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Josephson current in the presence of a precessing spin

Jian-Xin Zhu and A. V. Balatsky
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~Received 2 October 2002; published 6 May 2003!

The Josephson current in the presence of a precessing spin between various types of superconductors is
studied. It is shown that the Josephson current flowing between two spin-singlet pairing superconductors is not
modulated by the precession of the spin. When both superconductors have equal-spin-triplet pairing state, the
flowing Josephson current is modulated with twice the Larmor frequency by the precessing spin. It was also
found that up to the second tunneling matrix elements, no Josephson current can occur with only a direct
exchange interaction between the localized spin and the conduction electrons, if the two superconductors have
different spin-parity pairing states.
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There is an intense interest in a number of techniques
allow one to detect and manipulate a single spin in the s
state. Partial list includes optical detection of electron-s
resonance~ESR! in a single molecule,1 tunneling through a
quantum dot,2 and more recently electron-spin-resonanc
scanning tunneling microscopy~ESR-STM! technique.3–6 It
has also been recognized that the ESR-STM techniqu
capable of detecting the precession of a single spin thro
the modulation of the tunnel current. Interest in ESR-ST
lies in the possibility to detect and manipulate a single sp6

which is crucial in spintronics and quantum information pr
cessing.

Several proposals have been made for the mechanis
the spin detection with the ESR-STM. One is the effect
spin-orbit interaction of the conduction electrons in the tw
dimensional surface coupling the injected unpolarized c
rent to the precessing spin.7 Another one is the interferenc
between two resonant tunneling components through
magnetic field split Zeeman levels.8 Both these mechanism
rely on a spin-orbit coupling to couple the local spin to t
conduction electrons and have assumed no spin polariza
of tunneling electrons.9 On the other hand, one can perfor
ESR-STM measurements on samples with much sma
spin-orbit coupling.5 Theoretically it is also important to in
vestigate the role of direct exchange in ESR-STM meas
ments, without any spin-orbit coupling.10 Exchange interac-
tion has a tremendous effect on the physics of conduc
substances when magnetic impurities are present.11,12

The above-mentioned experimental and theoretical s
ies are concentrated on the tunneling between two nor
metals. A natural extension is a question of the role o
precessing spin localized inside a tunneling barrier on
Josephson current between two weakly coupled super
ductors. This is the problem we address in this paper.

Previously, the Josephson effect between supercondu
with nontrivial pairing symmetry has been extensively stu
ied, see, e.g., Ref. 13. There are two main aspects of
current study that differ from the previous work.

~1! We will consider the effect of the precessing localiz
spin in the junction on the Josephson current. This effect
our knowledge, has not been addressed before.

~2! We will assumeno spin-orbit couplingbetween the
superconductors. The role of the spin-orbit coupling will
addressed elsewhere.
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The model system under consideration is illustrated
Fig. 1. It consists of two ideal superconducting leads coup
to each other by a single magnetic spin. In the presence
magnetic field, the spin precesses around the field direct
We neglect the interaction of the spin with two superco
ducting leads. The Hamiltonian for the Josephson junct
can then be generally written as13

H5HL1HR1HT . ~1!

The first two terms are, respectively, the Hamiltonian
electrons in the left and right superconducting leads of
tunneling junction:

HL(R)5 (
k(p);s

ek(p)ck(p),s
† ck(p),s

1
1

2 (
k(p);s,s8

@Dss8~k~p!!ck(p),s
† c2k(2p),s8

†
1H.c.#,

~2!

where we have denoted the electron creation~annihilation!
operators in the left~L! lead bycks

† (cks) while those in the
right ~R! lead by cps

† (cps). The quantitiesk (p) are mo-
menta ands is the spin index. The quantitiesek(p),s ,
Dss8(k(p)) are, respectively, the single-particle energies
conduction electrons, and the pair potential~also called gap
function! in the leads. For the purpose of this work, th
physical origin for the superconducting instability is beyo
the scope of our discussion. The two leads are wea
coupled with the tunneling Hamiltonian:

FIG. 1. Magnetic spin coupled to two superconducting leads
the presence of a magnetic fieldB, the spin precesses around th
field direction.
©2003 The American Physical Society05-1
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HT5 (
k,p;s,s8

@Tss8~k,p!cks
† cps81H.c.#, ~3!

where the tunneling matrix elementTss8(k,p) transfer elec-
trons through an insulating barrier. When a local spin is e
bedded into the tunneling barrier, the tunneling matrix can
written in the spin space as10

T̂5T0 expF2AF2JS•ŝ

F0
G , ~4!

