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Infrared magneto-optical properties of „III,Mn …V ferromagetic semiconductors
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We present a theoretical study of the infrared magneto-optical properties of ferromagnetic~III,Mn !V semi-
conductors. Our analysis combines the kinetic exchange model for~III,Mn !V ferromagnetism with the Kubo
linear response theory and the Born approximation estimates for the effect of disorder on the valence-band
quasiparticles. We predict a prominent feature in the ac-Hall conductivity at a frequency that varies over the
range from 200 to 400 meV, depending on Mn and carrier densities, and is associated with transitions between

heavy-hole and light-hole bands. In its zero frequency limit, our Hall conductivity reduces to thekW -space
Berry’s phase value predicted by a recent theory of the anomalous Hall effect that is able to account quanti-
tatively for experiment. We compute theoretical estimates for magnetic circular dichroism, Faraday rotation,
and Kerr effect parameters as a function of Mn concentration and free carrier density. The midinfrared response
feature is present in each of these magneto-optical effects.
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I. INTRODUCTION

Rapid progress has been achieved over the past ye
understanding how growth and annealing conditions in
ence the properties of~III,Mn !V diluted magnetic semicon
ductor ferromagnets. These advances have led to the rea
tion of samples with higher ferromagnetic transitio
temperatures and conductivities.1–3 ~III,Mn !V materials have
normally been described using a phenomenological mode4–6

in which the valence-band holes of the host~III,V ! semicon-
ductor are coupled by exchange and Coulomb interaction
Mn21 local-moment ions with spinS55/2. The properties
predicted by this model are most simply understood in
strongly metallic regime for which disorder in the spat
distribution of the Mn21 ions, and other defects of the ma
terials, can be treated perturbatively. These approximat
lead to a picture of the materials in which spin-orbit coupli
of the valence-band hole subsystem plays a key role4 in pro-
viding detailed explanations for many qualitative effects d
covered in experimental studies of thermodynamic and tra
port phenomena. The model can account quantitatively
the critical temperature,5,7 strain sensitive magnetic
crystalline anisotropy,5,8 anisotropic magnetoresistanc
coefficients,9 and the strong anomalous Hall effect.10,11

Golden rule estimates of quasiparticle scattering amplitu
even provide the correct order of magnitude for longitudi
dc conductivities.9

In this paper we discuss corresponding theoretical pre
tions for the infrared magneto-optical properties of these m
terials. We evaluate magnetic circular dichroism~MCD!,
Faraday rotation, and Kerr effects in the infrared regime
several different Mn concentrations and carrier densit
From the microscopic point of view, each of these effe
reflects the nonzero value of the ac-Hall conductiv
sxy(v). Our linear response theory for the Hall conductiv
reduces in the zero frequency limit to thekW -space Berry’s
phase expression that explains dc-Hall effe
observations.10–12
0163-1829/2003/67~23!/235203~12!/$20.00 67 2352
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In metallic ferromagnets, measurements of magne
optical coefficients on band energy scales provide very
tailed information about the influence of broken tim
reversal symmetry on itinerant electron quasiparticle sta
The appropriate band energy scale for the heavilyp-doped
~III,Mn !V ferromagnets, and for a number of other materi
that have been studied recently,13 is in the infrared. For this
reason, we believe that experimental infrared magne
optical studies of~III,Mn !V ferromagnets are highly desir
able; we expect that they will be carried out in the near fut
and that comparison with the predictions presented here
be very informative in clarifying the physics of these ne
ferromagnets. They could, for example, reveal deficiencie
the relatively simple theoretical formulation that we emplo
The study of the magneto-optical response of these fe
magnets is also potentially interesting for applications, es
cially if room temperature ferromagnetism is achieved in
future. Magneto-optical properties of the closely relat
~II,Mn!VI diluted magnetic semiconductor paramagnet14

have already proved useful from both basic science and
plication points of view.

Absorption and reflection measurements in the visi
range have been used to establish phenomenological
mates for thep-d and s-d exchange coupling constants
~II,Mn!VI materials, and in establishing the important role
valence-band holes in the~III,Mn !V’s.5,14–17 Photoemission
experiments, which explore the deeper electronic struct
have been used to explore the degree of hybridization
tween the underlying host valence-band and Mn electro
levels, but suffer from being surface sensitive.18–20 In the
infrared regime, recent optical conductivity measureme
have uncovered unusual nondrude behavior, including an
tical absorption peak21–24connected to back-scattering loca
ization effects and to intervalence-band transitions, in agr
ment with model calculations.25,26

We organize the paper as follows. In Sec. II we introdu
the Kubo formula description of the ac anomalous Hall co
©2003 The American Physical Society03-1
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ductivity appropriate for the studied~III,Mn !V ferromagnets.
In Sec. III we detail the model Hamiltonian and approxim
tions used in our calculations. In Sec. IV we present an a
lytic evaluation of the anomalous Hall conductivity for th
case in which disorder is neglected and the bands are
proximated by the four-band spherical model.~The six-band
model that we use for numerical calculation reduces to
four-band model in the limit of infinite spin-orbit couplin
strength.! The isotropic band dispersion of this model mak
analytic calculations possible, although they are still som
what cumbersome. The details of this calculation, wh
builds intuition about qualitative properties of thesxy(v)
curves, are relegated to an appendix. In Sec. V we pre
the numerical results of the full model Hamiltonian calcu
tion for sxy(v) and apply these results to discuss all t
common magneto-optical effects available for experiment
the present geometry. We summarize this work and pre
our conclusions in Sec. VI.

