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Pressure dependence of electron-phonon coupling and superconductivity in hcp Fe:
A linear response study

S. K. Bose,* O. V. Dolgov, J. Kortus, O. Jepsen, and O. K. Andersen
Max-Planck-Institute for Solid State Research, Heisenbergstr. 1, 70569 Stuttgart, Germany

~Received 12 July 2002; revised manuscript received 23 December 2002; published 19 June 2003!

A recent experiment by Shimizuet al. ~Ref. 1! has provided evidence of a superconducting phase in hcp Fe
under pressure. To study the pressure-dependence of the superconductivity we have calculated the phonon
frequencies and the electron-phonon coupling in hcp Fe as a function of the lattice parameter, using the linear
response~LR! scheme and the full potential linear muffin-tin orbital method. Calculated phonon spectra and
the Eliashberg functionsa2F indicate that conventionals-wave electron-phonon coupling can definitely ac-
count for the appearance of the superconducting phase in hcp Fe. However, the observed change in the
transition temperature with increasing pressure is far too rapid compared with the calculated results. For
comparison with the linear response results, we have computed the electron-phonon coupling also by using the
rigid muffin-tin ~RMT! approximation. From both the LR and the RMT results it appears that electron-phonon
interaction alone cannot explain the small range of volume over which superconductivity is observed. It is
shown that ferromagnetic/antiferromagnetic spin fluctuations~SF! as well as scattering from magnetic impu-
rities ~spin-ordered clusters! can account for the observed values of the transition temperatures but cannot
substantially improve the agreement between the calculated and observed pressure/volume range of the super-
conducting phase. A simplified treatment ofp-wave pairing leads to extremely small (<1022 K! transition
temperatures. Thus our calculations seem to rule out boths- andp-wave superconductivity in hcp Fe due to
standard electron-phonon and SF interactions.

DOI: 10.1103/PhysRevB.67.214518 PACS number~s!: 74.70.Ad, 71.20.Be, 74.20.Mn, 74.90.1n
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I. INTRODUCTION

Recently Shimizuet al.1 ~also see Ref. 2! have reported
resistivity and magnetization measurements on Fe sam
under pressure, and identified a superconducting phase
acterized by the Meissner effect and the vanishing of
resistivity above a pressure of 15 GPa. At this pressure
stable crystal structure of Fe is known to be hcp. Both
hcp phase and superconductivity in Fe under pressure
results that can be expected on theoretical grounds. Stab
of bcc, fcc, and hcp crystal structures as a function of
nonical d-band filling was discussed some time back
Pettifor3 and Andersen and co-workers.4,5 These authors
showed that without ferromagnetism the ground state of
would be hcp, just as for its nonmagnetic and isoelectro
4d and 5d counterparts, Ru and Os. For Fe the bcc struct
is stabilized only via ferromagnetism. In the ferromagne
bcc state both the atomic volume and compressibility of
are anomalously large.6 Application of a moderate pressur
results in bcc to hcp martensitic transformation and loss
ferromagnetism.4 Both Ru and Os are superconducting
low temperatures. Thus superconductivity in hcp Fe is har
surprising.

What makes hcp-Fe different from Ru and Os is the pr
ence of spin fluctuations. Both ferromagnetic and antifer
magnetic spin fluctuations are known to suppress super
ductivity mediated vias-wave electron-phonon coupling. A
notable example, where ferromagnetic spin fluctuatio
~paramagnons! are believed to suppress superconductiv
completely, is fcc Pd. A large density of states~DOS! at the
Fermi level,N(0), in fcc Pdcauses a large Stoner-enhanc
paramagnetic susceptibility, leading to strong ferromagn
0163-1829/2003/67~21!/214518~11!/$20.00 67 2145
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spin fluctuations. Disorder-induced superconductivity in f
Pd, due mainly to the reduction inN(0) and therefore in spin
fluctuations, has been claimed experimentally as well as
cussed theoretically.7–9A similar effect could conceivably be
achieved in fcc Pd under pressure, but is yet to be obser
The case for hcp Fe is somewhat different, since it is
lieved to be close to antiferromagnetic10 or complex
magnetic11 instability. It was noted by Wohlfarth12 that at the
lowest pressures (;10 GPa! at which hcp Fe is stable, i
should be close to an antiferromagnetic instability. He a
suggested that the antiferromagnetic spin fluctuations m
not be strong enough to suppress superconductivity in
Fe, particularly at elevated pressures, where reduction
N(0) would cause spin fluctuations to eventually disappe
Antiferromagnetic spin fluctuations suppresss-wave super-
conductivity, while contributing top/d-wave superconduc
tivity. At present, experimental evidence regarding the ty
of superconductivity (s-wave or otherwise! in hcp Fe is lack-
ing.

One can estimate theTc in hcp Fe by using simple scalin
arguments and the observed superconducting transition
peratureTc of Ru ~0.5 K! or Os ~0.7 K! at normal pressure
Let us ignore spin fluctuations and consider the McMill
expression

Tc5
QD

1.45
expH 2

1.04~11lph!

lph2m* ~110.62lph!
J , ~1!

where QD is the Debye temperature,m* is the Coulomb
pseudopotential, andlph is the electron-phonon couplin
constant, given bylph5N(0)^I 2&/M ^v2&. Consideringm*
50.1, we getlph50.32 for Ru (QD5600 K; see Ref. 6!. To
©2003 The American Physical Society18-1
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estimatelph for hcp Fe, we assume that the mean squ
electron-phonon~ion! matrix element̂ I 2& and the effective
spring constantM ^v2& are nearly the same as in hcp Ru. T
average phonon frequency, and thusQD , should then scale
as the inverse square root of the ratio of the atomic mas
and lph should scale according to the ratio ofN(0). The
quantityN(0) can be easily calculated for elemental solid
However, we only need to estimate the ratio of this quan
between Ru and Fe. We can start by assuming thatN(0) is
proportional to the inversed-band width, which can be esti
mated from the potential parameters of the LMTO-ASA~lin-
ear muffin tinorbital atomic sphere approximation! method.5