where F is the spin-independent potential barrier,F0
5\2/2med

2 is the characteristic energy scale for the barr
width d, J is the exchange interaction between the local s
S and the tunneling electrons denoted by the Pauli matrixŝ.
In an external magnetic fieldB, a torque will act on the
magnetic momentm of amountm3B, wherem5gS with g
being the gyromagnetic ratio. The equation of motion of
local spin is given bydm/dt5m3(gB). For a static mag-
netic field applied along thez direction, we shall see that th
local spin would precess about the field at the Larmor f
quencyvL5gB, i.e.,S5n(t)S, whereS is the magnitude of
the local spin and n(t)5(nx ,ny ,nz)5„n'cos(vLt),
2n'sin(vLt),ni… the unit vector for the ‘‘instantaneous’’ spi
orientation. Hereni andn' are the magnitudes of the long
tudinal and transverse components ofS to the field direction.
They obey the sum ruleni

21n'
2 51. We note that the expres

sion for n(t) shows the constant left-handed precession,
thez component ofS is time independent. The precession
the spin can also be obtained quantum mechanically by
placing the local spin operator with its average value. T
exchange term in the exponent of the tunneling matrix e
ment is very small as compared with the barrier heightF.
We then perform the Taylor expansion inJS and arrive at

T̂5T0 expS 2AF

F0
D FcoshS JS

2F
AF

F0
D

1n~ t !•ŝ sinhS JS

2F
AF

F0
D G . ~5!

Since the energy associated with the spin preces
\vL;1026 eV is much smaller than the typical electron
energy on the order of 1 eV, the spin precession is very s
as compared to the time scale of all conduction electron p
cess. This fact allows us to treat the electronic problem a
batically as if the local spin is static for every instantaneo
spin orientation.14 Our remaining task is to calculate the J
sephson current in the presence of the spin. The current
erator is given by

Î 5 ie (
k,p;s,s8

@Tss8~k,p;t !cks
† cps82H.c.#. ~6!

When a voltage biaseV5mL2mR is applied across the junc
tion, following the standard procedure,15 we can write the
phase dependent contribution, i.e., the Josephson curren
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I J~ t !5eE
2`

t

dt8@eieV(t1t8)^@A~ t !,A~ t8!#2&

2e2 ieV(t1t8)^@A†~ t !,A†~ t8!#2&#, ~7!

where the operator

A~ t !5 (
k,p;s,s8

Tss8~k,p;t !c̃ks
† ~ t !c̃ps8~ t !.

Here the operatorsc̃k(p)s(t)5eiK L(R)tck(p)se2 iK L(R)t with

KL(R)5HL(R)2mL(R)NL(R)

and

NL(R)5 (
k(p),sck(p)s

† ck(p)s

.

For either spin-singlet or spin-triplet superconductors,
can perform the Bogoliubov transformation to express
electron operators in terms of quasiparticle operators:

cks5(
s8

~ukss8gks82sv2kss8
* g2ks8

†
! ~8!

to diagonalize the unperturbed Hamiltonian, whe
(ukss8 ,vkss8)

T is the Bogoliubov quasiparticle wave func
tion. For a spin singlet superconductor, the order-param
matrix can be written asD̂(k)5( i ŝy)c(k), wherec(k) is
an even function ofk. The quasiparticle wave function i
then given by

S ukss8

vkss8
D 5S uke

i (wk1w)dss8

vkds,2s8
D , ~9!

with

S uk

vk
D 5SA1

2 S 11
jk

Ek
D

A1

2 S 12
jk

Ek
D D , ~10!

where we have introducedc(k)5uc(k)uei (wk1w) with
wk and w being the internal and global phases, andjk

5ek2m, and Ek5Ajk
21uc(k)u2. For the spin-triplet

pairing state, the order parameter can be written as:D̂(k)
5 i (d(k)•ŝ)ŝy , whered5(du ,dv ,dw) is an odd vectorial
function of k defined in a three-dimensional spin spa
spanned by (u,v,w). We shall be typically concerned with
two types of triplet pairing states—nonequal-spin pairin
where the Cooper pairs are formed by electrons with antip
allel spins, and equal-spin pairing, where the Cooper p
are formed by electrons with parallel spins. The non-eq
spin pairing state has the form

D̂~k!5S 0 dI~k!

dI~k! 0 D , ~11!
5-2
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corresponding to (du ,dv ,dw)5(0,0,dI(k)). This type of
pairing state may be realized in the recently discovered
perconducting Sr2RuO4.16,17The equal-spin pairing state ha
the form

D̂~k!5S 2dII~k! 0

0 2dII~k!
D , ~12!

corresponding to (du ,dv ,dw)5(0,2 i2dII(k),0). This state
may be relevant to theA phase of superfluid3He ~Ref. 18!
and of heavy fermion UPt3.19 A little algebra yields the qua
siparticle wave function

