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We consider the properties of a periodic structure consisting of small alternating O#-diodephson
junctions. We show that depending on the relation between the lengths of the individual junctions, this system
can be either in the homogeneous or in the phase-modulated state. The modulated phase appears via a second-
order phase transition when the mismatch between the lengths of the individual junctions drops below the
critical value. The screening length diverges at the transition point. In the modulated state, the equilibrium
phase difference in the structure can take any value fromto m (¢-junction). The current-phase relation in
this structure has very unusual shape with two maxima. As a consequence, the field dependence of the critical
current in a small structure is very different from the standard Fraunhofer dependence. The Josephson vortex
in a long structure carries partial magnetic flux, which is determined by the equilibrium phase.

DOI: 10.1103/PhysRevB.67.220504 PACS nuni§er74.50:+r, 74.20.De

The minimum energy of Josephson juncti@d) usually Consider a periodic structure composed of alternating O-
corresponds to the zero phase difference of the superconduend-JJs of lengthsl; andd ., respectively. The energy per
ing order parametér.However, long time ago it has been period of such a structure is given by
predicted that the JJs with ferromagnetic interlay&-S

junctiong may have ground state with phase difference equal _ q’oij'O )\_ﬁ(d_¢ 2+ 1- d

to w (“ m-junctions”) (Ref. 2. Only recently this prediction - 27 —dpl 2\ dX cosg dx

has been experimentally verified and now the controllable )

fabrication ofS-F-S m-junctions becomes possible. Another %fdw ﬁ(dﬁ)i 1+ cosd | dx @
realization ofm-junctions became possible due to thevave 2mwC Jo | 2 \ dX ’

symmetry of the order parameter in high-temperature

superconductord’ Recent experiments on YB&u;O;-Nb wherej . is the Josephson current density, is the Joseph-

i i i n length of the individual junction9,2=c®,/(8t].)
zigzag JJs demonstrated that such junctions are composed 3§ 9 ! junctions,; =c®o Je)s
alternating facets of 0- and- junctions®? In a pioneering @ndt=to+ X1\, is the effective junction thicknessFor
work ° Bulaevskii, Kuzii, and Sobyanin demonstrated thatSimplicity, we focus on the case when critical current densi-

the spontaneous Josephson vortex carryingdiyi2 appears tiesj. are the same in 0- ang-JJs. Generalization for dif-

at the boundary between 0- amd JJs. The structure of such ferent critical currents is straightforward. Possible realization
semifluxon has been studied in more detail in Refs. 11, 12.Of such a system is the zigzag junction between figland

In the present work we study the properties of the periodicconventmnal superconductors as well &S junctions

array of 0- andr- JJs. We show that depending on the ratioW|th periodically modulated thickness of the ferromagnetic

) _ interlayer. In the case of the zigzag structuxrés the coor-
of lengths of 0- andr- JJs, such an array can be either in thedinate along the zigzag boundary. The ground-state phase
homogeneous or the modulated state. The second-ord§(siripution is determined by equation
phase transition between these states takes place when the
length mismatch between 0- amd JJs is small. At the tran- d2
sition point the screening length of the magnetic field di- —2+j(x)sin¢=0,—d0<x<d7,, 2
verges. In the modulated states the average phase difference X

¢ can take any value betweens and 7. Further, we call N2 Ty

such systemsp-junctions. Such structures were first pre- \t/)vherzj(?()— th)\J hm 0"]‘]3 gtncjd(x)_— );.J Ir? W'st'bAt thet.