II. THEORETICAL APPROACH

Our theoretical model description starts by coupling
host semiconductor valence-band electrons, described w
the kW•pW or Kohn-Luttinger ~KL ! theory, with S55/2 Mn
local moments with a semiphenomenological local excha
interaction treated at a mean-field level.5,8,9,25At zero tem-
perature this gives rise to valence-bands that are split b
effective exchange fieldhW 5NMn21SJpdẑ, where NMn21 is
the substitutional Mn density and the strength of the
change coupling is taken to beJpd555 meV nm23.27 We
assume in this paper that the magnetization is aligned a
the growth (ẑ) direction by an applied small external ma
netic field. We restrict ourselves to theT50 limit, allowing
us to neglect scattering off thermal fluctuations in the M
moments orientation. We assume collinear magnetizatio
the ground state, ignoring the possibility of disorder induc
noncollinearity in the ground state, which is known to be le
likely for the strongly metallic~III,Mn !V ferromagnets on
which we focus.28,29

The linear response theory Kubo formula expression
the real part of the ac-Hall conductivity of disorder-free no
interacting electrons is

Re@sxy~v!#52
e2\

m2 E dkW

~2p!3 (
nÞn8

~ f n8,kW2 f n,kW !

3
Im@^n8kW u p̂xunkW &^nkW u p̂yun8kW &#

~v2EnkW1En8kW !~EnkW2En8kW !
, ~1!
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whereunkW & are the Bloch valence-band states andEnkW are the
Bloch eigenenergies withinkW•pW theory~we use either six- or
four-band models here!, m is the bare electron mass,f n,kW is
the Fermi occupation number~0 or 1 atT50) for the state
unkW &, and p̂/m is the kW•pW velocity operator obtained30 by
differentiating thekW•pW Hamiltonian with respect to the wav
vector. In the zero frequency limit, Eq.~1! reduces to the
expression used by Jungwirthet al.10,11 to explain the dc-
anomalous Hall conductivity of these materials. This rec
work suggests that anomalous Hall effects are more qua
tatively useful in characterizing itinerant electron ferroma
nets than had been previously thought, at least for the pre
materials. In this paper we extend this advance to finite
quencies.

Even though the Hall conductivity is finite in the absen
of disorder, we do anticipate that disorder will influence t
sxy

AH(v) curves, primarily by broadening out features. T
sources of disorder known to be relevant in these mater
include positional randomness of the substitutional Mn io
with chargeQ52e, random placement of interstitial Mn
ions that act as double donors and are believed to
nonparticipants31 in the ferromagnetic order, and As antisite
that also act as having chargeQ512e and are nonmagnetic
We estimate the influence of disorder on the valence-b
quasiparticles by calculating their lifetimes, using Ferm
golden rule including both screened Coulomb and excha
interactions of the valence electrons with the Mn ions a
the compensating defects.9 Including disorder broadening o
the quasiparticle spectral functions, the Kubo formula e
pression for the Hall conductivity becomes

Re@sxy~v!#52
e2\

vm2V
(

kWnÞn8
Im@^n8kW u p̂xunkW &^nkW u p̂yun8kW &#

3E de

2p
f ~e!An8,kW~e!Re@Gn,k

ret ~e1\v!#

1 f ~e!An,kW~e!Re@Gn8,k
adv

~e2\v!#, ~2!

where An,kW(e)5GnkW /@(e2EnkW)
21GnkW

2 /4# is the disorder-
broadened spectral function andGret and Gadv are the ad-
vanced and retarded quasiparticle Green’s functions with
nite lifetimeGnkW

21/2, obtained from the golden rule scatterin
rates from uncorrelated disorder~see Sec. II!. Since we are
interested in the first-order effects of disorder insxy we ap-
proximate the above expression as
Re@sxy~v!#52
e2\

m2V
(

kWnÞn8
~ f n8,kW2 f n,kW !

Im@^n8kW u p̂xunkW &^nkW u p̂yun8kW &#@Gn,n8
2

1v~EnkW2En,kW8!2~EnkW2En,kW8!
2#

@~v2EnkW1En8kW !
21Gn,n8

2
#@~EnkW2En8kW !