The band width parameter in LMTO-ASA is usually writte
as D.5,13 To avoid confusion with the commonly use
symbol for the superconducting gap parameterD we denote
the band width parameter asD̂. Both D̂ and its volume
derivative have already been tabulated13 for a large number
of elemental solids. From thed-orbital values of the para
meter D̂, N(0)Fe /N(0)Ru.D̂Ru /D̂Fe5539/28051.925.
This would givelph50.62 for Fe, resulting in a transitio
temperature of; 17 K for hcp Fe. If we use published va
ues of N(0) for hcp Fe14 ~corresponding to a pressureP
; 10 GPa! and for Ru15 ~corresponding to normal pressure!,
then we obtainN(0)Fe /N(0)Ru520.8/11.851.76, andlph
50.56 for hcp Fe, yielding a lower value for the transitio
temperatureTc(Fe)512 K. Using the measured value o
QD in hcp Fe (;500 K at;10 GPa, see Ref. 16! lowers the
transition temperature further to a value17 of 7.6 K.

For a quick estimate of the pressure-dependence ofTc we
use a simplified version of Eq.~1!:

Tc5
QD

1.45
expS 2

1

l8
D , l85lph2m* , ~2!

and resort to the tabulated values of the logarithmic der
tive of the potential parameterD̂ with respect to atomic
sphere radius,s ~Ref. 13!. Neglecting the volume~pressure!
dependence of the quantities^I 2& and m* in Eq. ~2!, we
obtain, for the logarithmic derivative ofTc with respect to
the system volumeV:

d ln Tc

d ln V
52gGS 12

2

lph
D1

1

lph

d ln N~0!

d ln V
, ~3!

wheregG is the Grüneisen parameter. We have used the
proximations

gG52
d ln QD

d ln V
'21/2

d ln ^v2&
d ln V

. ~4!

With the assumptionN(0);D̂21, whereD̂ is the d-orbital
bandwidth parameter in LMTO-ASA, d ln N(0)/d ln V

52(1/3)d ln D̂/d ln s. For the d-orbitals of Fed ln D̂/d ln s
524.6. From the reported value16 of gG51.5 in hcp Fe, we
obtain a value

d ln Tc

d ln V
56.6
21451
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for hcp Fe. The zero pressure bulk modulus in hcp Fe is
GPa.18 The initial ~low pressure! logarithmic derivative ofTc

in hcp Fe should thus be close to26.6/165 (GPa)21

524%/GPa.
Exercises such as the one outlined above are usefu

obtaining order of magnitude estimates and in understand
the trend from one element to the next. However, a qua
tative agreement with experimental results might be miss
According to the study by Shimizuet al.1 superconductivity
in hcp Fe appears at around 15 GPa, slightly above the p
sure at which the bcc-hcp transition takes place. The tra
tion temperature grows slowly from below 1 K to about 2 K
at ;22 GPa and then decreases steadily, with supercon
tivity vanishing beyond 30 GPa.19 The rate of decrease ofTc
is too rapid compared with the estimate derived above
order to reproduce the initial increase ofTc with pressure, as
observed in the experiment, it would be necessary to incl
the spin fluctuation effects and possible volume depende
of the matrix element̂ I 2&. With increasing pressure, spi
fluctuations are expected to diminish, causingTc to rise. The
electron phonon matrix element may also increase with p
sure, as the nearest neighbor distances become short
would thus be of interest to examine to what extent the
served results can be explained via a rigorousab initio cal-
culation.

The purpose of this work is to examine viafirst-principles
calculations the possibility of electron-phonon supercond
tivity in hcp Fe under pressure. To this end we have assum
the state of hcp Fe to be nonmagnetic and used the
potential linear muffin-tin orbitals linear response~FP-
LMTO-LR! scheme developed by Savrasov a
co-workers20,21 to calculate the phonon frequencies and t
electron-phonon coupling in hcp Fe as a function of press
The Eliashberg equations,22 in their isotropic Fermi surface
averaged form, are used to study the pressure-dependen
the transition temperatureTc , and the superconducting ga
D. Effects of both ferromagnetic and antiferromagnetic s
fluctuations and the effects of scattering from magnetic
purities are explored to accommodate the experimental
as best as possible. We also present a simplified treatme
p-wave pairing in hcp Fe. So far two other theoretical calc
lations, related to superconductivity in hcp Fe and its pr
sure dependence, have appeared.14,23 Our work differs from
these publications14,23 in as much as it presents a more ri
orous first-principles calculation of the phonons and
electron-phonon coupling as a function of the lattice para
eter in hcp Fe. Mazinet al.14 used a rigid muffin-tin approxi-
mation in calculating the electron-phonon coupling. The a
erage frequencies in the McMillan expression were estima
from some earlier calculation of phonon frequencies at h
pressures. Jarlborg23 used the ‘‘frozen’’ phonon method to
calculate the phonon frequencies. The force constant
fitted to the experimental value of the Debye temperature
bcc Fe, and then scaled to various volumes in hcp Fe u
calculated values of the bulk modulus. The analysis ofTc in
these works14,23was strictly based on the McMillan formula
The possibility of phonon-mediatedp-wave superconductiv-
ity and the effect of magnetic impurities were also not d
cussed by Mazinet al.14
8-2
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II. ELECTRONIC STRUCTURE

There is considerable experimental evidence that at ro
temperature the martensitic transition from the bcc to the
phase in iron takes place at a pressure of 10–15 GPa.24–26

