154.06 eV, E254.45 eV, andE354.55 eV
for the three first image-potential statesn51, 2, and 3, re-
spectively. All the energies are defined with respect to
Fermi level.

The time- and energy-dependent cross-correlation cu
obtained by 2PPE spectroscopy are represented on Fig. 3
introducing a continuous distribution of bulk states, we ha
evaluated the cross-correlation function to fit the experim
tal data obtained forn51 on the Cu~100! surface. It gives

the valuesG1111
21 535.7 fs,G1b

(d)21
520 fs,G1e

(d)21
5200 fs, and

Gbe
(d)21

550 fs. Notice that the value of the image-potent
state lifetime has to be compared to that of 40 fs obtained
Shumayet al., by neglecting the influence of the duration
the pulsed excitation, which is far from being negligible
their experiment.

In addition, from these simulations, we observe that
influence of the pure dephasing constantsG1b

(d) and Geb
(d) is

quite weak on the 2PPE spectrum. Taking advantage of th
l
e
d

f
f
i-
e
-

FIG. 4. As done in the previ-
ous figure, we fit the experimenta
2PPE signal intensity versus th
pump-probe delay time obtaine
by Shumayet al. ~Ref. 7! for the
n51 resonance of the Ag~100!
surface. Again, on the right side o
the figure, by using the values o
the dynamical constants, we sim
larly reproduce the spectra of th
photoemitted electron as a func
tion of their kinetic energies for
the image potential statesn51, 2,
and 3.
5-5
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physical parameters the 2PPE spectral distribution of
photoemitted electrons has been evaluated as a functio
the kinetic electron energy given byEc5\vs2(Evacuum
2E1). Because of the lack of experimental data on
cross-correlation functions forn52 and 3, the 2PPE spectra
distributions for these two last image-potential states h
been obtained using the energies and total decay rates
tained from the experiment of Shumayet al. Their spectra
are drawn in the same figure together withn51. We recover
the correct ratio for the peak intensities of the three re
nances. A similar evaluation has been done for the Ag~100!
surface. The corresponding cross-correlation function
the spectra are represented in Fig. 4. Again, the cro
correlation function for the image-potential staten51, as
well as the spectra associated with the three first ima
potential statesn51, 2, and 3, has been obtained. The lif
time is nowG1111

21 543.5 fs versus 55 fs, while the dephasi

constant corresponds toG1b
(d)21

520 fs, G1e
(d)21

520 fs, and

Gbe
(d)21

550 fs. To illustrate the importance of the density
initial bulk states on the peak ratio of the various resonan
we have drawn the photoemitted spectra as a function of
electron kinetic energy for different numbers of initial bu
states. This is shown in the Fig. 5, where the underestima
of the resonances associated with the first image-pote
states is stressed. We see that increasing the number of i
bulk states results in the increase of the resonancesn51 and
2 at the expense of the resonancen53. Notice that the simu-
lation has been done for numerical values of the parame
corresponding to the case of the Cu~100! surface.

FIG. 5. We analyze the relative magnitudes of the various re
nancesn51, 2, and 3, as a function of the number of initial bu
states contributing to the nonresonant transitions. We obser
complete inversion of the peak sizes for increasing values of
number of bulk states.
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It is interesting to note that Klamroth, Saalfrank, a
Höfer19 have recently analyzed the experimentally ener
resolved 2PPE signals at zero delay time between pump
probe pulses with respect to both the full dissipation mo
and the wave-packet model. From their analysis, it appe
that the theoretical evaluation leads to an underestimatio
the resonancen51 with respect ton52, even if the reso-
nance peak forn51 is nevertheless higher then that ofn
52. In fact, in their approach, the distribution of the initi
bulk states is accounted for by averaging over 17 bulk sta
It seems to us that the discrepancies of then51 peak size
arise from an underestimation of the number of initial bu
states since, as we can see from our simulation on Fig. 5
the peak sizes of the resonances have not reach the lim
values for this amount of initial bulk states. Therefore, the
results obtain by Klamroth, Saalfrank, and Ho¨fer confirm our
observation of high sensitivity of the photoemitted resona
structure with the distribution of initial bulk states. Finall
we want to mention that similar evaluations can be ma
from the phenomenological coupling structureumu;(n
1a)23/2 used by Klamroth, Saalfrank, and Ho¨fer and ini-
tially introduced by Ho¨fer et al.6 While this analytical depen-
dence tends to reduce the relative size of the peak r
nances, the effect is still present.

IV. CONCLUSION

In this work, we have emphasized the high sensitivity
the two-photon photoemission spectrum with the density
initial bulk states. Starting from a single bulk state, we ha
shown that the magnitude of the various resonances ca
completely inverted if we increase the bulk state dens
This clearly demonstrates that besides the resonant cont
tion participating in the 2PPE process, all the initially pop
lated bulk states participating in the population of the ima
potential state through nonresonnant transitions play
important role and contribute efficiently to the photoemitt
electron spectra. This result suggests that a proper dete
nation of the relative contributions to the various resonan
associated with the different image-potential statesn51, 2,
and 3, has to be done carefully. It requires a precise eva
tion of the distribution of bulk states participating in th
photoemission process. While the particular cases of
Cu~100! and Ag~100! two-photon photoemission spectr
have been considered here, the problem is quite gener
this type of spectroscopy.

