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Partially coherent phonon heat conduction in superlattices

B. Yang* and G. Chen†

Mechanical Engineering Department, Massachusetts Institute of Technology, Massachusetts 02139
~Received 21 October 2002; revised manuscript received 23 December 2002; published 8 May 2003!

In this paper, the phonon thermal conductivity of semiconductor superlattices is calculated with the use of a
modified lattice dynamics model, in which an imaginary wave vector is added. The mean free path caused by
diffuse interface scattering is included in the imaginary wave vector. This model combines the effects of
phonon confinement and diffuse interface scattering on the thermal conductivity in superlattices, and is appli-
cable to phonon transport in the partially coherent regime, where bulk and superlattice phonon modes mix up.
The theoretical results for the GaAs/AlAs superlattices are compared with the experimental data. The period
thickness dependence and temperature dependence of the thermal conductivity in the GaAs/AlAs superlattices
can be well explained by this model.

DOI: 10.1103/PhysRevB.67.195311 PACS number~s!: 68.65.2k, 66.70.1f, 44.05.1e
lat
th

fi-
ul
a

iv
rt
th

fa
e
a
re
io
o-
rm
ns
n-
n
u

th
r

uc

ho
e
th
th
is

an
h

els
an
yo

b

re-
and
c-

ent
de-
of

ns-
nt

riod
port

y-
P,

d.
a

ite
ed
in

um
eir
s a
rmal
c-

on
ics
ntal

n’s

th
uc-
c-
ss

ivity

-
ice
s,
ow

ls
Phonon thermal conductivity in semiconductor super
tices ~SL’s! has attracted considerable attention due to
applications in thermoelectric devices1–5 and optoelectronic
devices such as quantum well lasers and detectors.6,7 The
thermal conductivities both parallel~in-plane! and perpen-
dicular ~cross-plane! to the interfaces are found to be signi
cantly reduced in comparison to their corresponding b
values in various SL groups.8–14 Some experimental dat
show that the cross-plane thermal conductivity recovers
the short period limit, hence a minimum thermal conduct
ity occurs.11,12Many theoretical models for phonon transpo
in SL’s have been developed, but the mechanisms of
thermal conductivity reduction are still under debate.

Current models on phonon transport in SL’s generally
into two groups. One group assumes that the phonon m
free path~MFP! is shorter than the period thickness so th
phonons in different layers of a SL are not coherently cor
lated and each layer is subject to its bulk dispers
relations.3,15–17In this case, phonons are in the totally inc
herent regime, and can be treated as particles. The the
conductivity is usually calculated using the Boltzmann tra
port equation with boundary conditions involving diffuse i
terface scattering. These particle models can fit experime
data of several SL systems in the thick period range. Beca
the wave features of phonons in SL’s are not considered,
fail to explain the thermal conductivity recovery in the sho
period limit.

The other group assumes that the phonon MFP is m
larger than the SL period thickness.2,18–21So phonons in dif-
ferent layers of a SL are coherently correlated and SL p
non bands can be formed due to the coherent interferenc
the phonon waves transporting towards and away from
interfaces. Phonon transport in such wave models is in
totally coherent regime. The thermal conductivity in SL’s
usually calculated through the phonon dispersion relation
SL’s, obtained using lattice dynamics or other methods,
the relaxation time in the corresponding bulk materials. T
thermal conductivity of SL’s calculated from these mod
typically first decreases with increasing period thickness
then approaches a constant with the period thickness be
about 10 monoatomic layers~ML’s !. The very thin period
behavior is similar to some experimental observations,
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the thick period behavior is contrary to the experimental
sults observed in many SL groups, such as GaAs/AlAs
Bi2Te3 /Sb2Te3 , which show an increase in thermal condu
tivity with increasing period thickness.8,11,12,22

Apparently, neither coherent wave models nor incoher
particle models alone can explain the period thickness
pendence of thermal conductivity in SL’s because each
them deals with the extreme case. In reality, phonon tra
port in SL’s can fall into either coherent regime or incohere
regime or in between, depending on phonon MFP and pe
thickness. General approaches applicable to phonon trans
in the partially coherent regime in SL’s are needed.

