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Dynamics of magnetostatically coupled vortices in magnetic nanodisks

Junya Shibata, Kunji Shigeto, and Yoshichika Otani
FRS, RIKEN, 2-1 Hirosawa, Wako, Saitama 351-0198, Japan

~Received 27 December 2002; published 5 June 2003!

The dynamics of magnetostatically coupled vortices in two nanodisks is here investigated analytically and
numerically. The rigid vortex model is employed to calculate the magnetostatic interaction between the nano-
disks. We use Thiele’s equation where collective degrees of freedom describe the motion of each vortex core.
We find that there are eigenfrequencies of circular vortex core motion around the disk center, which depend on
the core polarizations of the vortices. We also obtain the energy absorption rate of the system when subjected
to an oscillating in-plane magnetic field. Finally, we can draw an analogy between this vortex system and a van
der Waals diatomic molecule.
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I. INTRODUCTION

Recent developments in nanofabrication and precise m
surement techniques have enabled us to study laterally
fined nanoscale magnetic structures. We are thus gainin
sight on nanomagnetism. Among these research activi
investigations on magnetic vortices, stabilized in circu
nanodisks, have drawn much attention bo
experimentally1–7 and theoretically.8–10

A magnetic vortex appears as a stable magnetic state
sulting from competition between the exchange, magne
static, and magnetic anisotropy energies, whose magni
depend on the size and the sample geometry.11,12 Hence the
important parameters in the system include the disk radiuR,
the disk thickness L, and the exchange lengthRE

5AA/m0M s
21 , whereA is the exchange stiffness constan

and M s is the saturation magnetization. The vortex state
well stabilized in the nanodisks wheng[L/R!1 andR,L
@RE.

There are theoretical works on the dynamics of the sin
off-centered vortex.13,14 The vortex core was shown to ex
hibit circular motion around the disk center where the ro
tional direction depends on the sign of the core polarizati
However, the dynamical property of coupled vortices has
been studied. In this paper, we present results on the dyn
ics of coupled vortices in two nanodisks. The magnetost
interaction between two closely spaced disks was found
play an important role in determining the dynamics of vor
ces. In addition, we can draw an analogy between the
namical system of two vortices and a diatomic molecule w
the van der Waals bonding induced by the dipole interact

A magnetic vortex is a nonlinear spin configuration, an
kind of topological soliton.15 Static properties of such a vor
tex are determined by the following topological quantitie
the vorticity (q561,62, . . . ), thepolarization (p561),
and the chirality (C561). The vorticity q describes the
number of windings of the magnetization vector projected
the order-parameter space. The plus or minus sign inq cor-
responds to the counterclockwise or clockwise rotation of
magnetization. In this paper, we only consider theq51 case.
The polarizationp refers to the magnetization direction o
the vortex core. The up or down magnetization along
cylinder axis of the vortex core corresponds top51 or
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21, respectively. The chiralityC refers to the counterclock
wise (C51) or the clockwise (C521) rotational direction
of the magnetization in the dot plane.

II. ANALYTICAL CALCULATIONS

A. Interaction energy of two-coupled vortices

Let us discuss the dynamics of magnetostatically coup
vortices. As shown in Fig. 1, the vortices are separated al
the x axis by a distance between disk centers defined aD
[dR. When each vortex core is shifted from its disk cent
magnetic chargess(f i) ( i 51,2) emerge on the side surfac
of the disk. In the rigid vortex model,9 these charges ar
given by

s~f i !52Ci

aix sinf i2aiy cosf i

A11uai u222~aix cosf i1aiy sinf i !
, ~1!

whereai[(aix ,aiy)[(Aix ,Aiy)/R is the dimensionless po
sition of the i th vortex center. Using Eq.~1!, the magneto-
static energy between the side surfaces of two disks can
expressed as

Wint~a1 ,a2!5
m0M s

2R3

8p E dz1dz2df1df2s~f1!s~f2!

K~f1 ,z1 ,f2 ,z2!