Ab initio theoretical studies of this transition have been c
ried out by several groups.27–29While Asadaet al.27 used the
LMTO method in the atomic sphere approximation~ASA!,
Stixrude et al.28 and Ekmanet al.29 used the full potential
linearized-augmented plane-wave~FP-LAPW! method, free
of any shape approximation to the charge density or the
tential. Stixrudeet al.28 studied the energy volume curves
ferromagnetic bcc and nonmagnetic fcc, and hcp~with both
ideal and nonidealc/a ratios! phases. They found that th
generalized-gradient approximation~GGA! of Perdew and
Wang~GGA1! ~Ref. 30! yields a much better agreement wi
experiment than local spin-density approximation for t
pressure at which the ferromagnetic bcc to nonmagnetic
transition takes place. Ekmanet al.29 used GGA1~Ref. 30!
and mapped out the transition path in terms of total ene
~and enthalpy! versus a phonon~corresponding to the
T1 N-point mode in the bcc phase! amplitude and a long
wavelength shear. Their study indicates a first order fe
magnetic bcc to nonmagnetic hcp transition at a press
around 10.3 GPa, in agreement with experiment as well
as earlier study of Stixrudeet al.28 In a later calculation,
Steinle-Neumannet al.,10 using a version of the GGA by
Perdew, Burke, and Ernzerhofer~GGA2!,31 have found an
antiferromagnetic ground state for hcp Fe and show that
version of the GGA better reproduces the observed ela
properties of hcp Fe under pressure. The possibility of n
collinear magnetism in hcp Fe below 50 GPa has also b
suggested.11 However, Mössbauer studies of hcp Fe und
pressure have failed to reveal any local magne
moment.26,32 Thus, as done by Mazinet al.,14 in this work
we assume a nonmagnetic phase for hcp Fe under pres
and present results that were obtained by using GGA1.30

According to Ekmanet al.29 the bcc to hcp transition
leads to a phase with ac/a ratio of 1.57 compared to 1.58 i
experiments.18,24 Our LMTO-ASA calculations yield a
smaller ~by ; 0.8 mRy! hcp ground state energy forc/a
51.57 than for the ideal close packing value. In the F
LMTO calculations the difference in the ground state en
gies for the twoc/a values is smaller than 0.2 mRy. Previo
theoretical studies for iron indicate a very small depende
of the total energy on thec/a ratio28,33 and in addition, the
c/a ratio is likely to change with pressure. We have th
adopted the simplest option, as in Ref. 14, and carried ou
our calculations with the ideal close-packing case:c/a
5A8/3. The electronic structure was calculated using Sa
sov’s FP-LMTO code34 with a triple-k spd LMTO basis for
the valence bands. 3s- and 3p-semicore states were treate
as valence states in separate energy windows. The ch
densities and potentials were represented by spherical
monics withl<6 inside the nonoverlapping MT spheres a
by plane waves with energies< 141 Ry in the interstitial
region. Brillouin zone ~BZ! integrations were performe
with the full-cell tetrahedron method35 using 793k points in
the irreducible zone. Band structures of hcp Fe obtained
21451
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the FP-LMTO method for all lattice parameters conside
are in good agreement with the LMTO-ASA bands. F
LMTO bands for the ideal c/a ratio and lattice parameter
4.6 a.u. are shown in Fig. 1.

Table I shows the lattice parameters used in our calc
tions together with the atomic volumes and some calcula
properties. The pressure (2]E/]V) and bulk modulus were
calculated by fitting the energy vs lattice parameter curve
the generalized Birch-Murnaghan equation of state.36,37 The
equilibrium atomic volume and bulk modulus, 69.4 a.u. a
290 GPa, compare well with the values obtained by the
LAPW calculations of Ekmanet al.29 ~68.94 a.u. and 263
GPa!. The experimental zero pressure values for bcc Fe
79.51 a.u. and 172 GPa. Calculated pressure and bulk m
lus values become progressively less reliable away from
equilibrium volume. In order to calculate the Stoner para
eter I we introduced a small splitting in the self-consiste
paramagnetic bands by adding small up and downward s
to the band-center parameterC in the LMTO-ASA method.
After making the atom self-consistent the Stoner parametI
was calculated from the induced magnetic moment per a
m, assuming proportionality between band-splitting and
Stoner parameter:

I 5(
l

I ld l ; I l5~Cl
↑2Cl

↓!/m; d l5Nl~0!/N~0!, ~5!

FIG. 1. FP-LMTO energy bands in hcp Fe for the idealc/a
value (A8/3), anda54.6 a.u. The horizontal line shows the pos
tion of the Fermi level, chosen as the zero of energy.

TABLE I. FP-LMTO results for nonmagnetic hcp Fe for th
ideal c/a ratio: a5lattice parameter~a.u.!, V05volume per atom
~a.u.!, P pressure~GPa!, B bulk modulus~GPa!, N(0) DOS at the
Fermi level@states/~Ry atom spin!#; I, Stoner parameter~Ry/atom!.

a 4.0 4.2 4.4 4.5 4.6 4.7
V0 45.25 52.39 60.23 64.44 68.83 73.4
P 350 162 56 26 2.3 -14
B 1695 970 550 410 300 221
N(0) 4.77 5.79 7.05 7.80 8.59 9.46
I 0.074 0.074 0.073 0.073 0.073 0.07
1/(12IN(0)) 1.54 1.75 2.06 2.32 2.68 3.44
8-3
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where the arrows indicate spin-up and down states andNl(0)
andN(0) are thel-partial and total DOSs at the Fermi leve
respectively. This method yields almost the same~pressure-
independent! value as that obtained by Mazinet al.14 Both
our method and that used in Ref. 14 can be called fi
spin-moment method, except that Mazinet al.derivedI from
the second derivative of the total energy with respect to
spin moment.

