
PHYSICAL REVIEW B 67, 224514 ~2003!
Communicating Josephson qubits
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We propose a scheme to implement a quantum information transfer protocol with a superconducting circuit
and Josephson charge qubits. The information exchange is mediated by anL-C resonator used as a data bus.
The main decoherence sources are analyzed in detail.
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I. INTRODUCTION

One of the main purposes of quantum information p
cessing is the faithful transmission of quantum states
tween distant parties exploiting entanglement among
various subsystems. Examples include quantum t
portation1 and dense coding,2 both of them demonstrated us
ing entangled photon pairs.3 Until now, however, much has
been done within the realm of quantum optics,4 while com-
paratively little efforts have been devoted to study solid st
implementations of entanglement and communication pro
cols. Interest in the problem also arises from recent propo
employing nano-electronic circuits for quantum hardwa
implementation.5–7 In particular, superconducting device
seem to be promising since they combine the intrinsic sta
ity of the superconducting phase with the possibility of co
trolling the circuit dynamics through manipulations of th
applied voltages or magnetic fluxes.8 Direct experimental
evidence of their use as controllable coherent two level s
tems has already been provided.9–11

In this paper, we analyze an interconnection sche
among mesoscopic superconducting subcircuits, suitable
quantum communication. This setup is also relevant for
general task of finding a realistic way to probe dynami
aspects of entanglement in the solid state. In particular,
will illustrate a quantum state transfer protocol which c
test the possibility ofcontrolled interaction between super
conducting devices and which gives an indirect way to ch
entanglement by just single-bit measurements performed
the target qubit.

Either the charge on the island or the phase difference
junction can be used to store and manipulate quan
information.12 Here, we concentrate on the charge regi
and propose a setup allowing quantum information tran
between two such Josephson qubits.

In this scheme, two superconducting qubit are capa
tively coupled to an electrical resonator playing the role
the data bus; see Fig. 1. The resonator can be either im
mented by anL-C circuit or by a large Josephson junctio
At present, a larger quality factor seems to be achieva
through a large junction working in the harmonic regim
which is also easier to fabricate on chip. Therefore, we w
concentrate on this case to give an estimation of the cir
parameters. This setup is flexible enough to allow for qu
tum state transfer from one qubit to another and for Bell s
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generation. We also give the necessary prescriptions
implement a universal set of quantum gates. The spirit of
proposal is very similar to the Cirac-Zoller scheme f
trapped ion qubit.13 However, the presence of a large numb
of low-energy environmental excitations, peculiar to t
solid state implementation, requires a careful analysis of
coherence which we address in Sec. IV.

The coupling of a single charge qubit to a large Joseph
junction has been proposed to perform an on chip quan
state measurement,14 and recently implemented in the exper
ment of Vion et al.10 The large junction is biased near th
critical current and it operates essentially as a classical
ject. Since it is coupled to a reading port, its quality fac
cannot be very large. Another recent work15 studied the
preparation of a mesoscopic Schro¨dinger cat state in a charg
qubit plus large junction system. In this latter case the la
junction is a quantum object, coupled to a qubit in the o
resonant~or dispersive! regime.

Our setup also exploits the interaction between a sm
and a large junction, but we use a superconducting quan
interference devices~SQUID! instead of a single junction in
the qubit, to achieve a control of the coupling. This allows
use both the dispersive and the resonant regimes as req
by the communication protocols described below. In parti
lar, the use of the resonant regime allows to entangle
circuit elements on a shorter time scale, which is essentia
view of the decoherence acting on the system.

II. MODEL

We first analyze the model of a single qubit coupled to
resonator. LettingwJ be the effective phase for the SQUID
w r the phase difference across the resonator capacitance
Q and P their conjugated charges, the system Hamilton
reads (\51)

FIG. 1. Schematics of the superconducting circuit.
©2003 The American Physical Society14-1
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H5
Q2

2Cq
2kqVgQ2EJ~Fx!cos~2ewJ!

