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Alternating spin-1Õspin-1
2 sites in a diamond lattice: Ground state and excitations
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~Received 29 May 2002; published 12 May 2003!

We consider a diamond lattice with spin-1 and spin-1
2 sites in alternating positions. The system is shown to

be mapped on to a spin-1 sawtooth lattice for a range of parameter values. With varying strengths of interac-
tions between spin sites, we find a number of phases, including, gapped spin-1, dimerized, and gapless spin-1
phases. In the gapped phase, there exist two special lines, namely, disorder and the Lifshitz lines, which
differentiate spin ordering from the Ne´el type to spiral type, in real and in the momentum space, respectively.
The dimerized phase, which ends at disorder line, is gapless in this case and corresponds to nearest-neighbor
spin-12 sites forming alternate singlet and triplet.
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Recently the studies of insulating magnets with geome
cal frustrations have generated huge interest because of
unique low-energy characteristics.1 In general, frustrations
arise due to competing interactions. After Haldan
conjecture,2 many theories have been developed to dis
guish the effects of frustrations between integer and h
odd-integer spin chains.3–5 Parallely, frustrated spin-1

2 and
spin-1 chains have been realized experimentally.6

There exist a large number of spin systems where frus
tions arise due to the topological arrangements of metal io
One of the most studied systems in recent years is the
dimensional Kagome antiferromagnets, in which frustratio
lead to a very complex excitations spectrum.7 However, frus-
trated systems, where two or more different metal ions
present in the unit cell, have received very little theoreti
attention. The magnetic interactions between two nonequ
lent magnetic centers mediated by topological frustrati
may lead to situations that may not be encountered w
species containing a unique kind of magnetic ions.8

A large number of such low-dimensional heteropolym
tallic frustrated systems have been synthesized experim
tally. For example, there exist planar tetranuclear comple
with topological frustrations. The general structures of th
complexes can vary from butterfly, pyramidal to lozeng
with two different magnetic ions.9 More specifically, the se-
ries Ba2CaMM28F14, where M and M 8 are the transition
metal ions, form chains of lozenges and the chains are
seperated by Ca12 ions.10 In each chain,M 8 can interact
with the two nearest-neighborM sites, while eachM can
interact with fourM 8s. These systems have been found
exhibit a number of different magnetic structures, which
extremely sensitive to the magnitudes of the competing
tiferromagnetic interactions. This is an example of frustra
ferrimagnet and such a structure when connected to form
extended network in one dimension is the focus of our pa

The structure that we have considered is shown in F
1~a!, with site spinsS51 ands51/2 residing in four corners
of a diamond structure. Similar structure has been consid
for S5s51/211 and with different spins.13 On the other hand
Senet al.14 have studied a spin-1

2 sawtooth lattice, structure
of which is shown in Fig. 1~b!. This structure resembles
spin chain with nearest- and next-nearest neighbor inte
tions with every alternate exchange interaction between n
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nearest neighbors being missing.
The Hamiltonian for our system in Fig. 1~a! can be writ-

ten as

H5(
i 51

N

J~S1,i1S1,i 11!~s2,i1s3,i !1J8S1,iS1,i 111J9s2,is3,i ,

~1!

where the sum runs over the number of unit cells~each unit
cell contains three spin sites!. S1,i ands2,i5s3,i correspond to
the site spin with magnitudeS51 ands51/2 in thei th unit
cell. We consider a periodic boundary condition, wi
S1,N115S1,1, for system withN unit cells. This Hamiltonian
commutes with the operator (s2,i1s3,i), for every unit celli.

We have implemented the density-matrix renormalizat
group~DMRG! method,15 which is considered to be a highl
accurate method for interacting systems in lo
dimensions.15,5 The density-matrix cutoff fromm5150 to
m5200 have been used throughout, and the results h
been extensively verified with the exact diagonalization c
culations for small system sizes.16 We have calculated the
equal time spin-spin correlations and the energy in
ground state. We have also obtained excitation gaps wi
varying range of exchange parameters. In some cases
have computed dispersion spectrum by exact diagonaliza
method for small system sizes.