III. LATTICE VIBRATIONS AND ELECTRON-PHONON
COUPLING

We used the linear response code of Savrasov
co-workers20,21with a triple-k LMTO basis set. The dynami
cal matrix was generated for 28 phonon wave vectors in
irreducible BZ, corresponding to a mesh of~6,6,6! reciprocal
lattice divisions. The BZ integration for the dynamical m
trix was done for a mesh of~12,12,12! reciprocal lattice di-
visions, and that for the electron-phonon~Hopfield! matrix
was done for a~24,24,24! mesh. The calculated phonon spe
tra for two lattice parameters, 4.4 a.u. and 4.0 a.u., are sh
in Fig. 2. Our results are in reasonable agreement wit
recent density functional calculation of Alfe´ et al.38 These
authors use the same GGA as is used in our calcula
~GGA1! ~Ref. 30! and the small displacement method39 to
obtain the force constant matrix. In Fig. 3 of their paper
phonon spectra for two volumes 8.67 and 6.97 Å3 are
shown. The corresponding lattice parameters, 4.36 and
a.u., are close to the values for which our calculated pho
dispersions curves are shown in Fig. 2. The phonon frequ
cies at theG and A points agree remarkably well. Som
differences appear at symmetry pointsK andM. Such differ-
ences are also present between the results of Alfe´ et al.38 and
those obtained by So¨derland et al. using a generalized
pseudopotential parameterization33 of FP-LMTO calcula-
tions. The differences between our LR results and those
Alfé et al.38 are not large enough to cause significant diff
ences in thermal properties and electron-phonon coupl
The smooth solid lines in Fig. 2 correspond to spline fits
the calculated frequencies~solid circles!. Due to the small
number of calculated frequencies the shapes of the lines
sumably representing the bands at the zone boundaries c
be incorrect. The connections of the calculated points w
lines and band crossings in Fig. 2 were determined by ex
ining the phonon eigenvectors. However, the number oq
points considered along each symmetry direction was
most four and often three or less. No intermediateq points
along theK –M andL –H were among the mesh ofq points
for which the dynamical matrix was calculated. Thus t
possibility of errors in band crossing cannot be ruled out

The dispersion curves at various pressures are similar
cept for an overall scale factor, essentially representing
gradual broadening of the bands with increasing press
This is reflected in Fig. 2 and also in the phonon density
states for various lattice parameters shown in part~b! of Fig.
4. For the smallest lattice parameter considered by us
upper band edge lies around 670 cm21 or 20 THZ @Figs. 2
and 4~b!#.

We have computed both the Eliashberg spectral funct
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a2F~v!5
1

N~0! (
k,k8,i j ,n

ugk,k8
i j ,n u2d~«k

i !d~«k8
j

!d~v2vk2k8
n

!,

~6!

and the transport Eliashberg function21,40

a tr
2 F~v!5

1

2N~0!^vFS
2 &

(
k,k8,i j ,n

ugk,k8
i j ,n u2

~vW FS~k!2vW f s~k8!!2d~«k
i !d~«k8

j
!d~v2vk2k8

n
!, ~7!

where the angular brackets denote the Fermi surface ave

vW FS denotes the Fermi surface velocity,gk,k8
i j ,n is the electron-

phonon matrix element, withn being the phonon polariza
tion index andk and k8 representing electron wave vecto
with band indicesi, and j, respectively.

For most of the lattice parameters considered by us
Eliashberg spectral functiona2F and the transport Eliash
berg functiona tr

2 F both follow the same frequency variatio
as the phonon density of states. In Fig. 3 we show the p

FIG. 2. Phonon frequencies of hcp Fe calculated via the
LMTO-LR method for two different lattice parameters:~a! 4.0 and
~b! 4.4 a.u., and the idealc/a ratio, A8/3. The solid circles denote
the calculated frequencies and the solid lines represent spline
through these calculated values.
8-4
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non density of states and the two Eliashberg functions
gether with the phonon dispersions for the lattice param
4.6 a.u., close to the equilibrium value of 4.615 a.u.

Some deviations in the frequency dependence of thea2F
function from that of the phonon density of states appea
higher pressure. The deviation is most pronounced betw
the lattice parameters 4.4 and 4.2 a.u. in our calculation
Fig. 4 we show the Eliashberg spectral functions and
phonon density of states for three different lattice para
eters. The peaks in the calculated phonon density of stat
ambient pressure~lattice parameter;4.6 a.u. in our calcula-
tions! are at 190 cm21 ~24 meV! and 315 cm21 ~39 meV!,
and these agree very well with the results from neutron s
tering experiments41 as well as with recently reported result
obtained from the measured energy spectra of inela

FIG. 3. Phonon spectrum, density of states and the Eliash
spectral functiona2F and the transport Eliashberg functiona tr

2,xxF
for hcp Fe at the lattice parameter 4.6 a.u. (c/a5A8/3). The equi-
librium ~minimum energy! lattice parameter is 4.615 a.u.

FIG. 4. Phonon density of states and the eliashberg function
hcp Fe for three different lattice parameters (c/a5A8/3).
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nuclear absorption.16 The peak positions in the calculate
results for higher pressures are at somewhat lower frequ
cies~by about 5 meV, which is within the experimental res
lution! than those from the inelastic nuclear absorpti
experiment.16 However, such differences between the calc
lated and measured frequencies are common, given the
ference between the experimental and theoretical value
the lattice parameters at various pressures.