21Gn,n8
2

#
, ~3!
3-2



-
.
of

n

on

s
uc
w
t

a

re
ter-
pa-
ed

il-
er
ec-

INFRARED MAGNETO-OPTICAL PROPERTIES OF . . . PHYSICAL REVIEW B 67, 235203 ~2003!
whereGn,n8[(Gn1Gn8)/2 andGn are the golden rule scat
tering rates averaged over bandn as in Ref. 25. We use Eq
~3! to evaluatesxy(v) below. Note that the dependence
sxy(v) on the hole densityp and Mn concentrationx are
implied in Eq.~3! through the dependence on the Fermi e
ergy and the magnitude of the exchange fielduhW u. HereuhW u is
determined only byx, i.e., we assume antisite compensati
throughout, andEF is determined from a fixedp andhW . The
fact that x and p can be treated as separate variables i
consequence of the compensation of the free carriers ind
by the Mn acceptors by defects omnipresent in the lo
temperature molecular beam epitaxial thechnique used in
growth of these materials and its control through several
nealing procedures.
th
F
an
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III. MODEL HAMILTONIAN

In the virtual crystal approximation, the interactions a
replaced by their spatial averages, so that the Coulomb in
action vanishes and hole quasiparticles interact with a s
tially constant kinetic-exchange field. The unperturb
Hamiltonian for the holes then readsH05HL1hW •sW, where
Hh is the host band Hamiltonian, andsW is the envelope-
function hole spin operator. The host band part of the Ham
tonian is described via the four- or six-band Kohn-Lutting
model. Choosing the angular momentum quantization dir
tion to be along thez axis, and ordering thej 53/2 and j
51/2 basis functions according to the list (23/2,1/2,21/2,
23/2;1/2,21/2), the Luttinger-HamiltonianĤL has the
form8
~4!
les

ere
ing
In the matrix~4! we have highlighted thej 53/2 sector. The
Kohn-Luttinger eigenenergies are measured down from
top of the valence band, i.e., they are hole energies.
completeness we list the expressions that define the qu
ties that appear inĤL:

Hhh5
\2

2m
@~g11g2!~kx

21ky
2!1~g122g2!kz

2#,

Hlh5
\2

2m
@~g12g2!~kx

21ky
2!1~g112g2!kz

2#,

Hso5
\2

2m
g1~kx

21ky
21kz

2!1Dso ,

b5
A3\2

m
g3kz~kx2 iky!,
e
or
ti-

c5
A3\2

2m
@g2~kx

22ky
2!22ig3kxky#,

d52
A2\2

2m
g2@2kz

22~kx
21ky

2!#. ~5!

We focus here on GaAs for whichg156.98, g252.06, g3
52.93, andDso5341 meV.32

We treat the effects of disorder on the hole quasipartic
through a finite lifetime scattering rateGnkW calculated by
using Fermi’s golden rule. For uncorrelated disorder th
are two contributions to the transport-weighted scatter

rate GnkW5GnkW
Mn21

1GnkW
As-anti due to substitutional Mn impuri-

ties and As antisites, given by

Gn,kW
Mn21

5
2p

\
NMn21(

n8
E dkW8

~2p!3
uMn,n8

kW ,kW8 u2

3d~En,kW2En8kW8!~12cosukW ,kW8!,
3-3
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and

Gn,kW
As-anti

5
2p

\
NAs-anti(

n8
E dkW8

~2p!3
uM̃n,n8

kW ,kW8 u2

3d~En,kW2En8kW8!~12cosukW ,kW8!,

where the scattering matrix elements are approximated
the expressions~in S.I. units!,

Mn,n8
kW ,kW85JpdS^znkWuŝzuzn8kW8&

2
e2

ehoste0~ ukW2kW8u21qTF
2 !

^znkWuzn8kW8&,

and

M̃n,n8
kW ,kW85

e2

ehoste0~ ukW2kW8u21qTF
2 !

^znkWuzn8kW8&.

Hereehost is the host semiconductor dielectric constant,uznkW&
is the six-component envelope-function eigenspinor of
HamiltonianĤh, and the Thomas-Fermi screening wave ve
tor qTF5Ag(EF)e2/(2ehoste0), whereg(EF) is the density
of states at the Fermi energy,EF . The interband scattering
broadeningGn,n8 in Eq. ~3! is then calculated by averagin
Gn,n8(k

W )[@Gn(kW )1Gn8(k
W )#/2 over the allowed transition

between bandsn andn8 as in Ref. 25.