FIG. 1. Schematic picture of the arrangement of~a! spin-1 and
spin-1/2 sites in a diamond lattice and~b! spin-1 sites in a sawtooth
lattice.
©2003 The American Physical Society11-1
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Let us first discuss the results consideringJ950. Unlike
the case as in Ref. 11, withJ850, the system has a groun
state that is a singlet. It is easy to see that spins are exa
compensated in each unit cell. We find that even whenJ8 is
quite large, the ground state remains a singlet. There
quantum phase transition as we increaseJ8 from zero to a
higher value. The spin-1 sites remain aligned parallely
small values ofJ8 but becomes strongly antiferromagnetic
we increaseJ8. However, the operator (s2,i1s3,i) remains
constant and it is a triplet in each unit celli for all J8 values.
By considering each of these spin-1

2 pairs as a spin 1, the
system can be mapped to a sawtooth lattice with spin-1 s
at each vertex@see Fig. 1~b!#. The sawtooth lattice with vari-
ous site spins have been synthesized in recent years.12 Our
lattice structure turns out to be exactly the spin-1 chain w
nearest- and next-nearest neighbor interactions with e
alternate next-neighbor interaction being missing.

The spin-12 analog of this sawtooth lattice has been stu
ied in detail in Ref. 14. Elementary excitations in these cl
of systems are found to consist of kink-antikink pairs, wh
the ground state is doubly degenerate. However, its sp
analog is completely different. AtJ850, the system is a
spin-1 chain with nearest-neighbor exchange. It is well
tablished by now that the spin-1 chain has a finite and s
correlation length ofj56.03, a Haldane gapD50.41050
and is characterized by ahidden Z23Z2 symmetry breaking
order.2,17,19 The ground-state energy, the Haldane gap,
the correlation length have been found to be correct to
merical accuracy by the DMRG method.19

As we increaseJ8 from zero, the system remains in th
spin-1 gapped phase, untilJ851.060.05. Within this phase
we have found two special points. One is the disorder po
and another is the Lifshitz point. These points have b
observed for the spin-1 chains with nearest and next-nea
neighbor antiferromagnetic exchanges.4 A disorder point is a
point where the system changes from one broken symm
phase to another at low temperature. In general, in spin
tems it is defined as a point where the system chan
smoothly from antiferromagnetically ordered phase to a s
ral phase with incommensurate wave vector. Therefore
the disorder phase, the correlation lengths would be s
ranged of the type as in a spin-1 ordered phase. Clas
frustrated spin chain shows similar transition from the N´el
ordered state to a spiral ordered state.20 In the analogy with
the general bilinear-biquadratic spin chain@Affleck,
Kennedy, Lieb, and Tasaki~AKLT ! model#17 in its classical
limit, we can fit the static correlation functions to a tw
dimensional Ornstein-Zernike correlation function

^SiSj&}
exp~2u i 2 j u/j!

Au i 2 j u
, ~2!

whereu i 2 j u is the distance between the sitesi andj, andj is
the correlation length. The disorder phase in this case, as
identified in the AKLT model, is a quantum remnant of th
Néel order to spiral order transition in the classical frustra
chain at low-temperature. In Fig. 2, we plot the functi
ln(u^SiSj&uAu i 2 j u) as a function ofu i 2 j u. As can be seen, th
function shows incommensurate behavior at the disor
18441
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point which is atJ850.5. Below this point, the data fit to a
straight-line equation with numerical accuracy.

It is to be noted that in the disorder phase, the momen
space spin-correlation functions peak atqmax50. However,
as the correlations are short ranged, the momentum s
correlation functions slowly start moving fromqmax50 to
some generalqmax.0. This occurs at some point in th
incommensurate-correlation region, away from the disor
point. This is the other special point, called the Lifsh
point. The structure factorS(q) which is defined as

S~q!5 (
u i 2 j u

exp~ iqu i 2 j u!^SiSj& ~3!

develops peaks in an incommensurate values of wavenum
qmax. We have plottedS(q) as a function ofq in Fig. 3.
Below J850.75, the structure factor peaks atqmax50 or
qmax52p. However above this point, theqmax changes to
incommensurate values, 0,qmax,p/2. The Lifshitz point
has been predicted to be associated with a doubly degen
structure of the solitonic excited states. Note that only t
point can be rationalized experimentally, since the exp
mental structure factor is associated with the wavenumb

