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Electrical and optical properties of LiNbO3 single crystals at room temperature
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The electrical and optical properties of lithium niobate (LiNbO3) at room temperature are theoretically
calculated by using a microscopic model based on the orbital approximation in correlation with the dipole-
dipole interaction. It is found that both the electronic polarizabilities and the electronic hyperpolarizabilities
have to be considered in this calculation in order to match both the spontaneous polarization and refractive
indices with experimental data.
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I. INTRODUCTION

Lithium niobate (LiNbO3) falls among the most known
technologically relevant ferroelectric oxide materials beca
of its remarkable optical anisotropy,1–5 large spontaneou
polarization,2,6,7 electro-optical and nonlinear optica
activity,8–10 as well as the outstanding nonlinear optic
properties for instance in periodically poled optical super
tices ~PPLN’s!.11–13 Its ferroelectricity was discovered a
early as 1949. In contrast to many otherABO3 ferroelectric
oxides, LiNbO3 has only two phases both being rhomboh
dral: the high temperature phase is centrosymme
paraelectric, while the other one is noncentrosymme
ferroelectric stable below the Curie temperatureTC
51210 °C.

Here we present a somewhat different theoretical
proach for studying the spontaneous polarization and ref
tive indices of LiNbO3 at room temperature. Our micro
scopic model takes into account the anisotropy in
electronic polarizability and hyperpolarizability of all con
stituent ions, their ionic shifts, as well as the crystalline d
formations. The model was previously tested for the calcu
tion of bulk properties of monodomain tetragonal perovski
like BaTiO3 and KNbO3, i.e., their ferroelectricity and opti
cal anisotropy as well as their linear electrooptic
coefficients.14–16 Furthermore, the same model was succe
fully applied for modeling electrical and optical properti
within ferroelectric domain walls in BaTiO3.17 Based on
those experiences which agree excellently well with the c
responding experimental data, we initiate here the appl
tion of this model to LiNbO3 which shows a much more
complicated structure than the tetragonal perovskites.

In this model, we account for the following points:
~i! expanding the local electric field by considering

components in all directions at once;
~ii ! representing the local electric field in a tensorial eq

tion which allows the description of all its components for
ions simultaneously;

~iii ! developing the orbital approximation by taking in
account the anisotropy in the electronic polarizability a
electronic hyperpolarizability;

~iv! considering the correlation between the electronic
larizability and the electronic hyperpolarizability on on
hand, and their dependence on the local electric field on
other hand~since these magnitudes are mutually depende!.
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In a previous theoretical work, Kinaseet al.18 studied the
ferroelectricity in LiNbO3 by considering the local electric
field of all ions to be aligned parallel to the direction of th
spontaneous polarization, which actually is not the case
this compound as experimentally concluded by Reznik, A
kiev, and co-workers in their work devoted to the optic
damage in LiNbO3.19,20 By studying the vibrational spectr
they showed that the component of the local electric field
the direction perpendicular to the direction of the sponta
ous polarization is not negligible. The same result was th
retically proven by Yatsenko21 when studying the anisotrop
of the electronic polarizability of O22 ions in stoichiometric
LiNbO3. However, in Yatsenko’s work this anisotropy re
sults from considering only five instead of ten structura
nonequivalent ions forming the primitive rhombohedral u
cell. In the calculation presented here, we will consider all
ions of the conventional hexagonal unit cell and show t
only ten ions are nonequivalent.

The paper is structured as follows: Section II discus
the electronic polarizabilities and hyperpolarizabilities of t
constituent ions of LiNbO3 by using a quantum metho
based upon the orbital approximation. We discuss the dip
dipole interaction due to the local electric field acting on t
constituent ions taking into account the crystalline deform
tions and individual ionic shifts which are important
LiNbO3. Section III then presents the results for the spon
neous local electric field, the electronic polarizability and t
second-ranks̃ tensor~representing the electronic hyperp
larizability multiplied by the local electric field!, the sponta-
neous polarization, as well as refractive indices calcula
for LiNbO3 at room temperature. This section also conta
the discussion of the above-mentioned findings.