IV. FOUR-BAND SPHERICAL MODEL

In this section we briefly summarize an analytic calcu
tion of sxy(v) for a disorder-free four-band model with iso
tropic bands, the so-called spherical model. This mode
realized by taking the spin-orbit coupling to infinity and ta
ing g25g3 ~equal to 2.5 for GaAs! in the Kohn-Luttinger
six-band model of Eq.~4!. This yields

ĤL24b5
\2

2m0
F S g11

5

2
g2D k222g2~kW• jW !2G , ~6!

with the antiferromagnetic coupling between the localiz
moments and the holes given as before byhŝz5(h/3) ĵ z .
From the Hamiltonian in Eq.~6! one can immediately se
one of the consequences of a strong spin-orbit coupling:
a Bloch state labeled by wave vectorkW , the spin quantization
axis ath50 is parallel tokW . It is possible to evaluatesxy

4b(v)
from Eq.~1! in this model to first order inh by completing a
straightforward but lengthy exercise in degenerate pertu
tion theory. This calculation is described in greater detai
Appendix.33 Here we simply state the final result:

sxy
4b~v!5E

2`

`

dv8
Axy~v8!

v2v8
, ~7!

where the spectral functionAxy(v) is given by different ex-
pressions in three different energy intervals. In the interm
diate energy range transitions at all wave vectors within
Fermi surface are allowed, whereas in the lower and up
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energy intervals only transitions at a fraction of the wa
vectors within the Fermi surface contribute toAxy(v).
Hence, cosidering the upper and lower limits of the hea
hole and light-hole bands and their respective differences
obtain the three energy intervals that contribute toAxy(v)
and which determine the fraction of the Fermi volume th
contributes to it. FormlhEF /m2(h/6)mlh /mhh2h/2,v
,mlhEF /m1(h/6)mlh /mhh1h/2,

Axy~v!52
e2A2mv/\

~2p!2\
H F3

8
u21

h

4\v S 7

6
u322uD GU

12D1

1

1Fu

8 SA12
3

4
u21

3

2
uD

2
A3

12
arcsin~A3u/2!GU

12D2

12D1

1
h

4\v F2u1
7u3

12

1A12
3

4
u2S 7

27
1

13u2

18 D GU
12D2

12D1J , ~8!

with

D65

h

2 S 11
j2

3 D1\ṽ7
j

3
Ah2S 11

j2

3 D23\2ṽ2

h

2 S 11
j2

3 D , ~9!

mhh[m0 /(g122g2), mlh[m0 /(g112g2), j[mlh /mlh ,
m[mhhmlh /(mhh1mlh), andṽ5v2\klh

2 /2m, whereklh is
the light-hole band Fermi wave vector in zero exchan
field. For mlhEF /m1(h/6)mlh /mhh1h/2,v,mhhEF /m
2h/62(h/2)mhh /mlh ,

Axy~v!5
e2

~2p\!

5

24p
A2m\v

\2

h

\v
. ~10!

For mhhEF /m2h/62(h/2)mhh /mlh,v,mhhEF /m1h/6
1(h/2)mhh /mlh ,

Axy~v!52
e2A2mv/\

~2p!2\
F F3

8
u21

h

4\v S 7

6
u322uD GU

21

12D̃1

1Fu

8 SA12
3

4
u21

3

2
uD

2
A3

12
arcsin~A3u/2!GU

12D̃1

12D̃2

1
h

4\v F7u3212u

12

1A424u2

4 S 1261351u2

486 D GU
12D̃1

12D̃2G , ~11!

with
3-4
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D̃65

h

2 S 11
j2

3 D1j\ṽ7
j

3
Ah2S 11

j2

3 D23j2\2ṽ2

h

2 S 11
j2

3 D ,

~12!

and ṽ5v2\khh
2 /2m, where khh is the heavy-hole band

Fermi wave vector in zero exchange field; andAxy(v)50
otherwise.

We showsxy
4b(v) for several itinerant hole and Mn con

centrations in Fig. 1. From the above result~and from the
details presented in the Appendix! it is relatively simple to
see the source of the feature observed in the midinfra
regime. The spectral functionAxy(v), shown in Fig. 2 for
the parameters used in Fig. 1, has its major contribution fr
transitions near the light-holes bands Fermi wave vec
@the lower frequency peak inAxy(v)] and near the heavy
holes Fermi wave vectors@the higher frequency peak i
Axy(v)], visible for x54% andp50.2 nm23. The transi-
tions that contribute to first order inh are between heavy an
light holes with opposite polarization, as shown in the A
pendix. We also note that there is a considerable contribu

FIG. 1. ac-Hall conductivity calculated within the four-ban
spherical model without disorder life-time broadening for seve
itinerant hole and Mn concentrations.

FIG. 2. Spectral functionAxy(v) calculated within the four-
band model the itinerant hole and Mn concentrations of Fig. 1.
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to sxy
4b(v) from the high-frequency part of the spectral fun

tion ~accounts for rigid shifts in the low-frequency range!,
which indicate the possible need to consider higher ban
maybe including the conduction bands, for more realistic c
culations.

V. NUMERICAL RESULTS

The qualitative physics behind the four-band model c
culation results still applies to the full model numerical ca
culations. However, the effects onsxy(v) due to the lifetime
broadening of the quasiparticles, finite spin-orbit couplin
and the warping of the bands (g3Þg2) at higher concentra-
tions are an important part of the quantitative numerical
sult. Figure 3 shows the anomalous ac-Hall conductivity
disordered system forx56% andp50.2 and 0.4 nm23 cal-
culated using the six-band model with warping (g3Þg2) and
without warping (g35g2), which emphasizes the impor
tance of including the warping of the bands in obtaini
reliable results that can be compared directly with expe
ment. Figure 4 shows the ac-Hall conductivitysxy(v) for
x54% Mn concentration andp50.2,0.4,0.6, and 0.8 nm23.
The Hall conductivity must be nonzero in order to have no

l
FIG. 3. ac-Hall conductivitysxy(v) for x56% Mn concentra-

tion and p50.4 and 0.2 nm23, for spherical and nonspherica
~band-warping! models.