1
PQ

Ck
1

P2

2Cp
1

w r
2

2L
2kpVgP, ~1!

where the capacitances are given byCq5Cg1CJ1(Cc
21

1Cr
21)21, Cp5Cr1@Cc

211(Cc1CJ)
21#21, Ck5Cq(Cc

1Cr)/Cc , and wherekq5Cg /Cq and kp5Cg /Ck are the
attenuation parameters, whose values will also determine
strength of the coupling with the environment. The relev
energy scales are the charging energy,Ech52e2/Cq , the
resonator frequencyv r5(LCp)21/2, and the effective Jo-
sephson coupling of the SQUID,EJ(Fx)5EJ0

cos(2eFx),

tunable via an external magnetic fluxFx .
Introducing creation and annihilation operator for t

resonator via

w r5
a1a†

A2v rCp

, P5 iAv rCp

2
~a†2a!, ~2!

we can rewrite the Hamiltonian as

H5Ech~n2ng!22EJcos~2ewJ!1v ra
†a

2 ig~a2a†!~n2ng!, ~3!

wheren5Q/2e counts the number of Cooper pairs on t
island with respect to the off-set charge numberng
5Qg/2e, while the coupling constant is given byg
5Ck

21eA2v rCp.
In the charge regime (Ech@EJ), only the two lowest

charge states (Q50,2e) of the small island come into play
allowing to employ it as a qubit. The electrostatic splittin
between these two states can be modified by the gate vo
Vg , which we fix by settingQg[CgVg5e. The eigenstates
of qubit Hamiltonian are thenu6&5(u0&6u2e&)/A2, which
we use as logical states. In this basis, state preparation
read out can be performed as for the charge basis, by ap
ing an ac voltage pulse to perform ap/2 rotation that maps
the uQ50,2e& states onto theu6& ones. The choice of elec
trostatic degeneracy,Qg5e, is crucial for what follows; we
will show that decoherence due to low-frequency noise
strongly quenched at this working point.

If the qubit and oscillator are tuned near resonanced
5EJ2v r!EJ1v r , and if the coupling is weak,g
!v r ,EJ , one can perform the rotating wave approxim
tion, neglecting the rapidly oscillating termsu2&^1ua and
u1&^2ua†. Equation ~1! then reduces to the Jayne
Cummings model16

HJC5
EJ

2
sz1v ra

†a2 ig~s1a2a†s2!, ~4!

where the operators s15s2
† 5u1&^2u and sz51

22s2s1 have been introduced to describe the qubit.
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HJC generates Rabi oscillations betweenu1,nr& and
u2,nr11& at the frequency 2Rnr

5Ad214g2(nr11). We
will need to take into account only oscillator states with
mostnr51.

Exploiting the external flux dependence ofEJ , it is pos-
sible to switch between nearly resonant (d!g) and disper-
sive regime (g!d!v r). In the latter case, the time evolu
tion of the system is generated by the effective Hamilton

Hint
e f f5

g2

d
@aa†u1&^1u2a†au2&^2u#, ~5!

obtained by neglecting contributions of second and hig
order ing/d ~see, e.g., Ref. 17 for details!.

In the resonant regime it is possible to accomplish a qu
tum state transfer, whereas switching between the two
gimes is required to perform a two-bit gate. Ifv r is very
different from EJ , the coupling is effectively switched off
and the qubit and the resonator evolve independently.

As suggested in Refs. 14 and 15, and experimentally
alized by Vionet al.,10 a large current biased Josephson jun
tion can be used to implement the resonator. For bias cur
I well below the critical valueI c , the phasew r of the large
junction is trapped in one of the minima of the tilted was
board potentialU(w r)52(I c/2e)coswr2(I/2e)w r , so that
the system approximately behaves as an harmonic oscil
with

v r5A2eIc
Cp

S 12
I 2

I c
2D 1/4

. ~6!

One can take advantage of the dependence ofv r on the
currentI to have a second~and independent! mechanism to
go from the resonant to the dispersive regime. Howev
since the dependence onI is very weak, one cannot use th
mechanism to switch off the coupling.

In the two-qubit setup of Fig. 1, for simplicity we tak
Cc!Cq , so that the direct electrostatic interaction betwe
the two qubits (;Cc

2/Cq
2) can be neglected and they on

interact through the resonator~in fact, Cp , the Cq’s and g
are slightly modified, but the changes are negligible
small Cc).