It will be interesting in the future to have more expe
mental information on the cross-correlation functions of t
different image-potential states to correlate the magnitude
the pics to the lifetime, which is from our analysis the dom
nant parameter for the magnitude of these resonances.

APPENDIX

We introduce here the detailed expression of the num
of detected photoelectrons:

o-

a
e

5-6



,

the

INFLUENCE OF NONRESONANT PROCESSES IN THE . . . PHYSICAL REVIEW B 67, 235415 ~2003!
N~ t̄ s2 t̄ p!52 Re (
h51,2

(
q,z

Sh~q,z!H 2 (
b51

5

Dbh
. e2gst̄ s~Ch1dbh

. 2gs!
21I ~Tsp

. ,Dh1Ch1dbh
. 22gs!

1 (
b51

5

Dbh
. e2gst̄ sI ~Tsp

. ,Ch1dbh
. 2gs!I ~Tsp

. ,Dh2gs!2D1h
, I ~Tsp

, ,Ch1d1h
, 1gs!I ~ t̄ s ,Dh2gs!

1D1h
, e22gst̄ sI ~Tsp

, ,Ch1d1h
, 1gs!H̄~ t̄ s2 t̄ p!J~ t̄ s , t̄ p ,Dh1gs!1D1h

, e22gst̄ s~Ch1d1h
, 1gs!

21I ~Tsp
, ,Dh1Ch

1d1h
, 12gs!2D1h

, e2gst̄ sH̄~ t̄ p2 t̄ s!J~ t̄ p , t̄ s ,Ch1d1h
, 2gs!I ~Tsp

. ,Dh2gs!1D1h
, e2gst̄ s~Ch1d1h

, 2gs!
21H̄~ t̄ p

2 t̄ s!J~ t̄ p , t̄ s ,Dh1Ch1d1h
, 22gs!2D1h

, e2gst̄ sI ~ t̄ s ,Ch1d1h
, 2gs!H̄~ t̄ p2 t̄ s!J~ t̄ p , t̄ s ,Dh2gs!

2 (
b51

5

Dbh
. H̄~ t̄ s2 t̄ p!J~ t̄ s , t̄ p ,Ch1dbh

. 1gs!I ~ t̄ s ,Dh2gs!1 (
b51

5

Dbh
. e22gst̄ s~Ch1dbh

. 1gs!
21J~ t̄ s , t̄ p ,Dh

1Ch1dbh
. 12gs!2 (

b51

5

Dbh
. e22gst̄ sH̄~ t̄ s2 t̄ p!I ~ t̄ p ,Ch1dbh

. 1gs!J~ t̄ s , t̄ p ,Dh1gs!J , ~A1!

where the auxiliary functionsI (t,A)5exp(At)/A as well asJ(t1 ,t2 ,A)5@exp(At1)2exp(At2)#/A have been introduced. Also
Re corresponds to the real part and the symbolsTsp

. and Tsp
, stand for the higher and the smaller values oft̄ p and t̄ s ,

respectively. All the constants arising from the successive integrations are given by

P1h
. 5eAh t̄ p/~Ah1gp!2eAh t̄ p/~Ah2gp!, p1h

. 50,

P2h
. 5egpt̄ p/~Ah2gp!, p2h

. 5Ah2gp ,

P1h
, 5e2gpt̄ p/~Ah1gp!, p1h

, 5Ah1gp ,

as well as

D1h
. 5P1h

, e2gpt̄ pI ~ t̄ p ,Bh1p1h
, 1gp!, d1h

. 50,

D2h
. 5P1h

. egpt̄ p~Bh1p1h
. 2gp!21, d2h

. 5Bh1p1h
. 2gp ,

D3h
. 5P2h

. egpt̄ p~Bh1p2h
. 2gp!21, d3h

. 5Bh1p2h
. 2gp ,

D4h
. 52P1h

. egpt̄ pI ~ t̄ p ,Bh1p1h
. 2gp!, d4h

. 50,

D5h
. 52P2h

. egpt̄ pI ~ t̄ p ,Bh1p2h
. 2gp!, d5h

. 50,

D1h
, 5P1h

, e2gpt̄ p~Bh1p1h
, 1gp!21, d1h

, 5Bh1p1h
, 1gp .

Finally, the various constants associated with the time integration~2.11! for the first and the second pathways shown on
previous table are defined below. They correspond to

S1~q,z!5^^eeuqq&&^^qquee&&mie•E~2Vs!mei•E~Vs!^^ i i uzz&&^^zzu i i &&msi•E~2Vp!mis•E~Vp!,

s1~q,z!52r q ,

D1~q,z!5r q1 iVs2 ivei2Geiei ,

C1~q,z!5 ivei1Geiei2 iVs2r z ,

B1~q,z!5r z1 iVp2 iv is2G isis,

A1~q,z!5 iv is1G isis2 iVp ,

S2~q,z!5^^eeuqq&&^^qquee&&mei•E~Vs!mie•E~2Vs!^^ i i uzz&&^^zzu i i &&msi•E~2Vp!mis•E~Vp!,
235415-7
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s2~q,z!52r q ,

D2~q,z!5r q2 iVs2 iv ie2G ieie,

C2~q,z!5 iv ie1G ieie1 iVs2r z ,

B2~q,z!5r z1 iVp2 iv is2G isis,

A2~q,z!5 iv is1G isis2 iVp. ~A2!
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