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Criterion for the size of the scaling regime for the metal-insulator transition
of doped semiconductors

T. G. Castner
Department of Physics and Applied Physics, University of Massachusetts–Lowell, Lowell, Massachusetts 01854

~Received 12 November 2002; published 30 May 2003!

In the intermediate regimenc,n,nCB the Fermi levelEF is above the mobility edge atEc and below the
conduction-band edge atECB in the so-called impurity band. A simple criterion is developed for the crossover
densitynco dividing the scaling portion from the more classical portion of the intermediate regime. The scaling
of the Hall coefficient determines the itinerant electron density, namely,21/eRH5ni5lnc(n/nc21)g. Using
the two-component modelnloc1ni5n, whereni(n) is a smooth monotonically increasing function of the
doping densityn, one obtains a relation betweenl andg and obtainsnco5nc /(12g). This approach yields an
expression for the fraction of localized electrons (E,Ec) nloc /nc for nc,n,nco. These predictions are
compared with the Hall, NMR, specific heat, and electron spin susceptibility data. This comparison suggests
for weak compensation that 1.6nc,nco,2nc , while for stronger compensationnco.3nc .
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It has been known for decades that there are local
ments on the metallic side of the metal-insulator transit
~MIT !, and this fact is consistent with the two-compone
inhomogeneity model formulated by Mikoshiba1 to explain
specific-heat2–4 and spin-susceptibility5,6 data. In addition,
there have also been NMR data7,8 that has indicated how th
density of itinerant electrons decreased toward zero an
→nc1 . Moreover, CESR linewidth data9,10 has provided re-
sults on the scaling of the itinerant electron density. Histo
cally, as a function of doping densityn the behavior has bee
described in terms of three regimes~see review by Alexande
and Holcomb11!: ~1! n,nc where asT→0 the electrons are
all in localized states;~2! n.nCB, where the Fermi level is
in the host conduction band;~3! an intermediate regime
where nc,n,nCB and the Fermi level is in the so-calle
impurity band.nc has been defined by the Mott criterio
(nc

1/3a* '0.26, wherea* is an effective Bohr radius! and
nCB'(16/p)nc by the Matsubara-Toyozawa12 criterion. At
the lower end of this intermediate regime the transpor
characterized by scaling behavior, which is best documen
by the scaling behavior ofsdc(n.nc ,T→0). Phillips13 has
called this scaling regime theX phase or filamentary phas
and has assumed the current is carried coherently, not d
sively. Unlike magnetic phase transitions where the criti
behavior and critical exponents may only be observed v
close toTc , the breadth of the scaling regime is remarkab
large~up to 2nc) and the reasons for the large breadth of
scaling regime have not been well understood. Below
simple model is employed to provide a result for the brea
of the scaling regime characterized by a crossover den
nco5nc /(12g) whereg is the scaling exponent of the itin
erant electron densityni . The simplest interpretation of th
Hall data @21/eRH(n,T→0)5ni(n,T→0)5lnc(n/nc
21)g# yields the scaling exponentg. There is now an exten
sive body of Hall data for Ge:Sb,14 Si:As,15 Si:P,16,17 Si:B,18

and other MIT systems that provide experimental determ
tions ofg andl. However, the smooth behavior ofni on both
sides ofnco also yields a relation between the prefactorl and
g. A comparison of this model’s predictions with variou
experimental data provides significant support for t
model.
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In the two-component model connected with the seco
order MIT atT50 there are localized electrons with dens
nloc below the mobility edge atEc (E,Ec) and itinerant
electrons with densityni above the mobility edge (E.Ec).
The sum of these two densities must equal the net dop
densityn (n5ND2NA for n-type semiconductors!, namely
nloc1ni5n. The divergence of the Hall coefficientRH(T
→0) as n→nc1, where nc is the critical density for the
MIT leads to the notion the itinerant electron densityni(n)
scales to zero asn→nc1 and suggestsni(n) can be repre-
sented byni(n)5lnc(n/nc21)g, wherel is a constant co-
efficient andg is the scaling exponent. Of interest here is t
density dependence ofnloc(n) asn increases abovenc . Let
us definef loc[nloc /nc , which will be given by

f loc~x!5x112l~x!g, ~1!