III. PROTOCOLS

To illustrate the use of the oscillator as a data bus,
show how the quantum state of qubita can be transferred to
b. Let us suppose that the three subsystems are initial
independently with qubitb in u2& and the resonator in its
ground state:

uc,0&5~c1u1&1c2u2&) ^ u2& ^ u0&. ~7!

In the first step, the state of qubita is transferred to the data
bus by resonantly coupling them for a timet5p/2g. This
leads to the stateuc,t&5u2& ^ u2& ^ (c1u1&1c2u0&). Then,
decoupling qubita and performing the same operation o
qubit b, the system is led to

uc,2t&5u2& ^ ~c1u1&1c2u2&) ^ u0&. ~8!
4-2
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Thus, the state of one qubit has been transferred to the o
~target! one via the intermediary action of the resonator.

In a similar way, a maximally entangled singlet state c
be obtained by employing a protocol already realized w
atoms and cavity.18 The underlying idea is very simple: firs
entanglea and r, then swap the entanglement by just ‘‘e
changing’’ the states of the oscillator and of qubitb. With the
system prepared inu1&a^ u2&b^ u0& r , we first let islanda
and the resonator to interact resonantly for a timet/2
5p/4g and then allow for the same coupling~but lasting a
time t) to be experienced by islandb. This procedure gives
rise to the EPR state 1/A2(u12&2u21&) ^ u0&.

Note that, although the oscillator is left in the ground st
after the operations, it actively mediates between the qu
From the physical point of view, this is the main differen
with respect to the scheme of Shnirmanet al.,6 where the
oscillator is only virtually excited. As a consequence, wh
evaluating dephasing effects, the oscillator needs to be
cluded explicitly~see below!.

Besides quantum state transfer and entanglement ge
tion, a universal set of logic gates can be implemented.
deed, single-bit rotations are obtained by applying ac volt
pulses on the qubit gate electrodes. Furthermore, a two
gate~equivalent to the control phase up to a one-bit ope
tion! can be accomplished through the following four ste
~i! couple qubita to the oscillator in the dispersive regim
for a time t1 ~with b decoupled andr initially prepared in
u0&). This leaves the stateu2&a unaffected, while appending
the phase factore2 iu to u1&a , with u5(g2/d)t1; ~ii ! trans-
fer the state ofa to the oscillator as before~i.e., let the two
systems interact for a timet); ~iii ! a being de-coupled, letr
and b interact dispersively, again for timet1; ~iv! transfer
back the state of the oscillator to qubita @same operation a
in the step~ii !#. The resulting gate is represented in the ba
$u6a ,6b&% as

S 1 0 0 0

0 e2 iu 0 0

0 0 1 0

0 0 0 eiu

D . ~9!

This operation is equivalent to the control phase gate up
single-bit operation.

IV. EFFECT OF THE ENVIRONMENT

The treatment given so far has to be extended to acc
for unwanted decoherence effects, whose major sources
electromagnetic fluctuations of the circuit and noise origin
ing from bistable charged impurities located close to the
lands. To estimate the time scales for relaxation and deco
enceduring operations, we focus on the single-qubit pl
resonator scheme depicted in Fig. 2.

We first consider noise due to the impedancesZa ,a
51,2, which are modeled by LC lines corresponding to s
of quantum harmonic oscillators,12,19,20 with Hamiltonian
Ha . Following Ref. 20 it is possible to derive a Hamiltonia
of the Caldeira-Leggett kind21:
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Ha
env2 (

a51

2

K̂aÊa1B~Q,P,w r !. ~10!

The coupling term contains system operators,K̂15kqQ

1kpP, andK̂25w r , and environment operators,Êa . Also a
counter-term,B, is generated, which we disregard from no
on since it does not affect the decoherence rates. All
information on the reduced system dynamics is containe
the fluctuation spectra of the operatorsÊa for the environ-
ment alone,21 which are found to be:

S1~v!5v Re
Z1~v!

11 ivZ1~v!Ce f f~v!
coth

bv

2
,

S2~v!5v Re@Z2~v!#21coth
bv

2
,

with Ce f f(v).Cg .
This result can be understood by using classical circ

theory. The main effect of the impedances is to produce e
tromagnetic fluctuations, accounted for by stochastic volt
(E1) and current (E2) sources.19 The corresponding powe
spectra derived in Eq.~11! describe these fluctuations as se
at the impedanceZ1 and Z2, respectively. The interaction
Hamiltonian of Eq.~10!, then, couples voltage noise to th
chargesQ and P via the attenuation parameterskq,p , and
current noise to the phase of the resonator,w r .