Simkin and Mahan employed a simple-cubic lattice d
namics model with a complex wave vector involving MF
to calculate the SL thermal conductivity.23 This idea was
originally proposed by Pendry for the electron energy ban24

The addition of an imaginary part to the wave vector is
phenomenological way to include the effects of the fin
MFP on phonon modes in SL’s. In Ref. 23, they calculat
the period thickness dependence of thermal conductivity
the cross-plane direction of SL’s, and predicted a minim
in the cross-plane thermal conductivity. However, th
model did not consider the diffuse interface scattering. A
consequence, the model cannot explain the in-plane the
conductivity reduction in SL’s. Even in the cross-plane dire
tion, the calculated maximum thermal conductivity reducti
is similar to that predicted by the coherent lattice dynam
models and is still many times smaller than the experime
data.

In this paper, a treatment combining Simkin and Maha
model23 and diffuse interface scattering3,16,17,25,26is devel-
oped to investigate the thermal conductivity in SL’s. Wi
this treatment, the experimentally observed thermal cond
tivity reduction along both in-plane and cross-plane dire
tions of SL’s can be explained over all the period thickne
range. The temperature dependence of thermal conduct
in SL’s can also be explained.

The thermal conductivity in the GaAs/AlAs SL’s is calcu
lated with the use of a modified face-centered-cubic latt
dynamics model.18,21More accurate lattice dynamics model
considering long-range force and optical phonons, sh
similar results.19,20 The traditional lattice dynamics mode
©2003 The American Physical Society11-1
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are applicable only when the MFP is much larger the per
thickness of SL’s. To study partially coherent phonons
SL’s, an imaginary part,i /MFPSL, is added to the wave vec
tor in the lattice dynamics model. The MFP caused by d
fuse interface scattering is derived and incorporated into
total phonon MFP, MFPSL. Here it is assumed that scatterin
processes destroy the phonon phase and thus the ph
MFP is identical to phonon coherent length. Compared to
lattice dynamics models in Refs. 18 and 21, a modificatio
that not only the mass difference but also the force cons
difference between GaAs and AlAs are considered. The
rameters are taken from Refs. 18 and 21 except that the f
constants in GaAs layers and AlAs layers are chosen as
K g/s2 and 33.3 K g/s2, respectively.

In SL’s, phonon scattering may happen at interfaces du
diffuse interface scattering, and within the layers due to
ternal volumetric scatterings such as Umklapp scatter
According to Mathiessen’s rule, the total MFP in SL’s
MFPSL51/(1/MFPi11/MFPd), where MFPi and MFPd are
the MFP’s of internal volumetric scattering and diffuse inte
face scattering, respectively.27 Interface roughness is gene
ally considered as the source of diffuse interface scatterin
is known that even the best-grown semiconductor SL’s, s
as GaAs/AlAs, have large flat terraces with edge of 1
ML’s at interfaces.28 We employ a simple description to th
interface scattering, according to which a fractionP of the
incident phonons are specularly scattered while the rem
der (12P) are diffusely scattered in all direction
isotropically.29 Although many studies have been conduc
in literature on thermal boundary resistance, there is
simple way to calculate the specularity parameterP.26 In this
work, P is treated as a fitting parameter. We consider
situation that a phonon passes through the interfaces of
at an incident angle ofu to the normal. The spacing of inte
faces isd and the specularity parameter of each interface
P. The possibility that the phonon will not be diffusely sca
tered after traveling a distancex is Px cos(u)/d. Thus, the MFP
caused by the interface diffuse scattering takes the form27

MFPd52d/cos~u!ln~P!, ~1!

whereP.1/e because the MFPd cannot be smaller than th
layer thicknessd.