wherex5n/nc21. Physically it is plausible thatf loc(x) de-
creases smoothly and monotonically withx, the reduced den-
sity, asx increases. At some value ofx, which we denote as
x* f loc(x) will become zero. Physically one must hav
f loc(x)>0 becauseni<n. This behavior can be guaranteed
f loc(x) has a minimum (d f loc /dx50) at x5x* . Note that
for x.x* f loc(x) increases withx2x* , which is unphysical
behavior; hence the scaling regime forni(n) is limited to 0
,x,x* andx* provides a direct measure of the size of t
scaling regime. Forx.x* Eq. ~1! is no longer valid andni
5n. In doped semiconductorsx* represents the crossove
densitynco @nco5nc(11x* )# between scaling behavior an
more classical behavior.nc,n,nco defines the scaling re
gime, while n.nco denotes the classical regime, but th
Fermi energyEF is still well below the conduction-band
edgeECB. The conditiond f loc /dxux* 50 is equivalent to the
conditiondni /dn51 atnco, or that there is no slope chang
in ni vs n at nco. Contrarily, if there were a kink~slope
change! at nco this would imply some change in the physic
not typically associated with doped semiconductors. Us
f loc(x* )50 andd f loc /dxux5x* 50, one obtains

x* 112l~x* !g50, ~2a!
©2003 The American Physical Society02-1
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12gl~x* !g2150. ~2b!

The solution of Eqs.~2a! and ~2b! is straightforward and
leads to

x* 5~1/g21!21, ~3a!

~lg!1/~12g!5~1/g21!215x* . ~3b!

Equations ~3a! and ~3b! demonstrate that the single
parameter scaling exponentg determinesx* and the constan
coefficientl. Thus, withg andl determined one can calcu
late f loc(x) for x,x* . Sinceg andl can both be determine
from experimental results of the Hall data, the system is o
determined and the experimental values ofl can be com-
pared with the values obtained fromg with Eq. ~3b!. How-
ever, the principal feature of the analysis is that it provide
potentially reliable calculation off loc(x) that depends on the
single parameterg.

The quantityf loc does not have to be zero atx* because
there might be a small fraction of localized electrons t
remain localized well abovenco. These might arise from
close donor pairs that are well separated from conduc
networks~filaments! formed in the random system. IfKr ~a
constant! is designated as the residual value off loc at x* ,
Eqs.~2a! and~2b! are still readily solved yielding the result
x* 5(12Kr)/(1/g21) and (lg)1/(12g)5(12Kr)/(1/g21)
5x* . For x.x* f loc5Kr5const, but note thatnloc /n
5Kr(nc /n) and thatnloc /n decreases as 1/n with increasing
n for x.x* . Certain experimental data4 suggestKr is small
~,0.01! for weakly compensated Si:P.

Figure 1 shows values ofx* andl versusg in the regime
0,g,1. Note thatx* increases withg in a nonlinear fash-
ion and diverges asg→1. The known experimental values o
g lie in the range 0.34,g,0.69.l(g,Kr50) is shown as a
symmetrical function aboutg5 1

2 and slowly decreases o

FIG. 1. ~a! l versusg for Kr50 andKr50.05.l is symmetrical
aboutg5

1
2 for the former and slightly asymmetrical for the latte

The model yieldslmax52 for g5
1
2 for Kr50. ~b! x* vs g for Kr

50 andKr50.05. For a particularg, Eq. ~3a! givesx* }12Kr .
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either side ofg5 1
2 . For the range ofg values shown in

experiments 1.86,l,2. This indicates that in the region o
experimental interestl only varies by about 7%, suggestin
it will take accurate experimental results to confirm the p
diction for l(g) given in Eq.~3b!. It is also worth noting that
if the impurities have a valenceZ other than 1~as in the
MxSi12x and MxGe12x alloys! one should replacel by
Zeffl, whereZeff is the effective valence of the metallic im
purity. Figure 1 also showsl(g,Kr50.05), which shows the
l values are reduced andl(g,Kr50.05) is no longer sym-
metrical aboutg5 1

2 .
f loc has been calculated for five values ofg between1

3 and
2
3, and the results are shown in Fig. 2. The features of the
curves are~1! the minimum atx* moves to higher values a
g is increased, but forg5 1

