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Spin-orbital fluctuations and a large mass enhancement in LiV2O4
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We present a scenario that the multicomponent fluctuations, especially those of the spin-orbital coupled
modes, lead to the mass enhancement observed in LiV2O4. This phenomenon is possible because all these
modes are fluctuating due to the geometrical frustration. To illustrate this mechanism, thet2g-orbital Hubbard
model on the pyrochlore lattice is studied based on the random-phase approximation. We derive the generalized
susceptibility in the SU~6! spin-orbital space and calculate the free energy by using a coupling-constant
integration. The estimated specific heat coefficient is of the correct order of magnitude to explain the experi-
ment.
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I. INTRODUCTION

The metallic spinel LiV2O4 is a unique 3d heavy-fermion
~HF! compound.1 Its g coefficient amounts to
420 mJ/mol K2 and, strikingly, the low-temperature prope
ties belowT* 520;30 are quite similar to those of the lan
thanide or actinide HF compounds.1,2 Since thed electrons,
1.5 per vanadium ion, are responsible for both transport
magnetism in LiV2O4, it is not trivial whether one can appl
a scenario analogous to the conventional HF mechan
Moreover, the large spatial extent ofd orbitals compared
with well-localizedf orbitals is also unfavorable for the ele
trons to be treated as localized. In fact, some transport p
erties, such as the steep increase of resistivity aboveT* 2 and
the pressure-induced metal-insulator transition,3 are different
from those of the typicalf-electron HF compounds.

Apart from the HF behavior, geometrical frustration
another specific feature of this system. TheB site of the
normal-spinel (AB2O4) is known to form the network of
corner-sharing tetrahedra~pyrochlore lattice!. In most
spinels, the geometric frustration is partially released by
structural phase transition. As a result, the ordered gro
state is realized in the tetragonal phase, such as the pos
charge ordering in Fe3O4 or the Néel ordering in ZnV2O4.4

In contrast, LiV2O4 remains cubic and no static magne
order was observed down to 0.02 K. The Curie-Weiss fit
the susceptibility (100<T<300) results in an effective spin
1/2 moment per V with an antiferromagnetic~AF! coupling
(Qcw5237 K).2 AF long-range order~LRO! will be sup-
pressed by the geometric frustration and, indeed, the inela
neutron scattering experiment captures the developmen
short-range AF correlations belowuQcwu .5 Interestingly
enough, the large enhancement ofg is shared by other geo
metrically frustrated systems with strong AF spin fluctu
tions, such as Y(Sc)Mn2 ~Ref. 6! and b-Mn.7 These facts
seem to suggest that the formation of the heavy-massd elec-
tron is related to the geometric frustration. In fact, the idea
connections between the heavy fermion behavior and m
netic frustration for pyrochlore lattice has been proposed
Ref. 8. In view of the geometric frustration, it should b
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noted that, already at the 10% electron doping, the
ground state is easily destroyed into the spin-glass phas4

In LiV 2O4, the crystal field around each V atom is near
cubic with a slight trigonal distortion. The band-structu
calculations indicate that the Fermi level lies within th
cubic-t2g manifold with a bandwidth of about 2 eV,9–12

which is actually the superposition of the two componen
the relatively narrowA1g (;1 eV) and the broadEg orbital
(;2 eV) of the D3d group. Matsuno, Fujimori, and
Mattheiss considered this trigonal split less important, a
stressed the importance of the geometric frustration an
orbital degeneracy.10 On the other hand, the LDA1U calcu-
lation by Anisimovet al.suggested that the correlation effe
leads to the orbital polarization, where theA1g orbital is
occupied singly to form a localized spin-1/2 moment and
rest 0.5 electron fills theEg band. Thereby, they proposed th
Kondo scenario based on the effective Anderson impu
model.9

Followed by these band-structure calculations, vario
theoretical models are proposed in connection with the
croscopic origin of the 3d HF behavior.13–19 Especially, the
role of the geometric frustration has been featured in rec
studies. Motivated by the Curie-Weiss law around room te
perature, the formation of the localizeds51/2 is assumed by
several authors on the grounds of the orbital polarization16,17

or the local valence fluctuations.18 In these treatments th
spin frustration is their main concern.19