S ukss8

vkss8
D 5S suI,ke

i (wk1w)dss8

v I,kds,2s8
D , ~13!

for the nonequal-spin-triplet pairing state; while

S ukss8

vkss8
D 5S suII, ke

i (wk1w1p)dss8

v II, kdss8
D ~14!

for the equal-spin-triplet pairing state. Here (uI(II), k ,v I(II), k)
T

has the same form as that given by Eq.~10! except Ek

5Ajk
21udI,II (k)u2 and dI,II (k)5udI,II (k)uei (wk1w), respec-

tively. Due to the opposite parity of the triplet pairing state
compared with the singlet counterpart, there appears an
ditional factors (561) in Eqs.~13! and ~14!, which will
crucially influence the Josephson current between two su
conductors of dissimilar spin parity. We shall also note t
the electron component of the eigenfunction is an even fu
tion of k ~i.e., u2k5uk arising fromw2k5wk) for the spin-
singlet pairing state while is an odd function ofk ~i.e.,
uI(II), 2k52uI(II), k arising fromw2k5wk1p) for the triplet
pairing state.

The Josephson currentI J originates from a number o
terms in the perturbation expression Eq.~7! in which the
expectation value of two creation operators in one superc
ductor is combined with the expectation value of two an
hilation operators in the other superconductor, that

^c̃ks1

† (t) c̃2ks2

† (t8)&^c̃ps
18
(t) c̃2ps

28
(t8)&. Using the above

symmetry properties, one can find the expectation values
superconductors with a spin-singlet, nonequal-spin-trip
and equal-spin-triplet pairing state:

^c̃ks
† ~ t !c̃2ks8

†
~ t8!&5S sds,2s8uk* vk

ds,2s8uI,k* v I,k

2ds,s8uII, k* v II, k

D @eiEk(t2t8) f ~Ek!

2e2 iEk(t2t8) f ~2Ek!#, ~15a!

and

^ c̃ps~ t !c̃2ps8~ t8!&5S sds,2s8upvp*

ds,2s8uI,pv I,p*

2ds,s8uII, pv II, p*
D @e2 iEp(t2t8) f

3~2Ep!2eiEp(t2t8) f ~Ep!#, ~15b!
17450
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where the Fermi distribution functionf (E)51/@exp(E/T)
11#. We evaluate the Josephson current in various type
superconducting junctions. First let us consider that both
left and right superconductors are of spin-singlet pair
symmetry, one can arrive at the Josephson current as

I J5e(
k,p

(
ss8

~ss8!Im@Tss8~ t !T2s,2s8~ t !ei (2eVt1dw)#

3
uckuucpuVk,p~eV!

2EkEp
, ~16!

where the phase differencedw5(wR2wL)1(wp2wk), and

Vk,p~eV!5F 1

eV1Ek2Ep
2

1

eV2Ek1Ep
G@ f ~Ek!2 f ~Ep!#

1F 1

eV1Ek1Ep
2

1

eV2Ek2Ep
G

3@12 f ~Ek!2 f ~Ep!#. ~17!

The summation over spin indices involves terms,T↑↑T↓↓ and
T↑↓T↓↑ . It then follows from the structure of the tunnelin
matrix as given by Eq.~5!, which has the propertyT↓↑
5T↑↓* , that the flowing Josephson current is not modula
with time by the precessing spin. Similarly, one can find th
this conclusion is also true for the Josephson current betw
two superconductors both of nonequal-spin-triplet pair
symmetry. However, when each side of the junction is
superconductor having equal-spin-triplet pairing symme
the Josephson current becomes

I J52e(
k,p

(
ss8

Im@Tss8~ t !Tss8~ t !ei (2eVt1dw)#

3
udII, kuudII, puVk,p~eV!

2EkEp
, ~18!

which will be time dependent even in the absence of
voltage bias when the spin is precessing atvL . In some
detail, becauseT↑↓5T↓↑* 5uT↑↓ueivLt, I J contains a term with
a prefactor cos(2vLt). This implies that the Josephson curre
flowing between two equal-spin-triplet pairing supercondu
ors is modulated in time at a frequency of 2vL , i.e., twice
the Larmor frequency. The relative ratio between the Larmo
modulation partdI J and the constant partI J0 is:

dI J

I J0
5

J2S2

2FF0
;102221023, ~19!

for F51 eV, F050.05 eV, JS50.1 eV, which is experi-
mentally detectable. The modulation of a Josephson cur
by a precessing spin could be used for a single spin de
tion.