2 the minimum is atx* 51 corre-
sponding tonco52nc ; ~2! as the reduced densityn/nc21
becomes smallf loc heads toward unity, but note that th
spread inf loc values at a fixed reduced density can be lar
~3! at a fixed value off loc ~i.e., f loc5

1
2 ) the change in re-

duced densityn/nc21 with g can be more than an order o
magnitude for a factor-of-2 change ing; ~4! although the
curves f loc(x2x* ) are quadratic nearx* for small enough
values off loc the curves are not symmetrical aboutx* ~which
would be better illustrated on a linear scale!. The large sen-
sitivity of f loc(x) to the value ofg is not surprising and can
be useful for a comparison with certain types of data t
yield experimental information on the magnitude off loc at
specific values ofn/nc.1. As we shall discuss below, th
value ofg determined from the scaling of 1/RH(T→0) in a
magnetic field may not yield the same value ofg as observed
in H50 experiments. Below we discuss several differe
experiments and compare the experimental values off loc
with those in Fig. 2. Even forn/nc significantly larger than 2,
there might still be some localized electrons that would p
sist deeper into the metallic regime. This can be addresse
settingf loc to be a constantKr at the minimum atx* instead

FIG. 2. nloc /n vs reduced densityn/nc21 for five values ofg,
namely 1

3,
2
5,

1
2,

3
5, and 2

3 for Kr50. For Kr.0 the minimum in
nloc /n for l,lmax(Kr) moves above zero. These curves are o
physically valid forx,x* 5nco/nc21.
2-2
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of zero. The curves forf loc(g,Kr) will have similar shapes to
those in Fig. 2. Just as for theKr50 case the curves fo
f loc(g) vs n/nc21 are only physically meaningful fo
x,x* .

f loc(g5 1
2 ,l) has been calculated for three values ofl

~1.95, 2.00, 2.05! to investigate the effects ofl when Eq.
~3b! is not satisfied andl is not uniquely determined byg.
The values of f loc at the minimum are 0.05, 0.00, an
20.049, respectively, and the minima are still close tox*
51. However, thel52.05 case yieldsf loc50 at x50.64,
and the slope is finite, indicating forni there will be a kink or
finite change in the slope ofni(n) vs n for x,0.64 andx
.0.64. This illustrates the point that a larger value ofl than
that given in Fig. 1~a! can lead to unphysical behavior, whi
a smaller value ofl than that in Fig. 1~a! leads to a minimum
in f loc(x) for f loc.0 and is simulated by a finite value ofKr .

The principal experimental approach for determining
scaling exponentg has been from the divergence of the H
coefficient. The difficulty with the Hall measurement is th
application of a magnetic field that alters the wave functio
of the itinerant electrons. The size of the electron wave pa
ets can be estimated from the uncertainty principle. The
certainty in k in the vicinity of kF will be of order kF
52p/ldB , leading to a wave-packet sizeDx.ldB/2p. For
electrons with smallerk values the wave-packet size will b
correspondingly larger. However, the magnetic lengthLH
5(\c/eH)1/2 is 81 Å at 10 T and 810 Å at 0.1 T. For ad
equate Hall voltages it is difficult to go to fields well belo
0.1 T. For Si:As one hasldB5150 Å at 2nc and 1500 Å at
n51.01nc . For magnetic fields in the 0.1–1-T rangeLH will
be the same order or smaller than the wave-packet size
the itinerant electron wave functions will be affected by t
magnetic field. Other MIT systems such as Si:P, Si:B, Ge:
Ge:Ga with smaller values ofnc will have larger values of
ldB and the problem will be more severe. It is not rea
possible to avoid this problem for barely metallic samp
close to the critical densitync . The magnetic field case rep
resents a different universality class~unitary!, and it is
known that the scaling exponent of the dc conductivitys(H)
increases in a magnetic field for Si:P~Ref. 19! and Si:B~Ref.
20!. It is reasonable to suppose the Hall carrier density
ponentg(H) will also be affected by a magnetic field, bu
this has not yet been documented experimentally e
though it has been shown for Si:P and Si:B that the cond
tivity scaling exponents(H) increases from1

2 to near 1 for
large magnetic fields in the 8-T range. However, one
now argue that inH50 the exponentg should be1

2 from
various zero field experimental results and from the theo
ical prediction of Phillips.21