dicted by Mint$®in the case of alternating 0- antt JJs. We ounaaries, the phase and Its derivalive have 1o be continu-
ous. Periodicity ofp(x) implies that the solution is symmet-

study the properties ap-junctions: effective Josephson cur- =~~~ . v .
rent, Josephson length, and Fraunhofer-like oscillations of© with respect tax=—d,/2 andd,/2, "e"d‘ﬁ/d)qx:—do/2

the critical current. Magnetic properties of loggjunctions ~ =d¢/dX/x—4 »,=0. Equation(2) always has homogeneous
are determined by two types of Josephson vortices, carryingolutions¢=0 and¢= 7. However, these solutions give the
partial fluxes® oo /7 and®o(7— ¢g)/ 7 (See also Refs. 13, ground state only in some range of the radip'd,,. In gen-
14). We find, analytically, the shapes of these unusual Joeral, Eq.(2) also allows for the inhomogeneous solution.
sephson vortices. We also demonstrate that at the boundaGonsider casal ,<d, and weak modulation around thg
betweene- and usual JJs, a Josephson vortex appears carry=0 state. In this case, ER) can be linearized and its so-
ing a partial fluxdgeq/27r. lution is given by
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(dg+dyp)/2M, FIG. 2. (Color online Left panel dependence of the minimum

| i h i h iodic al . phase on the length of junction, fdg=d,.. Right panel shape of
F!G' 1.‘ (Color onling Phase diagram of the periodic atem?t'ngnf)hase modulation at different junctions sizes.
0-7 junction structure. Inset shows dependence of the equilibriu

H —\2
phase on the length mismatch, fyd ;=13 . lengthd<<\ ;, it is easy to find that the phase distribution for

—d<x<0 is ¢(x)=m/2+x(x+d)/(8\), i.e., it varies

ACOSM,_%<X< 0, weakly aroundm/2.
_ N; Consider a structure composed of short alternating 0- and
b= x—d_/2 3 7 33s with a small length mismatchdy,—d,|<do. In this
Bcos)\—J,O<x<d7. case, functiorj(x) in Eq. (2) oscillates rapidly and we can

presentg(x) as ¢(x)=¢(x)+£&(x), where functione(x)
Matching the logarithmic derivative In ¢/dx of these solu-  varies slowly over the distanak and£(x) oscillates rapidly
tions atx=0, we obtain condition with £(x)=0. In limit do ,<\, the oscillating term is small
[as one can see from the right panel of Fig. 2, even at
tani(do/2\ ;) =tan(d,/2\ ) @ dy,d.=\,, () £(x)|=0.13<1 and(ii) the oscillating part is
for the onset of the modulated solution. The energy analysismaller than the average phaskn this case one can use a
shows that the uniform¢=0 solution is favorable at coarse-grained approximatidsee, e.g., Ref. 15 meaning
tanh@dy/2\ ;) >tan(d,/2\ ;). In the opposite casé,>d,, the  that we can average out the rapidly oscillating functigr)
uniform ¢=m solution is favorable at tant{/2\;) and derive the equation for the slowly varying functig(x)
>tan(do/2\ ;). In the case of a finite junction split into 0- only:
and mr-pieces, condition(4) was first derived in Ref. 10.

These results are summarized in the phase diagram shown in d?e dod,. . do—d, .

Fig. 1. In limit dy>\ 5, the condition for the modulated so- o 24)\45"‘(29")4“ ms'”@’)' ®
lution is given byd, > (#/2)\;. In the casaly,d, <\, the J 0" Faim

region of the modulated solution, is given by Here, the first term in the right-hand side appears due to

current modulations and the second term is proportional to
the average Josephson current. The neglected terms in Eq.
(8) are smaller by a factor ofdg /) ;)2. Without the external

magnetic field, when conditiofb) is fulfilled, the equilib-
i.e., the modulated solution exists only for a very smallrjum phase differencey is:

length mismatch. Since ; is temperature dependent, the

transition into the modulated state may occur with decreas- 12}‘3(d0_dﬂ')

ing temperature. cospy=f= dod_(dotd_)’ 9)
In cased,=d,=d, the phase distribution is always OFmiE0 T Er

modulated. Let us find this distribution. From symmetry and for|f|<1, the average phase difference lies in the region