In this paper, we consider that the present system real
the prototypical itinerant frustrated model and a realis
model Hamiltonian of thet2g-band pyrochlore Hubbard
model is investigated with particular emphasis on orb
fluctuations. Within the random-phase approximation~RPA!
scheme, all kinds of fluctuations are included simultaneou
without prejudice. In principle, geometric frustration pr
vents any kinds of LRO and thus the largeg would be ex-
pected by the resultant enhanced fluctuations. In this s
nario, not only the spin but also both of the orbital and sp
orbital fluctuations are responsible for the enhancement
our knowledge, this is the first theoretical attempt to attrib
the heavy-massd electron directly to the orbital degrees o
freedom. The instability itself of the same model was d
©2003 The American Physical Society07-1
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cussed by Tsunetsugu.20 We have explicitly calculated the
T-linear coefficient of the imaginary part of the generaliz
susceptibility and found the large enhancement ofg mainly
due to the spin-orbital fluctuations.

II. MODEL HAMILTONIAN

The pyrochlore lattice is a fcc array of tetrahedra. T
cubic unit cell shown in Fig. 1 contains 16 lattice poin
covered by four tetrahedra and the primitive unit cell
cludes a single tetrahedron. Therefore thet2g electrons are
specified by the following four indices; the unit cell~denoted
by j 51, . . . ,4L3), the sublattice (n51, . . .,4), theorbital
(m5dxy ,dyz ,dzx), and the spin (s5↑/↓), whereL is the
number of the cubic unit cell along one direction. By usi
the standard notation of the multiband Hubbard model,
t2g-band Hubbard model on the pyrochlore lattice is given
H5H01HI ,

H05 (
ksmnm8n8

tnn8k
mm8ckmns

† ckm8n8s , ~1!

HI5(
jn H U(

m
njmn↑njmn↓1U8 (

m.m8ss8
njmnsnjm8ns8

2J (
m.m8ss8

cjmns
† cjmns8cjm8ns8

† cjm8nsJ . ~2!

Here tnn8
mm8 is the transfer integral between them orbital atn

sublattice and them8 orbital at n8 sublattice when (m,n)

Þ(m8,n8). In addition, the parameter oftnn
mm8(56D/3) type

is also included to describe the trigonal split oft2g , Ea1g

2Eeg
5D. Since the nearest-neighbor~NN! hoppings al-

ready depend on the bond direction and the orbital symme
the NN tight-binding model would be sufficient for th
present study. By the symmetry relation, all the hopping m
trices are represented by the following three independent
rameters:t05t12

xy,xy , t15t13
xy,xy , andt25t14

xy,yz . TheTd sym-
metry of the unit cell as well as the spin SU~2! are
incorporated in the 12312 matrixH0, though here we do no
display the matrix explicitly.

The tight-binding fit of the linear augmented-plane-wa
band-structure calculation gives the parameters inH0 to be
t0520.281 eV, t152t250.076 eV, andD50.140 eV.10

By applying the orthogonal transformationckms

5(nUmn(k)akns , the single-electron Hamiltonian is diago

FIG. 1. The cubic unit cell of the pyrochlore lattice~left panel!
and the three independent hoppings~right!.
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nalized intoH05(ksneknakns
† akns , wherem5(m,n) andn

are 12-dimensional indices. The calculatedt2g-multiplet
(ekn ,n51, . . . ,12) areshown in Fig. 2 along some typica
symmetric lines. The almost flat bands near the Fermi le
results in high density of state~DOS! at the Fermi level.
Actually, the g coefficient estimated from the DOS of th
band-structure calculation is relatively large;gband
;17 mJ/mol K.10 However, the experimentally observe
value (gexp) is about 25 times larger thangband. As a pos-
sible origin of this enhancement, in the following, we co
sider the effect of electron correlations from the wea
coupling limit.

Finally, we comment on the difference between t
present band structure and that in Ref. 20. In Ref. 20,
completely degeneratet2g orbitals are considered, that is
D50, and the hopping parameters are also different fr
ours.