Table I gives the experimental values ofg andl and the
calculated values ofl(g) and nco/nc from Eqs. ~3b! and
~3a!, respectively. The overall agreement is satisfactory,
it takes very accurate data and a reliable value ofnc to obtain
good agreement. The best agreement is for Si:P,16 Si:As, and
Ge:Sb, but the latter case involves significant compensa
(K;20%). However, using the smaller value ofnc reported
by Ootuka, Matsuoka, and Kobayashi22 for Ge:Sb improves
the agreement forl considerably.g can be affected signifi-
cantly by small errors innc .23 Errors innc directly affect the
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values oflexpt since (1/nc)eRH(n52nc ,T→0)5lexpt. The
reasons for the 13% too large value oflexpt for Si:P~Ref. 17!
and the 100% too large value for Si:B are unclear. The val
of nco/nc range from 1.55 to 3.2. The large value for Ge:S
is due to compensation, which implies there will be mo
localized electrons~and local moments! to larger values of
n/nc , which is clearly demonstrated by the data for Ge:S
The Si:P and Si:As data~very weak compensation! show
from the Hall data thatnco/nc.1.5 but the data do not ex
tend to large enoughn to see the high density resultni5n
~for Kr50). The early extensive data of Yamanouchi, M
zuguchi, and Sasaki24 over a range of 100 in donor densit
clearly shows this crossover. Forn.631018/cm3 ni5n,
while ni drops rapidly belown for n,4.3331018/cm3.
These densities were determined by RT Hall results~all do-
nors ionized! and21/eRH5n, neglecting the HallA factor
correction (A;1.2– 1.3 for Si:P with 1018,n,1019). Ne-
glecting A yields 2.88,nc,3.1231018/cm3 and suggests
that 1.4,nco/nc,2, which agrees qualitatively with the re
sults in Table I for Si:P. These data were at 4.2 K and will n
give a reliable value ofnc , but the results are reliable fo
n.1.3nc whereEF2Ec@kT.

The zero magnetic field transport data suggest the di
sivity D5vF

2t/3 scales with an exponent twice that fo
sdc(n,T→0)}(EF2Ec)

1/2, which when combined with the
Einstein relationeD5 2

3 (EF2Ec)m suggestsm does not
scale. The Boltzmann-Drude resultsdc5niem then implies
that ni}(n/nc21)1/2, g5 1

2 , andnco/nc52. The scaling of
the excess CESR linewidth yieldsDHpp,ex}1/tc
5NivF^sc&, whereNi5ni for no compensation. The exper
mental results10 for Si:As lead tog50.45 and for Si:Pg
50.4, leading to 1.66,nco/nc,1.82. In the scaling regime
kFl ,1 and this quantity scales to zero asn→nc . The in-
equality l (n),d(n),ldB(n) is obeyed, wherel (n) is the
mean free path,d(n) is the mean donor spacing, andldB(n)
is the de Broglie wavelength associated with the itiner
electrons. Just abovenc l (n)!ldB(n) and the size of the
itinerant electron wave packets is very much larger thanl (n)
@ l (n)5)(Dt)1/2#. Thus, the scaling regime represents d
fusive behavior, contrary to the Phillips13 assumption of co-
herent conduction in the filaments.

TABLE I. Parameters from Hall data.

nc

~units
of 1018) g l(Kr50) lexpt nco/nc

Si:Pa 3.52 0.3660.02 1.92 1.9760.04 1.56
Si:Pb 3.52 0.4460.04 1.984 2.25 1.78
Si:Asc 8.60 0.3560.02 1.91 1.9360.04 1.54
Si:Bd,e 4.06 0.45 1.99 4.0 1.82

4.22 0.37 1.93 1.59
Ge:Sbf,g 0.168 0.6960.1 1.857 1.57 3.22

0.144 1.83

aReference 16.
bReference 17.
cReference 15.
dReference 18.