II. DESCRIPTION OF THE MODEL

A. Orbital approximation

In order to compute the electronic polarizabilities a
electronic hyperpolarizabilities of LiNbO3, we use a
quantum-mechanical approach based upon the orbital
proximation. In this approach, each ion is considered a
combination of a core~inner electrons and nucleus! and a
shell carrying the outer electron. The Hamiltonian of t
core-shell system is written as

H5H01H1 ~1!
©2003 The American Physical Society09-1
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with

H05
p2

2m
2

Z

R
e2, ~2!

H15eE•R, ~3!

whereH0 represents the Hamiltonian in the absence of
local field andH1 can be considered as a perturbation. In E
~2!, Z represents the effective charge of the core for the o
electron considered, while in Eq.~3! E represents the loca
electric field acting on a given ion, andR is the distance
from the core to any point of the wave function describi
the shell of this ion. We denote the wave function forE50
as c0, and assume that the wave function of the core-s
system forEÞ0 may be expanded into a linear series
small perturbations inc0. For this case, we introduce th
variational parameterl as

c~l!5~11lE•R!c0 . ~4!

By using the variational principle]I /]l50, whereI is the
energy of the system, we can expressl by the following
equation~see Appendix A!:

l52

2(
k

Ek
2^xk

2&

aBeE2
F 12

4S (
k

Ek
2^xk

2& D 3

aB
2e2E4

1

32S (
k

Ek
2^xk

2& D 6

aB
4e4E8

2

320S (
k

Ek
2^xk

2& D 9

aB
6e6E12

G , ~5!

whereaB5\2/me2 denotes the Bohr radius.
The electronic dipole momentpe of the core-shell system

described by the wave functionc is expressed as

pe5

~2e!E c* Rc dv

E c* c dv
. ~6!

The component ofpe along thel direction (l 51,2,3) is
written as

pl
e5

~2e!E c* ~l!xlc~l!dv

E c* ~l!c~l!dv
5

22elEl^xl
2&

11l2(
l

El
2^xl

2&

. ~7!

Insertingl from Eq. ~5! into the last equation, and expan
ing into terms of ((kEk

2^xk
2&)3/(aB

2e2E4) which are much
smaller than unity~this assumption can be justified by usin
the values of the local electric field reported in Table IV!, we
obtain
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2&El . ~8!

In a coordinate system in which the component of the lo
electric field in the three-direction is dominating all oth
components, we have

(
k

Ek
2^xk

2&

E2
>^x3

2&. ~9!

Then, the electronic dipole momentpl
e along thel direction

becomes

pl
e>

4^x3
2&^xl

2&
aB

F12
8^x3

2&3

aB
2e2

E21
96̂ x3

2&6

aB
4e4

E4

2
576̂ x3

2&9

aB
6e6

E6GEl . ~10!

The (k,l ) element of the electronic polarizability tenso
and the (k,l ,l 8) element of the electronic hyperpolarizabilit
tensor, respectively, are determined as follows:22

akl5
]pk

]El
, bkll 85

]2pk

]El]El 8

. ~11!

Following Eq.~10!, akl andbkll 8 may be expressed for an
orbital r as

akl,r5ak,r* @dkl2u r* ~E2dkl12EkEl !1j r* ~E4dkl14E2EkEl !

2z r* ~E6dkl16E4EkEl !#, ~12!

bkll 8,r5ak,r* ~22u r* 14j r* E226z r* E4!~Ekd l l 81Eldkl8

1El 8dkl!, ~13!

where

ak,r* 5
4^x3

2& r^xk
2& r

aB
, ~14!

u r* 5
8^x3

2& r
3

aB
2e2

, ~15!

j r* 5
96̂ x3

2& r
6

aB
4e4

, ~16!
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z r* 5
576̂ x3

2& r
9

aB
6e6

. ~17!

In Eqs.~12! and ~13!, dkl represents the Kronecker sym
bol. We assume the electronic polarizability and electro
hyperpolarizability of a consideredj ion to result from sum-
ming over all contributions of respective orbitals name
which means

akl~ j !5(
r

akl,r~ j !, ~18!

bkll 8~ j !5(
r

bkll 8,r~ j !. ~19!