III. FREE ENERGY AND RPA EQUATIONS

In order to describe various kinds of fluctuations conce
ing the t2g electrons in a simple way, we introduce 35 ge
erators of the SU~6! group Xg(g51, . . . ,35) and theiden-
tity operator X0, where the normalization condition i
TrXgXg85dgg8/2. The SU~6! generators are classified int
the pure spin, the pure orbital, and the spin-orbital coup
components. Spin and orbital degrees of freedom are
scribed by the generators of SU~2! (Sa; three dimensions!
and SU~3! (Tb; eight dimensions! groups, respectively, and
the spin-orbital coupled modes are made of the product
the two (2A3SaTb; 24 dimensions!. To be explicit, these
operators are represented by using the electron creation
annihilation operators as follows:

Xjn
0 5

1

2A3
(
sm

cjmns
† cjmns , ~3!

Sjn
a 5

1

2A3
(

ss8m

cjmns
† sss8

a cjmns8 , ~4!

Tjn
b 5

1

2A2
(

smm8
cjmns

† lmm8
b cjm8ns , ~5!

2A3SaTjn
b 5

1

2A2
(

ss8mm8
cjmns

† sss8
a lmm8

b cjm8ns8 , ~6!

wheresW andlW are the Pauli and the Gell-Mann matrices
the standard notations,21 respectively. Note that the overa
signs of nondiagonal operators for different sublattices
selected to be consistent with theTd unit-cell symmetry.
Since the trigonal distortion inH0 violates theO(3) orbital
symmetry, the usual representations of thet2g orbital by the
fictitious lW51 and its higher moments do not reflect th
proper symmetry. Instead we construct the tensor product
the real lW52 moment and reduce them into the irreducib
representations ofTd in the cubict2g subspace. As a resul
7-2
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TABLE I. The matrix elements of the diagonal interaction matrices,Lbb8
(c/s) , for each irreducible repre-

sentation.

A1(b50) G5(1,4,6) G5(2,5,7) G3(3,8)

Lbb
(c) 2U24U812J U822J U822J 2U12U82J

Lbb
(s) U12J U8 U8 U2J
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we find thatlW is the proper set of basis, which is classifi
into three irreducible representations;G5-dipolar moments
(l2 ,l5 ,l7), G5-quadrupolar moments (l1 ,l4 ,l6), and
G3-quadrupolar moments (l3 ,l8).

Next we transform the interaction part of the Hamiltoni
in terms ofXg’s so that

HI5(
jn

(
g50

35

aggXjn
g Xjn

g , ~7!

except for a constant energy shift. Hereagg’s are functions
of U,U8, andJ. Such transformation is always possible f
any U,U8, and J, though the choice ofagg is not unique
because of the spin-rotational invariance and/or the iden
njmns

2 5njmns . By applying a coupling constant integratio
together with Eq.~7!, the free energy for this system is give
by

F~U,U8,J!5F~0!1
1

2pE2`

`

dv cothS bv

2 D
3(

qn
(
g

aggE
0

1

dx Im xnn
gg~q,v!uxU,xU8,xJ ,

~8!

where the momentum sum is taken all over the first Brillou
zone, and the generalized susceptibility per tetrahedro
defined by

xnn8
gg8~qW ,v!5

i

4L3E0

`

dtei (v1 id)t^@Xqn
g ~t!,X2qn8

g8 ~0!#&.

~9!

We apply the RPA in the evaluation of the generaliz
susceptibility (x). Including the charge degree of freedo
(X0), our x is the 1443144 matrix with the row indexng
and the columnn8g8. Since we are concerned with the par
magnetic state, as suggested by the experiment, the S~2!
symmetry ensures thatx is decomposed into the spin singl
and triplet sectors. Each sector is represented by the cha

charge~denoted byxnn8
bb8(c)) and theSz-Sz susceptibilities

(xnn8
bb8(s)), respectively. In these two 36336 matrices, the

spin index (a) is reduced and the remaining indices are
row index nb and the column indexn8b8. Here b50 is
defined to represent the totally symmetric orbital operator.

sum up,xnn8
bb8(c) describes the correlations among the cha

(b50) and the orbital (b>1), whilexnn8
bb8(s) among the spin

(b50) and the spin orbital (b>1). By using these nota
tions, the RPA equations are given as follows:
19510
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xnn8
bb8(c/s)

5xnn8
bb8(0)

1 (
n1b1

xnn1

bb1(0)2Lb1b1

(c/s) x
n1n8

b1b8(c/s)
,

~10!