It has been reported that the change in Umklapp scatte
rate in SL’s is modest~at most 25%!.30 So if the change in
the internal scattering rate in the SL’s is ignored, the to
MFP in SL’s takes the value

MFPSL51/~1/MFPi ,B11/MFPd!, ~2!

where MFPi ,B is the phonon MFP of the corresponding bu
materials. Another assumption made in the calculation is
MFPd for the 1 ML31 ML and 2 ML32 ML SL’s approxi-
mates to the value for the 3 ML33 ML SL. This is because
the interfaces tend to be indistinct in the 1 ML31 ML and
2 ML32 ML GaAs/AlAs SL’s due to the 1–2 ML’s transi
tion region at interfaces.

The comparison between the MFP’s caused by diff
interface scattering and by bulk internal scattering is sho
in Figs. 1~a! and 1~b!. The MFPi ,B is the average MFP fo
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bulk GaAs and AlAs, and has the value of 716 Å at roo
temperature, obtained by fitting the experimental data w
the use of the phonon properties calculated from the lat
dynamics model. As seen in these figures, MFPd is aniso-
tropic and drops with the decreasing incident angle or
decreasing interface specularity parameterP. The total pho-
non MFP is significantly suppressed due to the diffuse in
face scattering. However, this suppression of MFP beco
weaker in the (100 Å3100 Å) GaAs/AlAs SL than that in
the (10 Å310 Å) GaAs/AlAs SL.

Figure 2 shows the dispersion curves for phonons pro
gating in the cross-plane direction in the 2 ML32 ML GaAs/
AlAs SL, calculated from lattice dynamics models~a! with-
out and~b! with the addition of the imaginary wave vecto
In both cases, the frequency gaps occur at the center
boundary of the folded Brillouin zone and the dispersi
curves are flattened, especially at high frequencies. The p
non group velocity in SL’s is reduced, but the magnitude
the reduction depends on the band gap width. Compa
Figs. 2~a! and 2~b!, it is seen that the introduction of th
imaginary wave vector results in the diminishing band ga
This is consistent with the result of Simkin and Mahan bas
on a simple-cubic lattice dynamics model.23 When the imagi-
nary wave vector is large, phonon waves are highly dam
and sample only a limited number of unit cells, and thus te
to be subject to the bulk dispersion as the band gaps dimi
to zero. When the imaginary wave vector is zero, the latt
waves extend over the whole SL and the new SL bands
form. In the in-plane direction of SL’s, the change in th

FIG. 1. Phonon MFP in GaAs/AlAs SL’s as a function of~a!
interface specularity parameterP and~b! incident angleu. The total
MFP includes two parts: MFP same as the corresponding bulk v
~labeled ‘‘bulk’’! and MFP caused by diffuse interface scatteri
~labeled ‘‘interface’’!.
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band gaps is much smaller due to the much larger in-pl
MFP, which is not plotted here.

Based on the dispersion relation, the thermal conducti
is given by18,21

Ki5(
l

Cph~vl!•U]v

]ki
U•MFPSL~u,T!, ~3!

wherel denotes the SL modes,k is a wave vector,Cph(vl)
represents the mode specific heat,i identifies the direction of
thermal conduction, andT is temperature.

Figure 3 shows the calculated temperature dependenc
the thermal conductivity in both in-plane and cross-pla
directions of the 2 ML32 ML GaAs/AlAs SL’s, along with
the reported experimental data and the corresponding
values. It is known that the bulk GaAs and AlAs therm
conductivities go asT2a ~wherea is 1.25 for GaAs and 1.37
for AlAs! in the moderate temperature range due to the p

FIG. 2. Dispersion relations of phonons in the cross-plane di
tion of the 2 ML32 ML GaAs/AlAs SL, calculated from the lattice
dynamics model~a! without diffuse interface scattering~perfect in-
terfaces,P51) and~b! with diffuse interface scattering~rough in-
terfaces,P50.9).