The Hopfield parameterh (N(0)^I 2&), which is the elec-
tronic part of the electron-phonon coupling, shows an abo
average increase between the lattice parameters 4.5 an
a.u., due to an increased coupling for the longitudinal aco
tic phonons with wave vectors around the middle of t
G-K symmetry line. This increased~above-average! cou-
pling is found to persist up to at least 4.2 a.u., but diminish
to normal~average! value around the lattice parameter of 4
a.u., where the pressure-stiffening of the lattice vibratio
reduces the electron-phonon coupling and superconduct
disappears. The general trend is as follows: the Hopfield
rameterh grows steadily with increasing pressure with
rapid change between the lattice parameters 4.5 and 4.4
The phonon frequencies move upward with increasing p
sure, with no phonon branches showing any softening. H
ever, between lattice parameters 4.6 a.u. and 4.4 a.u.~per-
haps 4.3 a.u.! the increase in the Hopfield paramet
dominates the change in the electron-phonon coupling
rameterlph5h/M ^v2&. In this rangelph increases despite
a decrease inN(0) and an increase in̂v2&. Below 4.3 a.u.
lattice vibrations stiffen rapidly, lowering the value oflph .
In Table II we summarize our results for the pressu
dependence of the phonon properties and electron-pho
coupling. Since the Hopfield parameterh is often calculated
using the rigid muffin-tin~RMT! approximation of Gaspar
and Gyorffy,42 in Table II we have also presented the resu
for h obtained via the LMTO-ASA implementation of RMT
~rigid atomic sphere or RSA! as given by Glo¨tzel et al.43 and
Skriver and Mertig.44 These values are in agreement wi
those given by Mazinet al.14, but differ significantly from
the results of Jarlborg23 ~judging from the quoted values o
lph and the Debye frequencies!. Our results indicate tha
depending on the lattice parameter the RMT/RSA appro
mation underestimates the Hopfield parameter by 15-4
Also the variation ofh with lattice parameter in the RMT
approximation is much smoother than in the linear respo
calculation, as the former fails to capture the above aver
increase around the lattice parameter 4.4 a.u. In Table II
have presented the results for lattice parameter 4.7
merely for comparison with other lattice parameters, and
for comparison with experiment. The strong electron-phon
coupling ~stronger than that ata54.6 a.u.! is of no experi-
mental consequence since,~i! at this lattice parameter th
system is at a negative pressure, not accessed by experim
and ~ii ! our theoretical calculations show that at this e
panded volume the system is most likely antiferromagne

IV. CRITICAL TEMPERATURE

A. General relations

The linearized Eliashberg equations at the supercond
ing transition temperatureTc of an isotropic system are~see,
e.g., Ref. 22!:

rg

or
8-5
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TABLE II. Hopfield parameters from the linear response calculationh and the rigid muffin-tin~atomic
sphere! approximationh ~RMT/RAS!, mean square electron-ion matrix element^I 2&, calculated average
plasma frequenciesvpl , logarithmic average phonon frequenciesv ln , cutoff frequenciesvc , Coulomb
pseudopentials for Eliashberg equation@m* (vc)# and Mcmillan formula (m ln* ); electron-phonon coupling
parameterslep , calculated critical temperatures (Tc

calc) and superconducting gaps (D0) from the solution of
the Eliashberg equations~8! and the critical temperatures from the Mcmillan formula~1!(Tc

MCM) for various
lattice parametersa.

a aB 4.0 4.2 4.4 4.5 4.6 4.7
h Ry/bohr2 0.268 0.368 0.229 0.139 0.111 0.099
h ~RMT/RAS! Ry/bohr2 0.214 0.167 0.124 0.108 0.095 0.088
^I 2& ~Ry/bohr!2 0.056 0.063 0.032 0.018 0.013 0.010
vpl eV 10.30 8.82 7.68 7.21 6.78 6.40

K 640 542 439 372 336 295
v ln cm21 445 376 305 258 233 205

vc cm21 7000 6000 4600 4600 4600 4490
m* (vc) 0.224 0.224 0.218 0.221 0.224 0.226
m* (v ln) 0.139 0.138 0.137 0.135 0.134 0.133
lph 0.277 0.570 0.538 0.434 0.431 0.508
Tc

McM K ,0.01 6.37 4.06 1.06 0.94 2.21
Tc

calc K 5•1027 4.52 3.11 0.83 0.66 1.73
D0 cm21 ,1026 7.38 4.63 1.28 0.99 2.54
D0 /kBTc

calc 2.35 2.15 2.21 2.14 2.30
pT

.

ri-
rm

e
en

2

e-
pti-

e
gy,
es

rg
e-
Z~ ivn!511
c

vn
(
n8

W1~n2n8!sgn~n8!,

~8!

Z~ ivn!D~ ivn!5pTc (
n8

uvnu!vc

W2~n2n8!
D~ ivn8!

uvn8u
,

wherevn5pTc(2n11) is a Matsubara frequency,D( ivn)
is an order parameter, andZ( ivn) is a renormalization factor
InteractionsW1 andW2 conatin a phonon contributionlph ,
a contribution from spin fluctuationsls f , and effects of scat-
tering from impurities. With scattering ratesgm51/2tm and
gnm51/2tnm referring to magnetic and nonmagnetic impu
ties, respectively, the expressions for the interaction te
are

W1~n2n8!5lph~n2n8!1ls f~n2n8!1dnn8~gnm1gm!

and

W2~n2n8!5lph~n2n8!2ls f~n2n8!2m* ~vc!

1dnn8~gnm2gm!.

The phonon contribution is given by

lph~n2n8!5E
0

` dv2a2~v!F~v!

~vn2vn8!
21v2

,

wherea2(v)F(v) is the Eliashberg spectral function. Th
contribution connected with spin fluctuation can be writt
as
21451
s

ls f~n2n8!5E
0

` dv P~v!

~vn2vn8!
21v2

,

whereP(v) is the spectral function of spin fluctuations, r
lated to the imaginary part of the transversal spin susce
bility x6(v) as

P~v!52
1

p
^ugkk8u

2Imx6~k,k8,v!&FS ,

where^ &FS denotes Fermi surface average.m* (vc) is the
screened Coulomb interaction

m* ~vc!5
m

11m ln~E/vc!
, ~9!

with m5^N(0)Vc&FS being the Fermi surface average of th
Coulomb interaction. E is a characteristic electron ener
andvc is a cutoff frequency, usually chosen to be ten tim
the maximum phonon frequency:vc.10vph

max.