Equations~18! and ~19! can be rearranged into

akl~ j !5ak* ~ j !$dkl2uk~ j !@E2~ j !dkl12Ek~ j !El~ j !#

1jk~ j !@E4~ j !dkl14E2~ j !Ek~ j !El~ j !#

2zk~ j !@E6~ j !dkl16E4~ j !Ek~ j !El~ j !#%, ~20!

bkll 8~ j !5ak* ~ j !@22uk~ j !14jk~ j !E2~ j !26zk~ j !E4~ j !#

3@Ek~ j !d l l 81El~ j !dkl81El 8~ j !dkl#, ~21!

where

ak* ~ j !5(
r

ak,r* ~ j !, ~22!

uk~ j !5

(
r

ak,r* ~ j !u r* ~ j !

(
r

ak,r* ~ j !

, ~23!

jk~ j !5

(
r

ak,r* ~ j !j r* ~ j !

(
r

ak,r* ~ j !

, ~24!

zk~ j !5

(
r

ak,r* ~ j !z r* ~ j !

(
r

ak,r* ~ j !

. ~25!

For the calculation of the electronic polarizabilities and el
tronic hyperpolarizabilities of the Li1, Nb51, and O22 ions,
we have used the Slater-type orbitals~see Ref. 16 for more
detail!,

cnlm5Renl~R!Ylm~Q,F!, ~26!

wheren, l, andm represent the principal, azimutal, and ma
netic quantum numbers,R, Q, andF are the spherical coor
dinates, and Renl(R) andYlm(Q,F) represent the radial par
of the wave function and the spherical harmonics.
17410
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In order to calculate the coefficientsuk( j ), jk( j ), and
zk( j ) of a givenj ion, we have used an anisotropic effectiv
charge for the outer electronic layer of each ion. We then
its components in such a way that the calculated value
the free electronic polarizabilitiesa1* ( j ), a2* ( j ), anda3* ( j )
coincide with the measured value of the free electronic
larizability aexp( j ) of the same ion. The free electronic po
larizabilities are calculated forE50. The effective charges
of the other layers are determined by the Slater rules.23 The
fitted values are reported in Table I, while the values of
measuredaexp( j ) and the calculateduk( j ), jk( j ), andzk( j )
are reported in Table II.

Finally, the elements of the electronic polarizability an
electronic hyperpolarizability tensor of thej ion, which will
be used in the next section, are deduced from Table II and
following two relations:

akl~ j !5aexp~ j !$dkl2uk~ j !@E2~ j !dkl12Ek~ j !El~ j !#1jk~ j !

3@E4~ j !dkl14E2~ j !Ek~ j !El~ j !#2zk~ j !@E6~ j !dkl

16E4~ j !Ek~ j !El~ j !#%, ~27!

bkll 8~ j !5aexp~ j !@22uk~ j !14jk~ j !E2~ j !26zk~ j !E4~ j !#

3@Ek~ j !d l l 81El~ j !dkl81El 8~ j !dkl#. ~28!

By analyzing the results in Table II it appears that the oxyg
which has the highest value of the free electronic polariza
ity aexp has also the highest values of the coefficientsuk , jk ,
and zk , particularly those in the three-direction which a
almost twice as large as those obtained along the one-
two-direction. This means that, compared to all other io
the electronic polarizability and electronic hyperpolarizab
ity of the oxygen ions are affected much more, particularly
the three-direction.

Note that in the following section, the local electric fie
E will be rewritten asEloc.

B. Dipole-dipole interaction

As mentioned above, our model is based on the dipo
dipole interaction in correlation with the quantum
mechanical orbital approximation. The model therefore
counts for the possible anisotropy in the electron
polarizability and electronic hyperpolarizability, the crysta
line deformations, as well as the ionic shifts in the bulk.