FIG. 4. ac-Hall conductivitysxy(v) for x54% Mn concentra-
tion andp50.2,0.4,0.6, and 0.8 nm23.
3-5
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zero magneto-optical effects, but most measurable quant
are also influenced by other elements of the conducti
tensor. The most widely studied magneto-optical effects
the Faraday and Kerr effects. The Faraday effect reflects
relative difference between the optical absorption of rig
and left circularly polarized light, referred to as MCD. In th
Voigt geometry ~magnetization aligned with axis of ligh
propagation! and assuming a thin film geometry@applicable
for all ~III,Mn !V epilayers now available in the infrared re
gime considered here#,14

MCD5
a12a2

a11a2
5

Im@sxy~v!#

Re@sxx~v!#
. ~13!

Linearly polarized light propagating through a magnetic m
dium will experience the Faraday rotation of its polarizati
angle and a transformation from linear to elliptically pola
ized light due to MCD. The angle of rotation per unit leng
traversed, again in the thin film geometry, is~in cgs units!14

uF~v!5
4p

~11n!c
Re@sxy#, ~14!

wherec is the speed of light andn is the index of refraction
of the substrate, in this case GaAs withn5A10.9. Perhaps
the more technologically relevant magneto-optic phenom
is the Kerr effect, which appears in reflection from a ma
netic medium. In this case, also within the Voigt geomet
the Kerr angle and ellipticity are defined as14

uK1 ihK[
r 12r 2

r 11r 2
, ~15!

where r 6 are the total complex reflection amplitudes~with
multiple scattering taken into account! for right and left cir-
cular polarized light. Note that the simple relations,uK
}Im@sxy(v)# andhK}Re@sxy(v)#,14 obtained in the thick-
layer limit do not apply for the typical thin~III,Mn !V epil-
ayers. In Fig. 5 we show the different magneto-optic effe
for a concentration ofx56% andp50.4 nm23. The Fara-
day rotation in this case is larger than the giant Fara
rotation observed in the paramagnetic~II,Mn!VI’s at optical
frequencies14,34 and should be readily observable in the cu
rent highly metallic samples. The Kerr angle and elliptic
we obtain for~Ga,Mn!As are comparable to the Kerr effec
observed in the optical regime in materials used for mag
torecording devices.35 The behavior as a function of free ca
rier hole concentration can be seen in Fig. 6 where the
aday rotation angle is shown for several carr
concentrations. The peaks and valleys in the different qu
tities are present in all the concentrations; however, the m
nitude varies, even changing sign at several concentrat
and frequencies. Rather than presenting many diffe
graphs for all the possible parameters (p, x, etc.!, results for
these quantities, together with other physical quantities,
be obtained and plotted vs different nominal parameters32
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VI. CONCLUSIONS

We have presented a theory of the ac-Hall effect in
infrared regime by extending Berry’s phase theory of t
dc-anomalous Hall effect to finite frequencies and treat
the effects of disorder through a finite lifetime of th
valence-band quasiparticles. We observe features~peaks and
valleys! in the transverse conductivity in the range betwe
200 and 400 meV at which the conductivity changes by m
than 100%. We have studied how these features appea
different magneto-optical effects~MCD, Faraday rotation
and Kerr effect! that are relatively easily measured, findin
strong signals. The magnitude of the Faraday rotation is v
large @one order of magnitude larger than that observed
paramagnetic~II,Mn!VI’s, for example# and has a nontrivial
dependence on the free carrier concentration. The Kerr e

FIG. 5. Faraday and Kerr effects forx56% Mn concentration
andp50.4 nm23.

FIG. 6. Faraday rotation angle forx56% Mn concentration
with p50.2, 0.4, 0.6, and 0.8 nm23.
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is also strong when compared to materials used in magn
optic recording. The origin of the peaks is most easily und
stood within a simple four-band spherical model in whi
transitions between heavy- and light-hole states with op
site spin polarization give the strongest contribution to
anomalous transverse optical conductivity. The four-ba
model represents the infinite spin-orbit coupling stren
limit of the six-band model we use for numerical calcu
tions. Our use of a six-band model can account only
transitions within the valence-band and not for transitio
between conduction and valence-bands. Because of this
tation, we cannot address the crossover between intrab
and interband contributions that are not completely separ
in these extremely heavily doped semiconductors, somet
that is clearly desirable and should be addressed in su
quent theoretical work.