B. Phonons only

In order to computeTc we use the calculated Eliashbe
spectral function along with the following procedure to d
termine the Coulomb pseudopotentialm* (vc). We start by
assumingm50.5. A value greater than 0.5 form would lead
to magnetic instability~see, e.g., Ref. 45!. With E5vpl , the
electron plasma frequency~see Ref. 46!,

m* ~vc!5
0.5

110.5 ln~vpl /vc!
.

8-6
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Thus from the calculated phonon frequencies and pla
frequencies we obtainm* for all lattice parameters, with the
cut-off frequencyvc assumed to be ten times the maximu
phonon frequency. This procedure gives us the maxim
possible values ofm* (vc).

One of the most widely used expressions forTc is given
by the Allen-Dynes form22 of the McMillan formula @Eq.
~1!#, where the prefactorQD/1.45 is replaced byv ln

ph /1.2.

lph52E
0

`

dva2~v!F~v!Y v

is the electron-phonon coupling constant,v ln
ph is a logarith-

mically averaged characteristic phonon frequency

v ln
ph5expH 2

lph
E

0

`

dva2~v!F~v! lnvY vJ ,

and

m* [m* ~v ln
ph!5

m* ~vc!

11m* ~vc! ln ~vc /v ln
ph!

is the Coulomb pseudopotential at this frequency. Our ca
lations show that for different plasma frequencies and ch
acteristic phonon frequenciesm* for all lattice parameters
lies in the range 0.1320.14, which is typical of conventiona
superconductors.

In Fig. 5 we show the transition temperatures calcula
as a function of volume per atom using Eliashberg equati
and the McMillan formula. The effects of ferromagnetic a
antiferromagnetic spin fluctuations, discussed in the follo

FIG. 5. Calculated transition temperatures as a function of v
ume per atom. The experimental results are also shown. The ex
mental pressure versusTc results were transferred into volume ve
susTc results using the data from Mazinet al. ~Ref. 14! ~also see
Refs. 24 and 47!. The legends SPF1, SPF2, and AFMSF are
scribed in Sec. IV. C. Dashed vertical lines show regions, where
Fe is believed to be antiferromagnetic~AFM!, and where it is either
nonmagnetic~NM! or antiferromagnetic~AFM!.
21451
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ing subsection, are also shown via three additional curv
The symbols denote the calculated values ofTc and the lines
are spline fits through the calculated values.

C. Contribution from spin fluctuations

Superconducting transition temperatures calculated
Sec. IV~B! are based on the maximum possible estimates
the Coulomb pseudopotentialm* . Thus the maximumTc ,
based ons-wave electron-phonon interaction only, cannot
less than 4.5 K~for a lattice parameter of 4.2aB), and a value
as high as 7–8 K is reasonable according to the linear
sponse results. The highest transition temperature obtaine
the experiment1 is 2 K. A more important difference betwee
the calculated and the experimental results is the rang
volume/pressure over which superconductivity appears.
calculated range is much broader than the experimental
~see Fig. 5!. It is then natural to explore the effects of sp
fluctuations on both, the magnitude ofTc and the pressure
volume range of the superconducting phase. Since the ca
lation of the spin succeptibility is rather complicated, w
restrict ourselves to simple models offerromagneticandan-
tiferromagneticspin fluctuations for an isotropic system, a
proposed by Mazinet al.14 In a T-matrix approximation for
the uniform electron gas one can obtain the relation~see
Refs. 48 and 49!:

P~v!5N~0!E
0

2pF
dq

q

2pF
2 H 2

1

p
Im x6~q,v!J ,

where

2
1

p
Im x6~q,v!5

I

p Fp2 IN~0!
v

qvF
G Y F S 12IN~0!

2IN~0!
q2

12pF
2 D 2

1S p

2
IN~0!

v

qvF
D G .

An integration ofP(v) ~see section A.! leads to the spin
fluctuation coupling parameter

ls f5aN~0!I ln
1

12N~0!I
, ~10!

where the constanta is of order unity. One can define

v ln
s f 5exp

2

ls f
E

0

`

dvP~v! ln vY v

'~0.8!
@12IN~0!#

IN~0!
pFvF ~11!

as a characteristic spin fluctuation frequency, which sho
vanish near the magnetic phase transition.pF , andvF are the
Fermi momentum and velocity, respectively. The prod
pFvF can be replaced by 2EF and estimated from the loca
tion of the Fermi energy with respect to the bottom of t
band.

If we resort to the approximation

l-
ri-

-
p

8-7
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P~v!5~ls fvs f/2!d~v2vs f!,

then for vs f@vph we obtain an extension of the McMilla
formula, similar to the one used in Ref. 14

Tc5
v ln

ph

1.2
expH 2

1.04~11lph1ls f!

lph2ls f2m* @110.62~lph1ls f!#
J .

~12!

In reality the spectrumP(v) is distributed from zero up to
electronic energies. Near the phase transition the chara
istic frequency is comparable to the characteristic pho
frequencies. An appropriate treatment of the broadness o
spectrumP(v) leads to the replacement of thev ln

ph in the
above expression by

v5v ln
s f ~v ln

ph/v ln
s f!n, ~13!

with the exponentn ~see Ref. 49! given by

n5
lph

2

~lph2ls f!Flph2ls f1
lphls f

11lph1ls f
ln @v ln

ph/vs f#G .