Since the interaction is local, the interaction matric
(L (c/s)) are alwaysn-diagonal and independent ofn. Thus,
the remaning indices are rowb and columnb8. Moreover,
the 939 matricesL (c/s) may have a simple representatio
This is becauseH0 has theTd symmetry and Eq.~10! is
invariant under anyTd transformation. Therefore,L (c/s)’s
must be diagonal and these matrix elements are the s
within each irreducible representation, see Table I.

xnn8
bb8(0) in Eq. ~10! is the paramagnetic susceptibility o

the Hartree-Fock approximation. When we calculatex (0) of
the usual single band Hubbard model, the Hartree-F
terms just renormalize the chemical potential. In our mo
the Hartree term similarly changes the diagonal part ofH0,
whereas the Fock terms introduce off-diagonal terms of
orbital hoppings on the same site, giving rise to the crys
field effect. This crystal field is totally symmetric concernin
the entire unit cell, but its local symmetry on each sublatt
is trigonal. The effect of this additional field is included
the band-structure calculations. Therefore, the free param
netic susceptibility calculated by using the tight-binding p

rameters gives the appropriatexnn8
bb8(0) . In the actual calcu-

lation, we used the freex (0) per tetrahedron of the form

xm1m2m3m4

(0) ~q,v!5
1

4L3 (
k

(
n1n2

f ~ek1qn2
!2 f ~ekn1

!

ekn1
2ek1qn2

1\~v1 id!

3Um1n1
~k!Um4n1

~k!Um2n2
~k1q!

3Um3n2
~k1q!, ~11!

and rotated the orbital basis from$m1m2m3m4% into $bb8%,
where f (e) is the Fermi distribution function.

IV. ESTIMATION OF THE SPECIFIC HEAT COEFFICIENT

Since we are primarily interested in the mass enhan
ment ing, let us now focus on thev-linear part of Imx in
the free energy of Eq.~8!. As seen from the band structur
~Fig. 2!, nothing singular would happen inx (0); therefore a
constant Rex (0) and anv-linear Imx (0) behaviors are ex-
pected in the leading order ofv. Then it is sufficient to solve
the RPA equations in the lowest order of Imx (0)}v. For the
half-filled s-band pyrochlore Hubbard model, in contrast, t
complete matching of the Fermi level and flat bands bring
non-Fermi liquid behavior.22,23 As for the still-unfixedagg ,
we take
7-3
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agg52 1
2 Lgg[2 1

2 ~L (c)
% L (s)

% L (s)
% L (s)!. ~12!

It is easy to check that theagg’s of this form reproduce the
original interaction term, Eq.~7!. This choice is natural in the
sense thatLgg reflects the symmetry of the noninteractio
term @SU~2! and Td]. We neglect the weak dependence
x (0) on the interaction through the Fock terms for simplici
then thex integral in Eq.~8! can be performed analytically
After some calculations,g coefficient (52]2F/]2T) per
tetrahedron is given by

gRPA5 (
b50

8

~gb(c)13gb(s)!, ~13!

with

gb(c/s)5
pkB

2

12L3 (
qn

(
n1b1

Lbb
(c/s)

Imxnn1

bb1(0)
~qW ,v!

v

3~122Lb1b1

(c/s) Rexn1n
b1b(0)

~qW ,v!!21. ~14!

This equation is exact after takingv,d,T→0 and L→`
limit. Note that we neglect the zero-point fluctuation term
the v integral because it will only show a weak temperatu
dependence through that ofx (0).