¢(—x)=7—¢(x), in particular, $(0)==/2. The first o<|p |<,i.e., we have the realization of a JJ with arbi-

|d0_d7T| d(z)
Po Tml 70 g 5
o orl ©

integral of Eq.(2) for x<0 is given by trary ground-state phase difference-junction). For |f|>1
2 (do\2 homogeneous 0- ofr-phase is realized. An example of the
J(_¢) +COS=CoSd, (6) depend'ence qf equilibr?um phagg on length mismatch is
2 | dx shown in the inset of Fig. 1.
with ¢o=(—d/2). The solution is given by byThe energy in terms of the coarse-grained phase is given
)\J 2 d(ﬁ’ .2
X(p)=——7%=| T—m——— (7 Doj A5 [ |1(de|\? (cose—f)?
~cosd’ _ f 11de)”, (cose— D)7
V2o \Jcosp,—cose F=— 5| g % dx, (10

where ¢, is determined by conditior(¢q) = —d/2. Depen-
dencegy(d/\ ;) and shapes of phase variatighix) for dif-  with )\fp=12>\3‘/d5>)\§. The coarse-grained Josephson cur-
ferent values ofd/\; are presented in Fig. 2. For small rent density flowing through the array is given by
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FIG. 3. (Color onling Left panel current-phase relationships for
different values of equilibrium phasg, [see Eq(11)]. Curves are
marked by the value opy. Unit of current density in this plot is
d%jcl(l2>\§). Right panel dependencies of critical current of small
0- mr-structure on the magnetic flu through the structure, for
different values ofg,. The current unit at the vertical axis is
jJSc€/(12>\§), whereS s the cross-section area of the structure.

(@)= dgj"’sin( )(f—cose)
[ 12)\§ @ ®).

(11)

Equations similar to Eqg8), (10), and(11) were first der-

vied by Mints®® This current-phase relation is quite peculiar
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The general solution of this equation is given hy
=*2N,/(x+C). Using the phase-field relationH
=(dy/27t)de/dx, we derive from this solution that the
magnetic field decays inside the structure as

I\ Do\ 2
1+x/\— ,
X tho)
whereH, is the external magnetic field. It is interesting to

note that the field tail at large does not depend on the
applied field

H(Xx)=Hg

(16)

N Do

]

for x> .
° 7tH,

mtx2 a7
In addition to the usual 2-degeneracy, in cade<1, the

ground-state energy is also degenerate with respect to sign

change of the equilibrium phasey,— — ¢o. This degen-

eracy leads to the appearance of two new kinds of solitons in

which the phase sweeps either frenp, to ¢g or from ¢q to

27— ¢q. Rewriting Eq.(8) in a more convenient form

2¢ 1
— = —SiN(¢)(COSey—CoSP),
dx? )\i 0

(See left panel in F|g )3 The current has two maxima and we derive the Shapes of the two solitons as

two minima, which are achieved at cps=(f+/f>+8)/4.
The absolute maximum

dgic
48\3

Jmax=

f
\/%—g(f—M)(str JF2+8)

is achieved atp=¢_ .

P1(X)=2 arctar{ tanl‘( X ;IQ:DO) tar( %) } , (183

Consider screening of the weak magnetic field by the pe-

riodic structure. In the modulated phase linearizing 8.

near ¢q, <p=go0+Z>, we obtain a linear equation for phase

variation ¢

d%p  sirfeo-
— =5 ¢ (12
dx Ao

One can see that the effective screening length

)\eﬁz)\‘p/sincp0=)\¢/\/l—fz, for |fl<1 (13

diverges at the transition point. In homogeneous pHékse
>1, similar derivation gives

Neir=N,/|f|—1, for|f[>1.