The latter are of uttermost importance when modeling
ferroelectric system. To describe the geometry of LiNbO3,
one can either use the primitive rhombohedral unit cell w
ten ions or the conventional hexagonal unit cell contain
30 ions26 ~which was used in this work. The ionic position

TABLE I. The fitted values of the effective charges of the ou
layers of the constituent ions of LiNbO3.

j ion Effective Charges

Li1 Z1s
(x)5Z1s

(y)52.5286 Z1s
(z)52.5286

Nb51 Z3d,4sp
(x) 5Z3d,4sp

(y) 520.3144 Z3d,4sp
(z) 524.3472

O22 Z2sp
(x) 5Z2sp

(y) 53.4990 Z2sp
(z) 54.1535
9-3
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TABLE II. The measured free electronic polarizabilitiesaexp ~in Å3) and the calculated values of th
coefficientsuk , jk , andzk ~in esu CGS units! of the constituent ions of LiNbO3.

j ion Li1 Nb51 O22

aexp( j ) 0.029a 0.1859b 1.976c

u1( j ) 1.0418310216 1.5818310216 1.1462310214

u2( j ) 1.0418310216 1.5818310216 1.1462310214

u3( j ) 1.0418310216 2.8812310216 2.1434310214

j1( j ) 1.6279310232 1.0967310231 4.5290310228

j2( j ) 1.6279310232 1.0967310231 4.5290310228

j3( j ) 1.6279310232 2.2456310231 9.4581310228

z1( j ) 1.2719310248 4.4682310247 1.0257310241

z2( j ) 1.2719310248 4.4682310247 1.0257310241

z3( j ) 1.2719310248 9.3020310247 2.1768310241

aReference 24.
bReference 16.
cThe value ofaexp of the O22 ion used here is the same as adopted in Refs. 18 and 21. This value is dif
from that used in the case of BaTiO3 and KNbO3 ~which was 2.394 Å3) ~Refs. 16 and 15! because the
electronic polarizability of the oxygen ion is very sensitive to the surrounding environment as stat
Kirsch ~Ref. 25!.
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in the hexagonal unit cell are reported in Table IV!. We
therefore write the strains parallel to the hexagonal@100#,
@010#, and @001# directions asD1 , D2, and D3, while the
shearing concerning the~100!, ~010!, and ~001! planes are
zero. The distancer ( i , j ) between thei and j ions in the
ferroelectric (R3c) phase follows as

r ~ i , j !5S 11D1 0 0

0 11D2 0

0 0 11D3

D r ~ i , j !01@s~ j !2s~ i !#,

~29!

with r ( i , j )0 representing the interionic distance betweei
and j ion in the paraelectric (R3̄c) phase, ands( i ) ands( j )
denoting the shifts of thei and j ions, respectively.

The unit-cell volumev then becomes
ld

e
nit
l,

17410
v5a0
2c0sin

p

3
~11D1!~11D2!~11D3!, ~30!

wherea0 andc0 denote the lattice constants in the parael
tric phase.

The distancesr ( i , j ) andr ( i , j )0 are expressed in the crys
tallographic coordinate system (Bg) having base vectors par
allel to the crystallographic axes of the hexagonal syst
considered, which obviously are not orthogonal to ea
other. Knowing that the calculations rather should be p
formed in an orthonormal coordinate system, we then t
the crystallophysic coordinate system (Bp) as the coordinate
system for this aim being built up by the following thre
orthogonal base vectors:xp5@cos(p/12),sin(p/12),0#Bg

, yp

5@sin(p/12),cos(p/12),0#Bg
, andzp5(0,0,1)Bg

.
The local field acting on thei-ion along thek direction is

expressed as27
Ek
loc~ i !5Ek

ext1(
j 51

30 S (
k851

3

(
m̃

3r k8~ i , j !r k~ i , j !2dkk8r
2~ i , j !

ir ~ i , j !i5
pk8~ i , j !1

4p

3v
pk~ i , j !D . ~31!
o-
In the last equation,Eext represents an external electric fie
which generally isEext5Ebias1Eopt, with Ebias the bias elec-
tric field, and Eopt the optical electric field acting on th
system.m̃(mx ,my ,mz) represents the coordinates of a u
cell in the whole lattice,dkk8 denotes the Kronecker symbo
andpk8( i , j ) the dipole moment along thek8 direction, which
can be expressed as
pk8~ i , j !5pk8
e

~ j !1pk8
i

~ i , j !, ~32!

with the two contributionspk8
e ( j ) andpk8

i ( i , j ) specifying the
electronic dipole moment and the relative ionic dipole m
ment in thek8-direction of thej-ion as seen by thei-ion,
respectively. These dipole moments are calculated as
9-4
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pk8
e

~ j !5(
l 51

3

ak8 l~ j !El
loc~ j !