5C1C2~hxa1xa2x2hya1ya2y!1O~ uau3!, ~2!

where

FIG. 1. Schematic illustration of two disks with vortices. Th
coordinates of each vortex center are denoted by (A1x ,A1y) and
(D1A2x ,A2y), respectively.
©2003 The American Physical Society04-1



a
th

an
th
,
by

e
te

e

e

o
-

de
s

io
ut
tiv
e

n

y-

e

n a
er-
nto

-

es.
s

nd
-
n

ode

f a
d, if

du-

ks.
ion

ns

JUNYA SHIBATA, KUNJI SHIGETO, AND YOSHICHIKA OTANI PHYSICAL REVIEW B 67, 224404 ~2003!
hx5
m0M s

2R3

8p E dz1dz2df1df2 sinf1 sinf2

K~f1 ,z1 ,f2 ,z2!
, ~3a!

hy52
m0M s

2R3

8p E dz1dz2df1df2 cosf1 cosf2

K~f1 ,z1 ,f2 ,z2!
,

~3b!

with K(f1 ,z1 ,f2 ,z2)5(d212d(cosf22cosf1)12
22 cos(f22f1)1(z22z1)

2)1/2. The integration of Eq.~2! runs
from 0 to g in z1 ,z2 and from 0 to 2p in f1 ,f2. Here we
assume that the vortex displacementuai u is much smaller
than the disk radiusR and expand the above energy in
series onuai u, up to second order. Since the core radius of
vortex is small enough compared with the disk radiusR, the
interactions between the charge distribution on the top
bottom surfaces of two disks are negligible. By adding
magnetostatic energy in Eq.~2! to the energy given in Ref. 9
the total energy of two off-centered vortices in two near
disks is given by

W~a1 ,a2!5(
i 51

2

@Wes~ uai u!1WZ~ai !#1Wint~a1 ,a2!. ~4!

Here,Wes(uai u)5kuai u2/21O(uai u4) is a sum of the exchang
and magnetostatic energies of a single off-centered vor
k5m0M s

2V@F1(g)2(RE/R)2#, F1(g)5*0
`dk f(kg)J1

2(k)/
k, f (x)512(12e2x)/x, V is the volume of the disk, and
J1(x) is the Bessel’s function of the first order. On the oth
hand,WZ(ai)52Cim0M sV@Hx(t)aiy2Hy(t)aix#1(uai u3) is
the Zeeman energy of the in-plane external magnetic fi
Hex5Hx(t)ex1Hy(t)ey .

B. Dynamics of two-coupled vortices

The investigation of the dynamics of vortices is based
Thiele’s equation.16,17 This equation is described by collec
tive degrees of freedom of magnetic domains, which is
rived from the Landau-Lifshitz-Gilbert equation. Condition
for applying Thiele’s equation are the constant saturat
magnetizationM s and the vortex core displacement witho
distortion. In the case of a magnetic vortex, these collec
degrees of freedom are the core position of the vortex. H
we consider the displacement parametersA i to be the dy-
namical variablesA i(t). Using these variables, the equatio
of motion of the vortex center can be written as

Gi3
dA i~ t !

dt
5

]W„a1~ t !,a2~ t !…

]A i~ t !
2DI i•

dA i~ t !

dt
, ~5!

whereGi andDI i are the gyrovector and the dissipation d
adic. In the rigid vortex model, they are calculated as

Gi52
2ppiLm0M s

g
ez , ~6a!

DI i52
2pLam0M s

g
~ex :ex1ey :ey!, ~6b!

whereg is the gyromagnetic ratio, anda is the nondimen-
sional damping parameter. The set of equations abov
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equal to two-dimensional damped coupled oscillations i
time-dependent external field. There are topologically diff
ent types of the two-vortex system. They are classified i
four types labeled ‘‘type I,’’ ‘‘type II,’’ ‘‘type III,’’ and ‘‘type
IV,’’ as in Fig. 2, according to different combinations of po
larizations and chiralities of vortices: (p1 ,p2 ,C1 ,C2)
5(1,1,21,21),(1,1,21,1),(1,21,21,21),(1,21,21,1).
All the possible combinations belong to one of these typ
From the above set of Eqs.~5!, we obtain eigenfrequencie
which depend on the polarizationspi of vortices:

vp1 ,p2
5

v0

11a2

3A~11p1p2lx!~12ly!2a2S p1p2lx1ly

2 D 2

,

~7a!

vp1 ,p2
* 5

v0

11a2

3A~12p1p2lx!~11ly!2a2S p1p2lx1ly

2 D 2

,

~7b!