Our predictions depend in intricate detail on the mo
that we have used to describe the ferromagnetism of th
materials. The model depends most essentially on the
sumption that the Mn impurities act as reasonably shal
acceptors and introduceS55/2 local moment degrees o
freedom to the system. The specific calculations prese
here assume that Mn impurities and other scatterers in
system can be treated perturbatively. This assumption
ables quasiparticle scattering rates to be estimated
simple way, but is a less essential part of the model. T
magneto-optical properties studied here are directly dep
dent on valence-band spin-orbit coupling, which we ha
argued elsewhere4,36 plays an essential role in understandi
ferromagnetism in these materials. Confirmation by fut
experiment of the detailed predictions made here for
magneto-optical properties of these materials would furt
validate the approach we have taken to modeling these in
esting new ferromagnets. We expect that the we
quasiparticle-scattering approximations made here will
more reliable in more metallic samples, since the scatte
rates are then smaller compared to other relevant en
scales, particularly the Fermi energy. We hope that these
culations will help motivate magneto-optic experiments
the infrared regime for~Ga,Mn!As and other~III,Mn !V fer-
romagnets.
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APPENDIX DERIVATION OF sxy„v… IN THE FOUR-BAND
SPHERICAL MODEL

We present in this appendix the details involved in der
ing the results shown in Eqs.~7!–~12! for the anomalous
contribution to the ac-Hall conductivity calculated first in th
exchange field within the four-band spherical model. T
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e

host valence-band Hamiltonian in this case, as shown in S
IV, is given by

ĤL24b5
\2

2m0
F S g11

5

2
g2D k222g2~k• j !2G , ~A1!

The eigenspinors ofĤL24b are given by

uznk
(0)&5e2 i ĵ zf/\e2 i ĵ yu/\un&, ~A2!

whereun& are the spinors with the axis of quantization alo
the z-direction and total angular momentum 3/2\. The per-
turbation due to the antiferromagnetic coupling to the loc
ized moments isĤ85hŝz5(h/3) ĵ z . The eigenvalues to firs
order inh are then given by

Ehh
6 5

\2k2

2mhh
6

h

2
cosu ~A3!

and

Elh
65

\2k2

2mlh
6

h

3
A12

3

4
cos2u5

\2k2

2mlh
6

h

6

cosu

cos 2u8
,

~A4!

where tan 2u852tanu, hh labels heavy holes andlh labels
light holes. The dipole matrix elements in Eq.~1! are given
by

^n8ku p̂aunk&5
m

\ K zn8kU ]H

]ka
UznkL

5
m~Enk2En8k!

\ K ]

]ka
n8kUnkL , ~A5!

so we can write

Im@^n8ku p̂xunk&^nku p̂yun8k&#

5
m2

\2
~Enk2En8k!

2ImF K zn8kU ]

]kx
znkL K ]

]ky
znkUzn8kL G ,

~A6!

where

U ]

]kx
znkL 5

cosfcosu

k

]

]u
uznk&2

sinf

ksinu

]

]f
uznk&

1cosfsinu
]

]k
uznk&, ~A7!

and similarly
3-7
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U ]

]ky
znkL 5

sinfcosu

k

]

]u
uznk&2

cosf

ksinu

]

]f
uznk&

1sinfsinu
]

]k
uznk&. ~A8!

The perturbed spinor wave function can be written as

uznk&5(
n8

Cn8
n

~u,k!uzn8k
(0) &

5(
n8

Cn8
n

~u,k!e2 i ( ĵ z2 j n(0))f/\e2 i ĵ yu/\un8&

[uz̃nk&2
i

\
~cosf ĵ y2sinf ĵ x!un8&, ~A9!

where j n(0)[^znk5kẑu ĵ zuznk5kẑ&. Inserting Eq. ~A9! into
Eqs.~A7! and ~A8! gives

U ]

]kx
znkL 5

isinf

\ksinu
@ ĵ z2 j n~0!#uznk&

2 i
cosfcosu

\k
@~cosf ĵ y2sinf ĵ x!uznk&1 i uzñk&]

1cosfsinu
]

]k
uznk&

U ]

]ky
znkL 5

2 icosf

\ksinu
@ ĵ z2 j n~0!#uznk&

2 i
sinfcosu

\k
@~cosf ĵ y2sinf ĵ x!uznk&1 i uzñk&]

1sinfsinu
]

]k
uznk&

which can be inserted in Eq.~A6! to yield

Im@^n8ku p̂xunk&^nku p̂yun8k&#

5
m2

\2
~Enk2En8k!

2^zn8ku@ ĵ z2 j n~0!#uznk&

3ImF cosu

~\k!2sinu
^zn8ku~cosf ĵ y2sinf ĵ x!uznk&

1 i\^zn8kuzñk&1
i

\k K zn8kU]znk

]k L G , ~A10!

where
23520
^zn8ku@ ĵ z2 j n~0!#uznk&

5 (
n1n2

Cn1

n8~u,k!Cn2

n ~u,k!^n1u@ ĵ z2 j n~0!#un2&,

Im@^zn8ku~cosf ĵ y2sinf ĵ x!uznk&#

5 (
n1n2

Cn1

n8~u,k!Cn2

n ~u!^n1u ĵ yun2&,

^zn8kuzñk&5(
n1

Cn1

n8~u,k!
]Cn1

n ~u,k!