Until J8 reaches the Lifshitz point, the two-spin correl
tions between the nearest-neighbor spin-1 sites remain fe
magnetic in character. However, as we increaseJ8, this two-
point correlation becomes very small. Note that even z
correlation between the spin-1 sites will not leave behind a
free spin. Further increase ofJ8 develops in antiferromag
netic character between the nearest-neighbor spin-1 s

FIG. 2. Log of (u^SiSj&uAu i 2 j u) as a function of the distance
u i 2 j u, for a number ofJ8 values.
1-2
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Surprisingly, this occurs precisely atJ85160.05. It can also
be observed from Fig. 3: the structure factor develops pea
qmax5p close toJ851.

In the limit, J8→`, the frustrated spin-1 system will b
decomposed into a next-nearest-neighbor spin-1 chain~with
every alternate one missing!, and a free spin-1 in each un
cell. The free spin will give rise to gapless excitations. F
this to happen, the spin-1 neighbors should develop ant
romagnetic character. As discussed above, the antiferrom
netic correlations between spin-1 neighbors appear atJ851
6.05, which indicates the phase transition. This transit
point can be characterized as the point where the system
from the standard AKLT phase to a next-nearest neigh
~with every alternate one missing! gapless AKLT phase.

The ground-state energy changes its slope as a functio
J8, aboveJ851.0 @see Fig. 4~a!#. We have also obtained th
lowest-energy gap as a function ofJ8, which is shown in
Fig. 4~b!. The energy gap starts from the Haldane gap va
(0.401) whenJ850, goes through a maximum near the L

FIG. 3. Structure factorS(q) versus the wave vector,q, for a
number ofJ8 values.
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shitz point, and then decreases smoothly to zero as the p
changes. The standard spin-1 Haldane phase is characte
by a so-called string order parameter, which measures
hiddenorder due to the symmetry breaking,18 and is defined
as

Oz~m2n!5K Sm
z S exp (

k5m11

n

ipSk
zDSn

zL . ~4!

We have computed the string order parameterOz

5 limum2nu→`Oz(m2n) and found that it is nonzero
throughout the gapped phase in theJ8 line, and it drops to
zero discontinuously at the phase transition, when the s
tems enter into the gapless phase. This is shown in Fig. 4~c!.
Also note that atJ8.1, the correlation function between th
spin-1 and spin-1/2 neighbors become almost zero, confi
ing that the spin-1/2 nearest-neighbors that form triplets,
free in nature.

We have also calculated the lowest spin excitation disp
sion curve for a number ofJ8 values for a system size o
N518. The spin-1 solitonic excitation has a minimum atq
50 or 2p. However, asJ8 increases, the excitation mini
mum shifts toq5p/3 or 2p/3 close to the disorder point
Further increase ofJ8 shows that the minimum is atq5p. It
is difficult to determine this point, as the system size stud
is very small. However, a cautious estimation puts this cl
to the Lifshitz point. Eventually as discussed above, this
citation gap atq5p vanishes in the long chain limit, as th
phase changes to a gapless phase.

So far we have discussed the results withJ950. How-
ever, with nonzeroJ9, some additional interesting feature
emerge. The ground state remains a singlet for allJ9 values,
but dimerization sets in at various points in theJ82J9 phase
diagram. For smallJ9, all (s2,i1s3,i),i 51,2, . . . , remain
triplets as the case withJ950. However, as we increaseJ9
from 0 (s2,i1s3,i) with alternatei th unit cell, form singlet
combinations. This situation can be visualized as if the in
actions between spin-1 sites are mediated by the alterna
FIG. 4. ~a! Ground-state energy (E0 /N), ~b!
lowest spin excitation gap (D), and~c! string or-
der parameter (Oz), as a function ofJ8.
1-3
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spin-1 and spin-0 sites. In other words, the spin-1 sites
come decoupled, with maximum isolated segment length
ing 3 sites. To give an estimate, this situation arises atJ9
52.7, when the spin 1 sites are not connected (J850). The
chain becomes decoupled with a spin-1 dimer and a
spin-1 in every alternate unit cell. However, ifJ9 is further
increased, atJ953, all the (s2,i1s3,i),i 51,2, . . . , form sin-
glets. This limit results in a chain with completely decoupl
free spin-1 sites. It is interesting to note that, the dimeriz
phase discussed above is gapless in this case due to
spins.