where v05k/(R2uGu)5gM s@F1(g)2(RE/R)2#/2 is the
characteristic frequency of the circulating single vortex, a
l i[h i /k ( i 5x,y). The eigenmotions with their eigenfre
quenciesv1,1,v1,21 for each type can be excited with a
initial condition on Eqs.~5! as „A1x(0),A1y(0),A2x(0),
A2y(0)…5(0,C1dHR,0,C2dHR). HereH is a uniform exter-
nal magnetic field in thex direction to set initially each vor-
tex center on an off-centered position, andd is the appropri-
ate constant determined by the steady condition of Eqs.~5!.
After removing the magnetic fieldH, both vortex cores co-
herently rotate around the disk centers with the normal-m
frequenciesv1,1 for types I and II andv1,21 for types III and
IV, and relax back to the disk centers in the absence o
time-dependent external magnetic field. On the other han
we impose the initial condition on Eqs.~5! as
„A1x(0),A1y(0),A2x(0),A2y(0)…5(0,C1dHR,0,2C2dHR),
the other normal modesv1,1* ,v1,21* are excited. This initial
condition corresponds to the case where a spatially mo
lated magnetic field is initially applied along the positivex
direction on a boundary between centers of the two dis
After all, vortex cores coherently rotate in the same direct

FIG. 2. Schematic diagram of vortices for various combinatio
of polarizationsp and chiralitiesC. A circle with a dot and a circle
with cross represent polarizations forp511 and21, respectively.
Circular arrows represent the chiralities.
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for types I and II (p151,p251), and in the opposite direc
tion for types III and IV (p151,p2521).

We now consider the effect of the periodically oscillatin
external magnetic field,Hex(t)5Hex(t)ex , with Hex(t)
5Hexcos(Vt), on the motion of the vortices. When the fr
quency V is close to the resonant frequencyVp1 ,p2

R , the

vortex core continues to rotate around the disk center, w
absorbing the external energy. From Eq.~5!, the energy ab-
sorption rate per unit time is given by

I ~a,V/v0!52(
i 51

2
dA i~ t !

dt
•DI i•

dA i~ t !

dt
, ~8!

where the over line means the time average over a per
The above equation can be calculated as

I ~a,V/v0!5g
m0M sV

2
Hex

2 f ~a,V/v0!, ~9!

with

f ~a,x!5
2a$b1

21b3
2x2%x2

b1
2b2

21$a2~b1
21b2

2!22b1b2%x
21b3

4x4
,

~10!

where b1511p1p2lx , b2512ly , and b3
2511a2. The

energy absorption rateI (a,V/v0) is proportional to the
square of the amplitude of magnetic fieldHex, and depends
on the polarizationspi of the vortices. From Eq.~10!, the
resonant frequencyVp1 ,p2

R is given by

Vp1 ,p2

R 5v0A b1
2b2

b3~b11b2!2b3
2b2

. ~11!

Strictly speaking, the resonant frequencyVp1 ,p2

R is not the

same as the eigenfrequency in Eq.~7! because the pumpin
magnetic fieldHex(t) is a linearly polarized field. If appro
priate circularly polarized magnetic fields are applied to
rotating vortices system, the resonant frequency and
eigenfrequency coincide well with each other. In the case
a weak damping ofa!1, both frequencies obtained from
Eqs. ~7a! and ~11! are in good agreement up to the leadi
orderO(a0).

III. NUMERICAL CALCULATIONS

Here, we evaluate numerical values on the basis of res
obtained from the analytical calculation and the numeri
simulation. The computational material parameters are t
cal for permalloy; the saturation magnetizationM s58.60
3105 A/m, the exchange stiffness constantA51.3
310211 J/m, the gyromagnetic constantg52.23105

m/A s, the disk radiusR50.1 m m, and the disk thicknes
L520 nm.
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A. Numerical evaluation of analytical results