If we suppose that the left superconductor is a spin-sin
superconductor that is weakly coupled to the right superc
ductor having nonequal-spin-triplet pairing symmetry, t
Josephson current is found to be
5-3
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I J5e(
k,p

(
ss8

s Im@Tss8~ t !T2s,2s8~ t !ei (2eVt1dw)#

3
uckuudI,puVk,p~eV!

2EkEp
. ~20!

Notice that the summation(ss8sTss8(t)T2s,2s8(t)
52(ss8sTss8(t)T2s,2s8(t). This property mandates tha
I J has to be zero. Also the Josephson current cannot o
when a spin-singlet superconductor is weakly coupled t
superconductor of equal-spin-triplet pairing symmetry, d
to the summation(ss8sTss8(t)T2s,s8(t)50. Therefore,
we conclude that the Josephson current cannot flow betw
two superconductors with the pairing symmetry of differe
spin parity even if there is a precessing spin located in
tunnel barrier.

Based on the above microscopic analysis, we can es
lish a simple phenomenological theory for the Joseph
effect through the precessing spin. We defineCs

5s^cksc2k,2s&, ^cksc2k,2s&, ^cksc2k,s& as the macro-
scopic wave function on each side of the junction with sp
singlet, nonequal-spin and equal-spin triplet, pairing symm
try. The equations of motion can be written as

i
]CL,s

]t
5eVCL,s1(

s8
Kss8CR,s8 , ~21a!

i
]CR,s

]t
52eVCR,s1(

s8
Kss8

* CL,s8 , ~21b!

where Kss8 represents the spin-dependent coupling acr
the barrier. Making the substitutions CL(R),s

5N L(R),s
1/2 exp(iuL(R)) with NL(R)5(sNL(R),s being the num-

ber of Cooper pairs on each side, one can get the Josep
current I J52N L

1/2N R
1/2 Im@Kss8exp(idu)# where du5uR

2uL52eVt1wR2wL . For the junction formed by two
spin-singlet paring superconductors, allKss8 are time inde-
pendent. For the spin-singlet/spin-triplet junction, the ter
contributing to the summation over spin indices cancel e
other. However, for the spin-triplet/spin-triplet junction, the
are terms proportional touK↑↓uexp(62ivLt). With this char-
acteristic ofK, one can then arrive at the same conclusion
from the microscopic analysis. We should stress that in
presence of spin-orbit coupling, one is allowed to have dir
coupling of a current produced by spin-singlet supercond
ors and local spinS. This would lead to the time-depende
.J

.

, J
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contribution of a Josephson current regardless of the pai
symmetry.

In summary, we have studied the Josephson cur
through a precessing spin between various types of su
conducting junctions. It is shown that the Josephson cur
flowing between two spin-singlet pairing superconductors
not modulated by the precession of the spin. When both
perconductors have equal-spin-triplet pairing state, the flo
ing Josephson current is modulated with twice the Larm
frequency by the precessing spin. It was also found that u
the second order in the tunneling matrix elements no Jose
son current can occur by the direct exchange interaction
tween the localized spin and the conduction electrons, if
two superconductors have different spin-parity pairing sta
As far as we know, no measurements of Josephson cur
through a precessing spin between two superconductors
been reported yet. We believe that the observation of
predictions is within the reach of present technology. On o
hand, the ESR-Josephson junction spectrometer, using
idea of coupling the magnetic impurities to an radi
frequency~rf! field,20,21 has been realized22,23 in an earlier
time. In this technique, the effects of magnetic impuriti
enter via a complex susceptibility, which induces a fluctu
ing magnetization in the presence of the rf field. The sp
relaxation time is generally governed by the coupling of t
spin with its environment. In the situation studied by the
earlier authors, relaxation is determined both by the stro
correlation between magnetic impurities and by the tunne
single electrons when a voltage bias is applied. In the pre
work, the spin relaxation is strongly suppressed due to
gapped nature of quasiparticles when a dc Josephson effe
considered. Therefore, we can expect a very long sp
relaxation time when the local single spin is embedded i
the tunneling barrier of the junction. This advantage allo
us to treat the single spin to precess freely along the direc
of the applied static magnetic field. On the other hand, a
possible experiment, we mention results on atomically sh
superconducting tip in low temperature STM in both the qu
siparticle tunneling regime24 and the Josephson tunnelin
regime25 @coined as ‘‘Josephson STM’’ or JSTM~Ref. 26!#
on conventional superconductors. Therefore, it would
very interesting to extend the JSTM technology by using
superconducting tip to study the Josephson current in
vicinity of an atomic spin on the superconducting surface

We thank D.P. Arovas and M. Sigrist for helpful discu
sions. This work was supported by the Department
Energy.
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