In the uniform electron gas approximation the constana
in Eq. ~10! is of the order of unity. But such a high value o
a in our calculation would cause the critical temperatures
vanish for all lattice parameters (lph,ls f). It is evident that
the uniform electron gas approximation would be inapprop
ate for a transition metal like iron. Hence we use the follo
ing approach: we considera as a fitting parameter to get
Tc52 K, the experimental value, for the lattice parame
4.4 a.u. ~volume per atom;60 a.u.! The two sets ofTc
versus lattice parameter results obtained this way are sh
in Fig. ~5! and are labeled as SPF1 and SPF2, respecti
~the lowermost curves!. In particular, SPF1 refers to the ca
where Eq.~12! is used withls f given by Eq.~10!; and SPF2
refers to the case wherev from Eq.~13! replacesv ln

ph in Eq.
~12!, with ls f still given by Eq.~10!. In Table III, the spin
fluctuation coupling parameters associated with the res
SPF1 and SPF2 in Fig. 5 are labeled asls f1 and ls f2, re-

TABLE III. Spin fluctuation effects: ferromagnetic spin fluctua
tion coupling parametersls f1 andls f2 ~see text in Sec. IV C. for
details!; antiferromagnetic spin fluctuation coupling parameterls f

a f ,
the characteristic spin fluctuation frequencyv ln

s f , and the corre-
sponding critical temperaturesTc1

s f ,Tc2
s f , andTc,s f

a f ~see text in Sec.
IV C. for details!.

a aB 4.0 4.2 4.4 4.5 4.6 4.7

v ln
s f eV 33.48 22.56 14.80 11.39 8.59 5.67

ls f1 0.0155 0.024 0.038 0.048 0.062 0.088
ls f2 0.0044 0.0069 0.011 0.0139 0.018 0.02
ls f

a f 0.0036 0.0057 0.011 0.019 0.05
Tc1

s f K 0.0005 4.35 2 0.202 0.091 0.224
Tc2

s f K 0.0019 4.12 2 0.324 0.303 0.398
Tc

a f K 0.0023 4.48 2 0.206 0.004 0
21451
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spectively. The values of the parametera @see Eq.~10!# for
the two cases SPF1 and SPF2 are 0.101 and 0.029, re
tively. Calculated transition temperatures for the two mod
SPF1 and SPF2 are denoted byTc1

s f and Tc2
s f in Table III,

which also shows the characteristic spin fluctuation frequ
ciesv ln

sf for various lattice parameters.
For antiferromagneticspin fluctuations the spin suscept

bility has a maximum atq→Q* , and the averaging over th
Fermi surface leads to

ls f'
x~q→Q* !I

12x~q→Q* !I
.

If, according to Mazin et al.,14 we supposex(q→Q* )
5bN(0), then

ls f
a f5

a8bN~0!I

12bN~0!I
. ~14!

Parameterb can be estimated from the condition of the a
tiferromagnetic instabilitybN(0)I→1. This leads tob
&1.5 which is close to the value in Ref. 14. Taking this val
and usinga8 as a fitting parameter we obtain the result plo
ted in Fig. 5.a850.0032 reduces the maximumTc ~at 4.4
a.u.!to the experimental value, 2 K~for simplicity we used
Eq. ~12!, with v ln

ph replaced byv given by Eqs.~11! and
~13!, andls f

a f replacingls f). The corresponding results ar
plotted in Fig.~5! and are labeled as AFMSF. The values
Tc and spin fluctuation coupling parameters are also sho
in Table III, labeled asTc

a f andls f
a f , respectively. It is evident

that the volume dependence ofTc obtained this way is very
similar for ferromagnetic and antiferromagnetic spin fluctu
tions.

D. Magnetic impurities

A lowering of the critical temperature could also b
caused by the presence of magnetic impurities. It is w
known that the nonmagnetic impurities cancel out from
Eliashberg equations~Anderson theorem50!, while the mag-
netic ones lead the pair-breaking effects.51 The central idea is
that near a magnetic transition spin-ordered clusters app
and these can scatter electrons very effectively. We have
culated the effect of such impurities on the critical tempe
ture for the lattice parametera54.4 a.u. ~see, Fig. 6! by
considering various different scattering rates 1/2tm in the
Eliashberg equation~8!. For comparison we have also calc
lated the change inTc by using the renormalized Abrikosov
Gor’kov ~AG! expression~see e.g., Sec. 15 in Ref. 22!

ln ~Tc0 /Tc!.c@1/21~1/2tm!pTc~11lep!#2c~1/2!,
~15!

whereTc0 is the critical temperature without magnetic imp
rities. c(x) is the digamma function andc(1/2) is related to
the Euler constantg asc(1/2)52g22ln 2. The difference
between the Eliashberg and the AG results is due to
rather broad phonon spectrum which necessitates approp
treatment of strong coupling effects.
8-8
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In order to reduce the critical temperature at the latt
parametera54.4 a.u. to the experimental value of 2 K it is
sufficient to assume a scattering rate 1/tm'3.0 cm21. With
the calculated average Fermi velocityvF.2.5473107 cm/
sec, this yields a mean free pathl .28.331025 cm. The
closer the magnetic instability, the larger is the probabi
~rate! of magnetic scattering, which leads to more enhan
suppression ofTc .

E. p-wave pairing

Magnetic ordering~as well as an external magnetic fiel!
favors the triplet p-wave pairing, similar to that found
superfluid 3He. In order to estimateTc for p-wave pairing
we adopt the following simplified approach. We consider
extension of Eq.~8! for the l th spherical harmonic channel22:

Z~ ivn!511
pTc

vn
(
n8

W1
(0)~n2n8!sgn~n8!,

~16!

d( l )~ ivn!5pTc (
n8

uvnu!vc

W2
( l )~n2n8!

d( l )~ ivn8!

Z~ ivn8!uvn8u
,

whered( l ) for l 51 is thep-wave order parameter, and

W1
( l )~n2n8!5lph

l ~n2n8!1ls f
l ~n2n8!