Becauser ,(T) diverges aff — T, faster thanf(T), Nex(T)

(14

is nonmonotonic above the transition point. The minimum

value of\eg, Aeg=2d5/\3(dg—d,,) is reached af=2.
Exactly at the transition poinft=1, screening is nonlin-
ear and the phase variation obeys equation

2N 2020/ dX?=¢°. (15)

B tanh(x singo/2\ )
eo(X)=7+ 2arctar% @ oyl2) (18b)
The soliton energies per unit length are given by
g1=e30(N /4N 4)(]SiN@o| — oCOSEY), (19a
g2=230(N3/4N 4)(|sin@g| + (7— @p)COS@g), (19b)

wheree ;0=4®dj\;/(7C) is the energy of a single soliton

in a uniform JJ. At the transition poirit=1 the first soliton
vanishes and the second one acquires the following shape:
@o(X)=m+2 arctank/\ ). Even though fod,>d,, the first
energy is smaller than the second one, both solitons play a
role in the magnetic properties of thg-junction. This is
because without the second solitons, the system cannot con-
tain two or more first solitons of the same sign due to topo-
logical constrains. In the external magnetic fiéldthe en-
ergy of the system with a small number of solitons of both
kinds,N; andN,, can be written as

T—@o| HPg

A7’
and has to be supplemented by the topological constraint
IN;—N,|<1. The penetration scenario is determined by the
ratio of soliton energy, to its flux ®,. Simple analysis
shows that fordy>d, these ratios are arranged in order
e1/P1<(g1+e,)/Py<e,/P,. These inequalities imply
that a single first soliton appears at fieldd,
=472,/ po®,. The soliton lattice, composed of alternating

¢
E:81N1+82N2_ N1?0+N2 (20)
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solitons of two types, penetrates into the structure at higher coSpy— \coL o+ 8 cod( )
field Hy =4m(e,+e,)/®,. In casedy=d,, fieldsH; and cogpB)= 7 (22)
H.; coincide cos 77)

cl .

An interesting possibility to have an equilibriugy Jo-
sephson vortex is realized at the boundary between an alter-
nating structure of 0- and-JJs and the usual 0-JJ. We as- Shapes of the field dependencies of the critical current at
sume that the alternating structure occupies regier0, different values ofp, are plotted in the right panel of Fig. 3.
while 0-JJ, with Josephson penetration lengthoccupies a  These dependencies differ significantly from the Fraunhofer
positive semiaxisx>0. In this case the phase difference dependence in usual JJs. They have a large component with
must vary continuously fromp, for x— —o to zero forx half of the main period. Atpg= 7/2 the dependence has the
—+c. Due to condition\ >A~\;, value ¢(0)<1, Fraunhofer shape but the period is two times smaller than in
which means that the boundary vortex is almost completelyisual case. Note that finite critical current observed in the
localized in regionx<<0 and it is equivalent to half of the alternating O+ junction structur® at zero magnetic field is
first soliton (18a. The metastabler—2¢, boundary vortex naturally obtained in the framework of our analysis. The the-
is also possible and in limit ;> A, its shape corresponds to oretical analysis in Refs. 8 and 16, giving zero curreridat
the second solitoi18b). =0, is incomplete because it does not take into account the

Consider a structure with total length smaller than  cyrrent terme: sin(2p) coming from the rapidly oscillating
screening length ., in an external magnetic field smaller 556

than®,/(dy+d,)t. In this case the coarse-grained approxi-
mation for the phase is justified and we can use the curren
phase relatiori11), where the coarse-grained phase depend
on the coordinate ag(x)=hx+ B with h=27tH/®, and

an arbitrary phase shifs. The total current per unit thick-
ness, flowing through the structure is given by

In conclusion, the possibility to realize the transition into
the @-junction state, by decreasing the temperature figm
ay be very helpful for experimental verification of the pre-
dicted effects. In particular, the observation of the striking
nonmonotonous variation of the screening length with tem-
perature would provide an unambiguous proof of such a tran-
jod2 (L2 sif2(hx+ B)] sition. Also, the studies of the fine structure of the critical
1(B)= Zf dx — | current dependence versus magnetic field and the observa-
12350 -1z tion of a periodicity two times smaller than that expected for
Calculating the integral, we reduce it to the form standard JJ, could be of considerable interest. Finally, note
that the scanning magnetic probe microscope may directly
probe the specific shapes of the partial flux vortices.

f sin(hx+ 8)—

1(B)= I—Osin(ﬁ)sin n[f—cogB)cosn], (21)
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