]u
and

K zn8kU]znk

]k L 5(
n1

Cn1

n8~u,k!
]Cn1

n ~u,k!

]k
.

Here we only need to consider six transitions since we o
need thenÞn8 terms and we will ignore transitions betwee
bands with equal effective masses, which can be show
contribute to higher order inh. From degenerate perturbatio
theory we obtain the four eigenvectors to linear order inh:

uk,hh6&5uk,63/2&1
hmsinu

A3~\k!2
uk,61/2&, ~A11!

uk,lh1&5cosu8uk,11/2&2sinu8uk,21/2&

2
hmsinu

A3~\k!2
@cosu8uk,13/2&2sinu8uk,23/2&],

~A12!

uk,lh2&5sinu8uk,11/2&1cosu8uk,21/2&

2
hmsinu

A3~\k!2
@sinu8uk,13/2&1cosu8uk,23/2&],

~A13!

wherem[mlhmhh /(mhh2mlh). The Fermi wave vectors to
first order inh/EF for each band are given by

kF
hh6~u!5kF

hh(0)S 16
h

4EF
cosu D and

kF
lh6~u!5kF

lh(0)S 16
h

6EF
A12

3

4
cos2u D . ~A14!

After some lengthy algebra one obtains
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Im@^k,hh1u p̂xuk,lh1&^k,lh1u p̂yuk,hh1&#

~Elh
12Ehh

1 !

5
3m2

8m
cosucos2u81

hm2

2~\k!2 F2
1

4
sin~2u!sin~2u8!

1cos 2ucos2u81
cos2ucos2u8

4cos2u8
2

3

4
cos2ucos2u8G ,

~A15!

Im@^k,hh1u p̂xuk,lh2&^k,lh2u p̂yuk,hh1&#

~Ehl
22Ehh

1 !

5
3m2

8m
cosusin2u81

hm2

2~\k!2 F1
1

4
sin~2u!sin~2u8!

1cos 2usin2u82
cos2usin2u8

4cos2u8
2

3

4
cos2usin2u8G ,

~A16!

Im@^k,hh2u p̂xuk,lh1&^k,lh1u p̂yuk,hh2&#

~Ehl
12Ehh

2 !
5

2
3m2

8m
cosusin2u81

hm2

2~\k!2 F1
1

4
sin~2u!sin~2u8!

1cos2usin2u82
cos2usin2u8

4cos 2u8
2

3

4
cos2usin2u8G ,

~A17!
23520
Im@^k,hh2u p̂xuk,lh2&^k,lh2u p̂yuk,hh2&#

~Elh
22Ehh

2 !
5

2
3m2

8m
cosucos2u81

hm2

2~\k!2 F2
1

4
sin~2u!sin~2u8!

1cos2ucos2u81
cos2ucos2u8

4cos2u8
2

3

4
cos2ucos2u8G .

~A18!

Using Eqs.~A15!–~A18! we can compute directly the d
conductivity @Eq. ~1! for v50]:

sxy~0!5
2e2\

m2V
(

k,n.n8

3
~ f n8,k2 f n,k!Im@^n8ku p̂xunk&^nku p̂yun8k&#

~Enk2En8k!
2

52
e2

~2p\!

hkF
hh0

4pEF
F12

1

3
Amlh

mhh

1
8

3

mlh

mlh1Amlhmhh
G , ~A19!

in agreement with the previously derived dc-anomalous H
conductivity,10 using Berry’s phase contribution to the Bloc
group velocity in the semiclassical equations of motion a
proach.

To compute the ac-anomalous Hall conductivity given
Eq. ~1!, we rewrite it in terms of the spectral functio
Axy(v):

sxy~v!5E
2`

`

dv8
Axy~v8!

v2v8
, ~A20!

with
es in
Axy~v![2
e2\

m2V
(

k,nÞn8

~ f n8,k2 f n,k!Im@^n8ku p̂xunk&^nku p̂yun8k&#

~Enk2En8k!
d@\v2~Enk2En8k!#. ~A21!

Axy(v) is an odd function ofv and we need only to considerv.0. We need to consider three separate frequency rang
what follows. First we look at the range

mlhEF

m
1

mlh

mhh

h

6
1

h

2
,v,

mhhEF

m
2

h

6
2

mhh

mlh

h

2
, ~A22!

and consider the different contributions toAxy(v) from the four types of transitions,hh6→ lh6, separately. Forhh1 to lh
6 transitions, we have
3-9
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Axy~v;hh1→ lh6 !