To evaluate the effect ofdH on the eigenstates ofHJC ,
we suppose a weak coupling with the environment (kq ,kp
and the impedances can be chosen to fulfill this conditio!.
The spectrum ofHJC is made up of a ground state,ug&
5u2,0&, and a series of dressed doublets,

ua~nr !&5cosunr
u1,nr&1 i sinunr

u2,nr11&,

ub~nr !&5 i sinunr
u1,nr&1cosunr

u2,nr11&,

having eigenenergies (nr11/2)v r6Rnr
, and where we de-

fined tan 2unr
52gAnr11/d. Only ug& and the first doublet,

$ua&,ub&%, are involved in the coherent operations describ
so far. In the secular approximation,22 relaxation and dephas
ing rates in this subspace can be expressed in terms o
quantities

FIG. 2. One qubit coupled to the resonator in the presence of
decohering reservoirs, the third of which represents a bath of fl
tuating charge impurities.
4-3
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g i f
a ~v!52u^ f uK̂au i &u2Sa~v!. ~11!

For instance, the transition rates for the populations are g
by G i→ f5@11exp(2bv i f )#21(ag i f

a (v i f ), the standard
golden rule result.

Each relaxation rate is made up of two parts. IfZ2 is
purely resistive, its contribution becomes}1/(Z2Cp) ~see
Table I!, describing the finite quality factor of the resonat
On the other hand, voltage fluctuations affect both the qu
and the oscillator charges, so thatZ1 couples to the overal
system through two interfering channels.

Explicitly, the contribution of the qubit impedance at tem
peraturesT!EJ , are found to be

Ga→g
(1) }vagFgkq2kpxS R02

d

2D G2

, ~12!

Gb→g
(1) }vbgFkqS R02

d

2D1gkpxG2

, ~13!

where vag5vbg12R05(v r1EJ)/21R0, while x
5ACpv r /(2e2).

Due to destructive interference, these relaxation rates
be substantially reduced for certain parameter values.
example, the transfer rate out of stateua& is quenched if
xkp /kq.1 for d50. Even if this condition is not met, on
of the two eigenstates can be made more stable by choo
an optimumd.

Concerning the dephasing rates, we point out two imp
tant consequences coming from the structure of the matr

^ f uK̂au i & reported in Table I. First, all matrix elements b
tween the states of the doublet vanish; thus, fluctuation
the relatively small frequencyvab never come into play. As
a consequence, coherence is well preserved in the usual
perature regime of operation,g,T!EJ . A second property
is that eachK̂a has equal diagonal matrix elements. Th
implies that the dephasing ratesG i j do not contain the so
calledadiabatic terms,22 which describe coherence suppre
sion without energy exchange. These contributions are
portional to the squared difference of the diagonal ma
elements of the coupling operators,u^ i uK̂au i &2^ j uK̂au j &u2,
which is zero in our case. As a result, the largest off-diago
damping rate at the temperatures of interest is found to

TABLE I. Relevant matrix elements of the coupling operato
with the electromagnetic (a51,2) and the 1/f (a53) environ-

ments. Diagonal elements are equal, e.g.,^auK̂1ua&5^buK̂1ub&
5^guK̂1ug&5ekq . Matrix elements ^auK̂aub& vanish. Here c
5cosu0, s5sinu0, andx5ACpv r /(2e2).

u i &5ug& u i &5ua& u i &5ub&

a51 ekq 2e(kqc2xkps) 2 ie(kqs1xkpc)
a52 0 i (2xe)21s (2xe)21c
a53 eCq

21 2e(Cq
21c2xCk

21s) ie(Cq
21s1xCk

21c)
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~Ga→g1Gb→g!'

1

2 (
a

@gag
a ~vag!1gbg

a ~vbg!#.

~14!

The above important properties of theK ’s directly result
from the choiceQg5e. Therefore, the choice of this optima
working point allows to eliminate at the same time two kin
of unwanted terms, namely~i! the adiabatic terms, propor
tional to the zero frequency noise spectra,Sa(v50), which
are very dangerous in solid state implementations becaus
the presence of many low-energy excitations in the envir
ment ~e.g., 1/f noise!, and ~ii ! relaxation and decoherenc
contributions due to fluctuations at frequencies compara
with the small separation,vab , between the entangle
doublet.