FIG. 3. Temperature dependence of the thermal conductivit
both in-plane and cross-plane directions of the 2 ML32 ML GaAs/
AlAs SL, calculated from the modified lattice dynamics model w
diffuse interface scattering (P50.83). The dot lines are the effec
tive thermal conductivities based on the Fourier law and the b
GaAs and bulk AlAs thermal conductivity in literature, i.e
Kbulk,in plane5(KGaAs1KAlAs)/2 and Kbulk,cross plane52KGaAs•KAlAs /
(KGaAs1KAlAs). The squares~h! are experimental data by Capins
et al. ~Ref. 12!.
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dominating phonon-phonon scattering.31,32 The cross-plane
thermal conductivities of the 2 ML32 ML GaAs/AlAs SL,
however, shows much weaker temperature depende
which is proportional toT20.55, according to the experimen
tal data by Capinskiet al.12 This implies that the effect of the
temperature-dependent phonon-phonon scattering is m
weaker in the SL relative to that in the corresponding bu
and the interface scattering that is insensitive to tempera
plays a dominant role. The slightly steeper slope of the
plane thermal conductivity indicates that the effects of
diffuse interface scattering on the phonon transport in
cross-plane direction is stronger than that in the in-pla
direction.

Figure 4 shows the calculated thermal conductivity a
function of the period thickness at room temperatureT
5300 K) in both in-plane and cross-plane directions of t
GaAs/AlAs SL’s, along with the reported experimental da
for comparison. The results calculated with perfect interfa
(P51) are the same as those from the traditional latt
dynamics models, and are not in agreement with the exp
mental data.12 However, the experimental data can be w
explained by the introduction of diffuse interface scatteri
(P50.83) to lattice dynamics model. These results are c
sistent with the results based on molecular dynamics sim
tion, which also shows the rough interfaces significantly d
crease the thermal conductivity in SL’s.33 The recovery of
thermal conductivity in the extremely short period is a res
of phonon tunneling.21,34 The anisotropy of the thermal con
ductivity (K in-plane/Kcross-plane) is found to be around 5, a
seen in Fig. 4~b!. There is no experimental report about th
anisotropy of thermal conductivity in GaAs/AlAs SL’s, how
ever, a few experiments show that the thermal conductiv
anisotropies in GaAs/GaAlAs~Ref. 35! and Si/Ge SL’s~Refs.
13 and 36! have similar values. A minimum thermal condu

c-

in

lk

FIG. 4. Calculated thermal conductivity in~a! the cross-plane
and ~b! in-plane directions of the GaAs/AlAs SL’s as a function
the period thickness at room temperature. The thermal conduct
anisotropy (K in-plane/Kcross-plane) for the GaAs/AlAs SL with P
50.83 is also plotted in~b!. The triangles and the squares repres
samples grown at different institutions. All of them were measu
by Capinskiet al. ~Ref. 12!.
1-3



s
a

dy
u

s
ic
e
a
e
co

at
d
L

oth
er-
ctiv-
d
co-
this
ces

it,
ant
re-

RI

rt

tric

nn

ge

,

tt.

ys

D

g,

.
pl

J.

d

K.

. B

l.

B. YANG AND G. CHEN PHYSICAL REVIEW B67, 195311 ~2003!
tivity occurs in the cross-plane direction for the GaAs/AlA
SL with a period thickness of around 6 ML’s, which is
natural result that arises from the combination of lattice
namics and diffuse interface scattering. The thermal cond
tivity of Bi 2Te3 /Sb2Te3 SL’s has also shown this behavior.11

In summary, the thermal conductivity of the GaAs/AlA
SL’s has been calculated by a modified lattice dynam
model, in which an imaginary wave vector involving diffus
interface scattering is introduced. This phenomenological
proach can apply to phonon transport in the partially coh
ent regime, as well as the totally coherent and totally in
herent regimes. When the diffuse interface scattering
added to the lattice dynamics model, the experimental d
including period thickness dependence and temperature
pendence in both in-plane and cross-plane directions of S
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