52
e2\

m2~2p!2E21

1

d~cosu!
mk

\2

Im@^k,hh1u p̂xuk,lh6&^k,lh6u p̂yuk,hh1&#

~Ehl
62Ehh

1 !
U

k5A2mv
\ (17

hcosu

12\vcos 2u8
1

h
4\vcosu)

52
e2A2mv/\

~2p!2\
E

21

1

d~cosu!S 3

8
cosuH cos2u8

sin2u8
J 1

h

4\v F7
1

4
sin~2u!sin~2u8!1cos 2uH cos2u8

sin2u8
J

36
1

8

cos2u

cos2u8
H cos2u8

sin2u8
J 2

3

8
cos2uH cos2u8

sin2u8
J G D .
lt,

t
ac
We can sum the two and obtain

Axy~v;hh1→ lh1 !1Axy~v;hh1→ lh2 !

52
e2A2mv/\

~2p!2\
E

21

1

d~cosu!F3

8
cosu

1
h

4\v S 1cos 2u1
1

8
cos2u2

3

8
cos2u D G

5
e2

~2p\!

5

48p
A2m\v

\2

h

\v
. ~A23!

For thehh2 to lh6 transition we obtain the same resu
therefore within this range we have

Axy~v!5
e2

~2p\!

5

24p
A2m\v

\2

h

\v
.

As one can see from its definitionAxy(v) changes mos
rapidly in the region where transitions near the Fermi surf
are allowed. Let us next consider transitions fromhh1 to
lh6 first in the lower range (mlh /m)EF2(mlh /mhh)(h/6)
2h/2,v,(mlh /m)EF1(mlh /mhh)(h/6)1h/2:

Axy~v;hh1→ lh6 !

5E
21

1

d~cosu!E
kF

lh6(u)

`

dk f~u,k!d~\v2DE6!,

~A24!

with

DE1
65

~\k!2

2m
6

hcosu

6cos2u8
2

h

2
cosu and

kF
lh6~u!5kF

lh(0)S 17
h

6EF
A12

3

4
cos2u D .

The minimum ofDE6(u)1 at a fixedu is then
23520
e

DE1
6~u!5

\2

2m
kF

lh(0)26j
hcosu

6cos 2u8
2

h

2
cosu, ~A25!

where we have definedj52mlh /m115mlh /mhh , and the
absolute minimum is given by

DE1
6~umin50!5

\2

2m
kF

lh(0)26
mlh

mhh

h

6
2

h

2
.

For hh2 to lh6 we have instead

DE2
6~u!5

\2

2m
kF

lh(0)26
mlh

mhh

hcosu

6cos2u8
1

h

2
cosu,

DE2
6~umin5p!5

\2

2m
kF

lh(0)26
mlh

mhh

h

6
2

h

2
.

Let \v5(\2/2m)kF
lh(0)21ṽ, where\ṽ will be of the order

of h. For anṽ, which is too small, there will be a limit on the
angular integrationũ obtained by settingk5kF

lh6 , so for
hh1 to lh6,

\ṽ7
mlh

mhh

h

3
A12

3

4
cos2ũ1

h

2
cosũ50, ~A26!

whose solution is

cosũ65

2\ṽ6
j

3
Ah2S 11

j2

3 D23\2ṽ2

h

2 S 11
j

3D [12D6 ,

~A27!

A similar procedure for the transitions fromhh2 to lh6

yields cosũ65211D7 . Combining the contributions for
each transition we then obtain, for mlhEF /m
2(h/6)mlh /mhh2h/2,v,mlhEF /m1(h/6)mlh /mhh
1h/2,
3-10
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Axy~v!5E
12D1

1

d~cosu!Axy~v,cosu;hh1→ lh1 !1E
12D2

1

d~cosu!Axy~v,cosu;hh1→ lh2 !

1E
21

211D2

d~cosu!Axy~v,cosu;hh2→ lh1 !1E
21

211D1

d~cosu!Axy~v,cosu;hh2→ lh2 !

52
e2A2mv/\

~2p!2\
E

12D1

1

d~cosu!S 3

4
cosucos2u81

h

4\v F2
1

2
sin~2u!sin~2u8!12cos 2ucos2u8

1
cos2ucos2u8

4cos 2u8
2

3

4
cos2ucos2u8G D 2

e2A2mv/\

~2p!2\
E

12D2

1

d~cosu!S 3

4
cosusin2u8

1
h

4\v F1
1

2
sin~2u!sin~2u8!12cos 2usin2u82

cos2usin2u8

4cos2u8
2

3

4
cos2usin2u8G D

52
e2A2mv/\

~2p!2\
H F3

8
u21

h

4\v S 7

6
u322uD GU

12D1

1

1Fu

8 SA12
3

4
u21

3

2
uD 2

A3

12
arcsin~A3u/2!GU

12D2

12D1

1
h

4\v
UF2u1

7u3

12
1A12

3

4
u2S 7

27
1

13u2

18 D GU
12D2

12D1J .

A similar procedure for the upper rangemhhEF /mu2h/62(h/2)mhh /mlh,v,mhhEF /mu1h/61(h/2)mhh /mlh yields
Axy(v) given in Eq.~11!. For any other value ofv, Axy(v)50.
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