1d l0dnn8~gnm1gm!,

W2
( l )~n2n8!5lph

l ~n2n8!1~21! lls f
l ~n2n8!1d l0X,

whereX52m* (vc)1dnn8(gnm2gm). The kernelW with a
general indexl is defined as the Fermi surface average

W( l )5^d( l )W~k,k8,n2n!d( l )&k,k8PFS /^ud( l )u2&

of the l th harmonic of the momentum-dependent interact
W(k,k8,n2n), while

FIG. 6. Variation of the transition temperature with the scatt
ing rate of magnetic impurities 1/2tm for lattice parametera54.4
a.u. The legend AG stands for solution of the Abrikosov-Gor’k
expression given by Eq.~15!.
21451
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d
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W(0)5^W~k,k8,n2n!&k,k8PFS .

We assume that the Coulomb interaction and impurity sc
tering are isotropic. The simplest approximation then is
useW(1)5gW(0), where the parameterg describes the an
isotropy of the interaction~see, e.g., Refs. 52 and 53!. A
difference of the factorg from unity leads to strong pair
breaking effects. In general~see., e.g., Ref. 22!, for l
51 d( l )'vF , the first odd Fermi surface harmonic.54 In this
caseg5lph

1 /lph
0 5lph

( in)/lph ~see the notations in Refs. 4
and 21!. The phonon constantlph

( in) is relevant to the trans
port Boltzmann equation~see, e.g., Ref. 21!. From the linear
response calculation we obtaing5lph

( in)/lph for all lattice
parameters. Fora54.4 a.u., we obtaing50.238.

With the assumptionW(1)5gW(0) it is possible to esti-
mate Tc from a McMillan-like formula. An expression for
the critical temperature can be written in a form similar
that used by Mazinet al.14:

Tc5
v

1.2
expH 2

11lph
0 1ls f

0

lph
1 1ls f

1 J 5
v

1.2
expH 2

11lph1ls f

g~lph1ls f!
J ,

~17!

wherev is given by Eq.~13!, and we have used the relatio
ls f

1 5gls f
0 5gls f . Note that this equation is the same as E

~3.6! of Fay and Appel,55 except that the termlph
1 is absent

from the exponent in their expression forTc .56 A small value
of the parameterg and a rather strong phonon contribution
the numerator in the exponent in Eq.~17! lead to small val-
ues ofTc&1022 K for the p-wave pairing in contrast to the
conclusion reached in Ref. 23. The valueTc&1022 K is
similar to that obtained by Allen and Mitrovic´22 for p-wave
superconductivity in Pd. If the assumptionW(1)5gW(0) is
valid, then the inclusion of antiferromagnetic spin fluctu
tions ~replacingls f by ls f

a f) would lead to similar results.

V. SUMMARY AND CONCLUSIONS

In this work we have examined the possibility of phono
mediated superconductivity in hcp Fe under pressure u
first-principlesmethods to calculate both the electron and
phonon states, as well as the electron-phonon coupling.
calculations assume a nonmagnetic state for hcp Fe u
pressure. The results of our study can be summarized
follows.

~i! The Hopfield parameterh increases steadily with pres
sure, showing a wider variation for the linear response c
culation than obtained via the RMT approximation used
Mazin et al.14 We have shown that the RMT approximatio
implemented in the LMTO-ASA scheme yields values ofh
in reasonable agreement with those obtained in Ref. 14 u
the LAPW method. However, the RMT approximation u
derestimates the electron-phonon coupling, yielding val
for the Hopfield parameter that can be 10–40 % lower th
the linear-response value, depending on the pressure~see
Table II!. ~ii ! Below volumes of;50 a.u. per atom~above
estimated pressures;160 GPa! phonons stiffen rapidly,

-
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BOSE, DOLGOV, KORTUS, JEPSEN, AND ANDERSEN PHYSICAL REVIEW B67, 214518 ~2003!
bringing theTc down. The rate of decrease inTc for pres-
sures above;150 GPa is faster than what is suggested
Fig. 1 of Ref. 14!. ~iii ! Tc’s based on thes-wave electron-
phonon coupling, and maximum possible estimates ofm*
are higher than the experimental values.~iv! The range of
volume where superconductivity appears is much broade
the calculations than what is observed. This result is in qu
tative agreement with Ref. 14. However, the range of volu
over which superconductivity persists is somewhat sma
than what is suggested in Ref. 14.~v! Inclusion of
ferromagnetic/antiferromagnetic spin fluctuations, and s
tering from magnetic impurities can all bring the calculat
values ofTc down to the range of observed values, but ca
not substantially improve the agreement between the ca
lated and the experimental pressure/volume range of the
perconducting phase~Fig. 5!. ~vi! A simplified treatment of
p-wave pairing due to electron-phonon and spin fluctuat
interactions yields a very smallTc(<0.01 K!, in contrast
with the claim made in Ref. 23~see the discussion at the en
of Sec. IV E, and Ref. 56!.

Our results related to boths-andp-wave superconductiv
ity in nonmagnetichcp Fe due to standard electron-phon
interactions in the presence ferromagnetic/antiferromagn
spin fluctuations are at variance with the experimental ob
vations. WhileTc for p-wave superconductivity is too smal
electron-phonon mediateds-wave superconductivity yields
Tc’s comparable to or somewhat higher than the experim
tal values. However, such a superconductivity is found
persist beyond pressures of 200 GPa, in severe disagree
with experiment. Thus the central issue at hand seems t
not why superconductivity appears in the hcp phase, but w
it disappears with increasing pressure, above 30 GPa. Fu
work, both theoretical and experimental, is warranted to

*On leave from Brock University, St. Catharines, Ontario, Can
L2S 3A1. Email address: bose@newton.physics.brocku.ca
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pressure range of;5 GPa~see Fig. 2 of Ref. 2!. This points
to the possibility that the samples in the study by Shim
et al.1 might have been in mixed-phases, although it is n
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