At nonzeroJ8 values, this dimerized ground state wi
alternate singlet and triplet spin-1/2 combinations rema
unaffected as long asJ8,0.5. At higherJ8 values, the (s2,i

1s3,i),i 51,2, . . . pairs forming singlets at alternatei th unit
cell arises at smallerJ9 values. However, with nonzeroJ8
values, the physics remain very similar to what is observe
J850, unlessJ8,0.5. For J8>0.5, the alternate singlet
triplet in (s2,i1s3,i),i 51,2, . . . do notappear, rather with
increase inJ9, the nondegenerate ground state becomes
finitely degenerate after certainJ9 values. This transition cor
responds to the situation where all (s2,i1s3,i),i 51,2, . . .
triplets, transform to singlets at some criticalJ9, for every
J8>0.5 values. We have shown it in theJ82J9 phase di-
gram ~line C8 in Fig. 5!.

In the gapped phase, both, the disorder and the Lifs
points, extend to nonzeroJ9 to form two special lines, with
the same features, as discussed for the case withJ950.
However, these two lines end at theJ9 values where (s2,i
1s3,i),i 51,2, . . . , form singlets, namely, where the gaple
phase appears~brokenC8 line in Fig. 5!. It is interesting to
note that the ground-state dimerized phase ends as theJ8 hits
the disorder line.

As shown in the phase diagram~Fig. 5!, there are three
gapless phases. ForJ950, as discussed earlier, the gaple
phase arises because of the large number of free spin-1
~spin-12 sites forming triplets! at J851 in a perfectly one-
dimensional spin-1 chain background. However, withJ9
Þ0, the gapless phase is due to the formation of sing
between the nearest-neighbor spin-1

2 sites, with free spin 1 in
each unit cell, or in every alternate unit cell. While th
shaded part in the phase diagram, which is a dimeri
phase, is gapless in this case due to nearest-neighbor s1

2

sites forming alternate singlet and triplet, the phase with h
J9 value is gapless because all the spin-1 sites become
with all nearest-neighbor spin-1

2 sites forming singlet combi-
nations. Moreover, forJ950, all (s2,i1s3,i),i 51,2, . . . re-
main triplets. Thus, theJ9Þ0 gapless phase can not exte
18441
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to join theJ950 gapless phase. Numerically, we find that t
J9Þ0 gapless line~broken C8 line in the phase diagram!
approachesJ8 line ~with J950) as we increaseJ8. However,
this line ends abruptly at around (J8,J9)5(1.5,0.1). Below
J950.1, the spin gap is zero, as it corresponds to the n
nearest-neighbor~with every alternate one missing! AKLT
phase with free spin-1 sites. The main point is that in theJ8
line ~with J950) gapless phase, only a small value ofJ9 can
bring about singlet formation between the nearest-neigh
spin-12 sites, with an infinitely degenerate ground state.

To conclude, we have studied a one-dimensional diam
lattice of spin-1 and spin-1

2 sites in the alternating sites. Th
system is equivalent to a spin-1 sawtooth lattice, even w
there are very strong exchanges between the spin-1 s
There exist a number of low-temperature phases: the gap
nearest-neighbor AKLT phase and several gapless sp
phases with infinite ground-state degeneracy. In the gap
region, we find two special lines, which differentiate sp
ordering from the Ne´el type to the spiral type.

FIG. 5. Phase diagram of the model in Hamiltonian~1! in the
J8, J9 parameter space. LinesA andB are the disorder and Lifshitz
lines, respectively. LineC corresponds to alternating singlet an
triplet combinations, while lineC8 represents all singlet combina
tions, by the nearest-neighbor spin-1

2 sites. The shaded region is th
dimerized phase and lineD is the gapless spin-1 phase. All thre
gapless phases are schematically drawn for clarity, where the cl
~open! circles are for spin-1~spin-0! sites, and the solid and broke
lines represent strong and weak interactions, respectively. All
phase boundaries (C, C8, and D lines! are obtained numerically
with error bars60.05 in both theJ8 andJ9 energy scales. The line
C8 ends at (J8,J9)5(1.5,0.1), which is not shown.
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