The determination of an optimal working point has be
exploited in Ref. 10 to achieve a spectacular noise supp
sion. The criterion they propose is to chose a working po
such that the level splitting weakly depends on the exter
control parameters, which corresponds to our property~i!.
This is a sufficient condition for minimizing low-frequenc
noise in a single qubit device, provided that the splitti
between energy levels can be made large, as it is in
device of Ref. 10. However, this is not enough in many-qu
devices, due to the occurrence of small energy differences
these cases, the search for favorable operating condit
should lead to a working point where the contributions
bothzero and small frequencies are absent from the deco
ence rates. This criterion is satisfied in our case, becaus
the selection rule~ii !. In general, the reduced sensitivity t
the environment could be achieved, by ‘‘engineering’’ t
coupling operators (K ’s in our notation!, i.e. by searching for
a computational basis in which their matrix elements ha
the ‘‘good’’ properties discussed above.

The quenched sensitivity to low frequency fluctuations
crucial in the case of dephasing due to charged impuri
lying close to the island, responsible for 1/f noise, which is
believed to be the most relevant problem for Joseph
charge qubits. For such an environment, correlation times
usually too long for a master equation approach to be va
Indeed,23 slower fluctuators show a distinctive behavior d
rectly related to their discrete character and strongly cont
ute to decoherence when adiabatic terms enter the depha
rates. However, as shown above, dephasing due to l
frequency fluctuations is minimized atQg5e. In this case,
the Gaussian approximation turns out to give a quite cor
answer and therefore an estimate of the order of magnit
of the effect can be obtained if the coupling with the en
ronment is treated to second order,23 which is equivalent to
mimic the fluctuating impurities with a suitable oscillato
environment. Then, Eqs.~11! and ~14! are still valid, with
K̂35Cq

21Q1Cp
21P and

S3~v![SQ~v!5pAe2v21 ~15!

whereSQ(v) is the power spectrum of the charge fluctu
tions in the island, whose amplitude can be inferred fro
independent measurements.24
4-4
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V. DISCUSSION AND CONCLUSION

We now give some estimates of the relevant parameter
the setup, and show that state transfer and entanglement
eration can be obtained with routinely fabricated circuits.
take a large Josephson junction as a resonator~this choice is
preferable at present, as it allows for larger quality facto!,
with Cr51 pF,v r.37 meV. A low-temperature subgap re
sistanceR2*600 KV ~here modeled by the parallel imped
ance! can be easily achieved with Nb-based junctions, wh
yields a quality factorv rR2C*43104. For the box, we take
EJ540 meV, CJ50.5 fF, Cg520 aF, andR1550 V. Fur-
thermore, by takingCc550 aF, we obtaing.0.5 GHz
which allows operations on a time scale&2 ns. These
choices giveEch.0.6 meV@EJ and g!v r , ensuring the
validity of the rotating wave approximation. Moreover,g
turns out to be much larger than the level broadening, wh
guarantees the correctness of the secular approximation
ing to Eqs.~11! and ~14!. These parameters lead to estima
the dephasing times astf1'1 ms andtf2'1.20ms. For
background charge noise,A51027 in Eq. ~15! gives tf3
'1 ms. The resulting overall decoherence time is thentf
51/Gab'376 ns, allowing for the two communication pro
tocols. To perform the two-bit gate, a dephasing time o
e

in

22451
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order of magnitude larger is required, which could be o
tained by improving the quality factor of the resonator.

In conclusion, we presented a quantum data bus sch
connecting two Josephson qubits and implementing pro
cols for quantum state transfer, Bell states generation
two-bit gates. Favorable working conditions can be fou
where decoherence is substantially reduced despite the
ence of small level splitting and strong low-frequency en
ronment fluctuations, typical of the solid state. The quant
state transfer protocol~implementable within the presen
technology! provides an indirect probe of the dynamics
entanglement, less demanding as compared to the realiz
of a two-bit gate.

After submission of this paper, we become aware o
related proposal by Blaiset al.25
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