eReference 23.
fReference 14.
gReference 22.
2-3
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Before discussing other types of data one should men
a different approach of dividing the intermediate regime in
a scaling regime and a metallic regime given by Shlim
et al.25 These authors suggest a scaling region followed b
metallic region with a crossover between the scaling a
metallic regions occurring at a value ofs(n.nc ,T<1 K)
5sm , wheresm is Mott’s minimum metallic conductivity.
Based on Ge:As data they obtainnco/nc;1.27. From earlier
data they suggest a ratio 1.26 for Ge:Sb and 1.08 for Ge
If this same criterion were applied to Si:P and Si:As o
would find ratios of 1.0059 for Si:P and 1.0054 for Si:A
This represents about a factor of 50 inn/nc21 for these
different systems, which provides no evidence for univers
ity. In all of the systemss(n.nc ,T→0) exhibits scaling
behavior to much larger values ofn/nc , namely of order 2
for weakly compensated Si:P and Si:As and to even lar
values for compensated Ge:Sb.14 The Ge:As data in Fig. 2 in
Ref. 25 shows no evidence of deviations from scaling up
n/nc;1.6. However,s(n.nc ,T→0) is not as sensitive a
measure of the crossover from scaling as the other meas
ments discussed herein.

The Si:P specific heat3,4 and susceptibility data3 give in-
formation on the density of localized moments~note that
nLM,nloc since some donor pairs and even clusters w
very large exchange couplingJ have negligible local mo-
ments!. Paalanenet al.3 estimatenLM /n50.25 and 0.10 for
their 1.09nc and 1.25nc samples when all the electrons a
localized forn<nc . From Fig. 2 these values would corr
spond tog in the 0.33–0.37 range ifnLM5nloc , but with
slightly larger values fornLM,nloc . From specific-heat mea
surements~including the Schottky anomaly results in a fixe
magnetic field! Lakner and v. Lo¨hneysen4 obtain for a
sample close to 2nc nLM /n;0.003 (nLM /nc;0.006). From
Fig. 2 this yieldsg' 1

2 1e (e,0.02). Despite this possibly
fortuitous agreement withg5 1

2 the results in Ref. 4 do no
yield a maximum innLM at nc but rather in the vicinity of
0.6nc . At T50 the maximum innloc must occur atnc . The
Quirt and Marko5 Si:P spin susceptibility data from ES
measurements shows virtual Pauli behavior forn.1.3
31019/cm3; however, they report for a 5.931018 sample
(n/nc;1.58) nLM /n;0.14. From Fig. 2 this corresponds
g;0.57. However, it should be emphasized the stand
19320
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Pauli susceptibilityxP for itinerant electrons is valid forn
.nco, but a modified scaling form must be employed forn
,nco. These authors used a Curie-Weiss form for the s
ceptibility of localized electrons rather than the more su
cessful treatment of Bhatt and Lee26 of a wide range of an-
tiferromagnetic HeisenbergJ(Ri j ) andx loc(T)}T2a, where
a is near 0.6, but some data4 suggest a density-depende
a(n). The Si:P electron spin susceptibility data yield 0.
,g,0.57.

The NMR data of Brown and Holcomb7 for 31P show a
mean Knight shift^K& that increas asn decreases toward
2nc , and these authors note the lack of evidence for lo
moments. This is consistent withn.nco for their samples
and Kr;0. Alloul and Dellouve8 performed a particularly
interesting 31P NMR study spanning the MIT for 0.75nc
,n,21nc . They observed that̂K& increased with decreas
ing n down to 1.1nc with no apparent change in behavio
near 2nc . They also observed a substantial decrease in t
31P intensity measured byx5ni /n, namely, the fraction of
itinerant electrons. When this is converted toni /nc the com-
parison with the above two-component model is satisfact
qualitatively, but leads to values ofg in the range2

3 ,g
,0.9, which is too large for weakly compensated Si:P. Th
measurements are at much larger magnetic fields (H52 T)
and the lowest temperature (T51.65 K) is not low enough
just abovenc where there is a significantT dependence of
x(T). In addition x is still less than 1 at 3nc ( f loc;0.39),
which is consistent with significant compensation and
larger values ofg.

In summary, the two-component model and smooth va
tion of ni(n) through the crossover densitynco5nc /(12g)
yields a relation between the scaling exponentg and the pref-
actorl and permits the calculation off loc(n)5nloc(n)/nc for
nc,n,nco. The comparison of this model with a large bod
of experimental data, with particularly good agreement
the Si:P and Si:As Hall data, suggests the validity of t
model, providing a simple explanation for the large brea
of the scaling regime betweennc andnco. The physical sig-
nificance is that scaling expressions must be used for ph
cal quantities such asEF2Ec , 1/eRH , D, kF , the mean free
path l, the density of statesN(EF), and xP in this scaling
regime.
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