Finally we numerically estimategRPA in the SU~6! limit
(U5U8 andJ50), where the orbital fluctuations are most
enhanced. For this purpose, we calculated the free susc
bility, Eq. ~11!, for the parameter set of (v,d,T)
5(0.02 eV, 0.02 eV, 0.02 eV) andL516. We checked the
convergence ofx (0) againstv andL along some symmetric
lines. Especially, we confirmed that Imx (0) shows a clear
v-linear dependence in the range of v
50.01,0.02,0.04,0.08 eV. The convergence of thev-linear
coefficient regarding the system size (L512,16,24,32) is
fairly good except for a few points very close to theG point.
As a result, we obtained theg value per LiV2O4 mole, as
shown in Fig. 3. The totalg is the summation of the contri
butions from charge~denoted by gc5g0(c)), spin (gs

FIG. 2. Band structure of thet2g multiplet for the present pa
rameter along symmetric lines of the fcc Brillouin zone. The ho
zontal straight line is the Fermi level for the quarter filling.
19510
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53g0(s)), orbital (go5(b51
8 gb(c)), and spin-orbital fluctua-

tions (go53(b51
8 gb(s)). The critical valueUc is about 0.92

eV and there the complicated eigenvectors, made of the
sublattice summations of the spin and spin-orbital com
nents with quadrupole orbital modes, characterize the in
bility at the wave vector nearG point. Since we fixedv finite
and took the limitqW→0, our calculated Rex (0) does not
correspond to thev→0 limit at G point. Therefore we can-
not determine that the most prominent modes are just at
G point or not. The real part ofx (0) is studied for different
hopping parameters at zero temperature.20 In the present cal-
culation, we do not detect the peak structure aroundX andL2
points found in Ref. 20. The reason for the difference mig
be that our calculations have done at finiteT and/or these
single modes are quite sensitive to the nesting of the Fe
surface.

Figure 3 shows that the correct order ofg can be repro-
duced even away from the critical point, say;0.8Uc .
Around there, the enhancement ofgRPA ~about 80%! is
mainly attributed to the various spin-orbital fluctuation
Both spin and spin-orbital fluctuations contributegRPA by the
same order as a single component. However, the magni
of the components, 3 for spin and 24 for spin-orbital mod
results in the different contribution ingRPA. In order to gain
the same enhancement solely by the spin fluctuationsU
must be very close toUc eVen after the inclusion ofJ term.
Away from Uc , the enhancement ofgRPA comes from the
entire momentum space because the spin and spin-or
fluctuations have rather weakq dependences. This resu
seems to be consistent with the naive picture that the g
metric frustration induces local fluctuations, which is respo
sible for the heavy mass.

V. CONCLUSION

In conclusion we have studied the origin of the large e
hancement ofg in LiV 2O4 based on the one-fourth-filled
t2g-band pyrochlore Hubbard model. We introducedTd irre-
ducible operators for orbital density operators and deriv

-
FIG. 3. The graph showsg value per formula unit of LiV2O4

mole. The contributions from charge, spin, orbital, and spin-orb
fluctuations are labeled bygc ,gs ,go , andgso , respectively.
7-4
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the RPA equations in a simple form. ThegRPA obtained by
the coupling constant integration of Imx is enhanced typi-
cally by the order of 10 due to the spin-orbital fluctuatio
compared with thegs due to the spin alone. This conclusio
itself seems to be general for the orbital disordered syst
and thus it may be possible to apply the present scenar
other systems, such as Y(Sc)Mn2 and b-Mn. To be more
specific to LiV2O4, the calculatedgRPA value is of the same
order asgexp. However, it should be noted that our simp
theory does not include the effect of the geometrical frus
tions sufficiently, since the mode-mode coupling betwe
various fluctuations is neglected. In general, the RPA
proximation overestimates the fluctuations; therefore
most prominent mode itself would be suppressed andUc
becomes larger if we include the couplings between
modes with different momenta. At the same time, the ove
structure ofx in q space would change into more and mo
structureless and thus the additional enhancement ofg could
be expected.
ki

e
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h,
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It is well known that the mode-mode coupling theo
leads to the Curie-Weiss behavior of the magnetic susce
bility. As for the RW , it is of the order of 0.1 in the RPA
approximation. This value would be increased by includi
J, although it is not clear whether the Hund’s rule coupling
sufficient to obtainRW;1.7. To address the similarity to th
4 f HF compounds, we need to develop a more sophistica
theory including the coupling between fluctuations. The flu
tuation exchange approximation for the multiband mo
would be useful as the next step.
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