The characteristic resonant frequencyv0 of an isolated
vortex with no damping can be estimated asv0
51.53 GHz. Numerically integrating Eq.~3a! then yields
eigenfrequencies for the coupled vortices. Figure 3 sho
eigenfrequencies obtained for various combinations of po
izationspi and initial magnetic configurations as a functio
of nondimensional separating distanced for a sufficiently
weak dampinga50.05. In the case of large distanced@1,
all eigenfrequencies are degenerate at the eigenfrequencv0
of the isolated vortex. When the separating distanced is
decreased, the degeneracy is removed, and the eigenfreq
cies are split into four frequency levels, two high
(v1,1* ,v1,21* ) and two lower (v1,1,v1,21) than v0, for the
isolated vortex case. It should be noted here that the chira
of the vortex has nothing to do with the rotational directi
determined only by the core polarization. For types I and
with v1,1, the average magnetization vectors in the coup
disks always align parallel to each other during rotation
cause of the same core polarization,p15p251. On the other
hand, for types III and IV, withv1,21, the average magneti
zation vectors rotate opposite to each other because of
ferent core polarizations,p152p251, resulting in an anti-
parallel configuration of the magnetization vectors appear
during rotation. This may diminish the magnetostatic int
action energy, resulting in the lowest frequencyv1,21. In the
same manner, it can be understood that different initial c
ditions and magnetic vector configurations lead to the hi
estv1,21* and the second highestv1,1* . All the above results
draw an analogy between the dynamical vortices system
a molecular system with the van der Waals interaction
duced by dipole-dipole interaction.

Here, we estimate the binding energy of the system as
time-averaged magnetostatic interaction energyWint vs sepa-
rating distanced in the case of lower frequencies motion an
no damping. Figure 4 shows that this interaction energy v
ies proportional to the minus sixth power of the separat
distanced. The energy thus behaves similarly to that of t
van der Waals molecular system when two atoms do
overlap each other.

FIG. 3. Analytically estimated eigenfrequencies (vp1 ,p2
,vp1 ,p2

* )

and numerically estimated eigenfrequencies (vp1 ,p2

N ,vp1 ,p2
* N ) as a

function of the nondimensional distanced5D/R for a weak damp-
ing a50.05.
4-3
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Figure 5 shows the energy absorption rateI (a,V/v0), in
units ofgm0M sVHex

2 /252.3831029 J/s, as a function of the
reduced frequencyV/v0 for types I and II with p15p2
51. For types III and IV, the absorption curves are alm
the same as those for types I and II. Notice that the reso
frequenciesVp1 ,p2

R for various distancesd lie on the lower

eigenfrequencies in Fig. 3. Therefore a spatially unifo
magnetic fieldHex(t) may excite the lower eigenfrequencie
(v1,1,v1,21), whereas the higher frequencies (v1,1* ,v1,21* )
may only be excited by a spatially modulated magnetic fie

B. Micromagnetic calculation

For comparison, the dynamical behavior of the coup
vortex was evaluated using the Object-Oriented Microm
netic Framework~OOMMF! ~Ref. 18! software. We took a cel
size of 4.0 nm. Figure 6 shows time evolution of magneti
tion componentsMx(t) andM y(t) for various combinations
of pi andCi with d52.4. As an initial condition, we set th
state where both vortex cores were shifted along they axis
from the center by applying a uniform magnetic field

FIG. 4. The time-averaged magnetostatic interaction energyWint

as a function of the separating distanced without damping. This
illustrates van der Waals interaction.

FIG. 5. The energy absorption rateI (a,V/v0) as a function of
V/v0 in the case of type-I and -II coupled vortex system. We ta
the nondimensional distanced52.4.
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10 mT in the positivex direction. Time evolution of the com
ponentsMx(t) andM y(t) were then simulated after remov
ing the magnetic field. As shown in Fig. 6, the compone
Mx(t) and M y(t) for types I and II exhibit damped oscilla
tions, corresponding to the fact that both vortices cohere
rotate in same direction and relax back to the disk cent
For types III and IV, the componentMx(t) exhibits damped
oscillation, while the componentM y(t) stays constant. This
implies that vortices rotate opposite to each other, to can
the net M y(t) component, supporting the analytically ob
tained results in the above discussion.

The higherv1,1* N andv1,21* N as well as the lowerv1,1
N and

v1,21
N eigenfrequencies are estimated as a function of

separating distanced from micromagnetic calculations a
shown in Fig. 3. The tendency of the variation is in go
agreement with the analytically obtained results although
numerical values of the eigenfrequencies and the differe
between the higher and the lower eigenfrequenciesvp1 ,p2

* N

2vp1 ,p2

N are smaller than the analytical ones. This has b

pointed out in Ref. 13, where the authors separately e
mated the eigenfrequencyv0 on the basis of rigid vortex and
two vortex ‘‘side charges free’’ models.10 Although the latter
model is in good quantitative agreement with the microm
netic calculation of the eigenfrequencyv0, it is not suitable
for the coupled vortices system because the vortex struc
of this model always has no side surface charges respon
for the coupling. Hence a more precise model is needed

e

FIG. 6. Time evolution of magnetization componentsMx(t) and
M y(t) for various combinations of polarizations and chiralities. W
take the damping parametera50.05, the nondimensional separa
ing distanced52.4. A circular arrow of dashed line represents
rotational direction of vortex motion.
4-4
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describe quantitatively the dynamics of coupled vortices s
tem, though the rigid vortex model is useful for a qualitati
understanding.

IV. SUMMARY AND DISCUSSION

In conclusion, we investigated in detail the dynamics
magnetostatically coupled vortices in magnetic circu
nanodisks, both analytically and numerically. It was sho
that coupled vortices coherently rotate around the disk c
ters with circular eigenfrequencies, which depend on the
larizations of the vortices. Remarkably, the chiralities of t
vortices do not influence the dynamics of vortices. W
showed that these lower eigenfrequencies (v1,1,v1,21) for
each type of coupled vortex system can be excited by a ti
dependent periodically oscillating external magnetic field
was found that the time-averaged magnetostatic interac
a

d

nc

.
s.

a-
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energy varies as the minus sixth power of the separa
distanced. Hence these results can draw an analogy betw
the dynamical system of coupled nearby vortices and a
atomic molecule with the van der Waals bonding induced
the dipolar interaction. Magnetic charges on the side surfa
of the off-centered nearby vortices induce the magne
dipole-dipole interaction. Furthermore, without difficulty, ou
investigation can be extended to an array of magnetos
cally coupledN3N dots, and it is expected that such a sy
tem forms a band structure. Finally, we hope that our inv
tigation will open up the possibility of studying two
dimensional artificial crystals in magnetic vortex systems

ACKNOWLEDGMENT

We are grateful to F. Nori for many useful discussions
a,

9.
1C. Miramond, C. Fermon, F. Rousseaux, D. Decanini, and F. C
cenac, J. Magn. Magn. Mater.165, 500 ~1997!.

2R. P. Cowburn, D. K. Koltsov, A. O. Adeyeye, M. E. Welland, an
D. M. Tricker, Phys. Rev. Lett.83, 1042~1999!.

3A. Fernandez and C. C. Cerjan, J. Appl. Phys.87, 1395~2000!.
4T. Shinjo, T. Okuno, R. Hassdorf, K. Shigeto, and T. Ono, Scie

~Washington, DC, U.S.! 289, 930 ~2000!.
5J. Raabe, R. Pulwey, R. Sattler, T. Schweinbo¨ock, J. Zweck, and

D. Weiss, J. Appl. Phys.88, 4437~2000!.
6M. Schneider, H. Hoffmann, and J. Zweck, Appl. Phys. Lett.77,

2909 ~2000!.
7V. Novosad, K. Yu. Guslienko, H. Shima, Y. Otani, S. G. Kim, K

Fukamichi, N. Kikuchi, O. Kitakami, and Y. Shimada, Phy
Rev. B65, 060 402~2002!.

8K. Yu. Guslienko and K. L. Metlov, Phys. Rev. B63, 100403
~2001!.

9K. Yu. Guslienko, V. Novosad, Y. Otani, H. Shima, and K. Fuk
r-

e

michi, Appl. Phys. Lett.78, 3848 ~2001!; Phys. Rev. B65,
024414~2002!.

10K. L. Metlov and K. Y. Guslienko, J. Magn. Magn. Mater.242-
245, 1015~2002!.

11A. Aharoni, J. Appl. Phys.68, 2892~1990!.
12N. A. Usov and S. E. Peschany, J. Magn. Magn. Mater.118, L290

~1993!.
13K. Yu. Guslienko, B. A. Ivanov, V. Novosad, Y. Otani, H. Shim

and K. Fukamichi, J. Appl. Phys.91, 8037~2002!.
14N. A. Usov and L. G. Kurkina, J. Magn. Magn. Mater.242-245,

1005 ~2002!.
15A. M. Kosevich, B. A. Ivanov, and A. S. Kovalev, Phys. Rep.194,

117 ~1990!.
16A. A. Thiele, Phys. Rev. Lett.30, 230 ~1973!.
17D. L. Huber, Phys. Rev. B26, 3758~1982!.
18M. J. Donahue and D. G. Porter,OOMMF User’s Guide, Version

1.0, Interagency Report NIST IR 6376, Gaithersburg, MD, 199
4-5