1(
l 51

3

(
l 851

3

bk8 l l 8~ j !El
loc~ j !El 8

loc
~ j !, ~33!

and

pk8
i

~ i , j !5Zk8
* ~ j !e@sk8~ j !2sk8~ i !#. ~34!

In Eq. ~33!, ak8 l( j ) andbk8 l l 8( j ) represent, respectively
the (k8l ) element of the electronic polarizability tensor a
the (k8l l 8) element of the electronic hyperpolarizability te
sor of the j ion, given by Eqs.~27! and ~28!. In Eq. ~34!,
Zk8

* ( j ) denotes the effective ionic charge along thek8 direc-
tion of the j ion. Thus the local field present along thek
direction acting on ioni can be written as

(
j 51

30

(
l 51

3

Skl~ i , j !El
loc~ j !5Qk~ i !, ~35!

with

Skl~ i , j !5dkld i j 2 (
k851

3

Tkk8~ i , j !~ak8 l~ j !1sk8 l~ j !!,

~36!

and

Qk~ i !5Ek
ext1(

j 51

30

(
k851

3

Tkk8~ i , j !pk8
i

~ i , j !, ~37!

where

Tkk8~ i , j !5(
m̃

3r k8~ i , j !r k~ i , j !2dkk8r
2~ i , j !

ir ~ i , j !i5
1

4p

3v
dkk8 ,

~38!

and

sk8 l~ j !5 (
l 851

3

bk8 l l 8~ j !El 8
loc

~ j !. ~39!

The second-rank tensors̃( j ) is introduced in order to
represent the effect of the electronic hyperpolarizabilityb̃( j )
tensor ~third-rank tensor!. In fact, such a procedure is ad
equate in order to avoid the difficulty encountered wh
transposing the third-rankb̃( j ) tensor from the coordinate
systemBq( j ) ~in which it is calculated: see Sec. III! into the
coordinate systemBp ~in which it should be used!.

From Eqs.~35! and~36! it appears that the components
the local electric field depend on those of the electronic
larizability and electronic hyperpolarizability, while these,
turn, depend on the electric field components through E
~27! and ~28!. This mutual dependence, between electro
polarizability and electronic hyperpolarizability~orbital ap-
proximation! on one hand, and their dependence on the e
tric field ~dipole-dipole interaction! on the other hand, make
a self-consistent calculation necessary.
17410
n

-

s.
c

c-

By solving Eq.~35! we obtainEl
loc( j ), the (l , j ) compo-

nent of the local electric field. The total polarizationPk is
expressed as

Pk5
1

v (
j 51

30

@pk
e~ j !1pk

ion~ j !#, ~40!

with

pk
ion~ j !5Zk* ~ j !esk~ j ! ~41!

representing the absolute ionic dipole moment in thek direc-
tion of the j ion.

The connection between the optical dielectric const
«kl8

opt , polarizationPk , and the optical electric fieldEl 8
opt is

expressed in the following way:

«kl8
opt

5dkl814p
]Pk

]El 8
opt. ~42!

Here we have

]Pk

]El 8
opt5

1

v (
j 51

30
]pk~ j !

]El 8
opt . ~43!

By using Eq.~33!, the term]pk( j )/]El 8
opt can be written as

]pk~ j !

]El 8
opt 5(

l 51

3

@akl~ j !12skl~ j !#
]El

loc~ j !

]El 8
opt . ~44!

Note that]El
loc( j )/]El 8

opt which represents the local electr
field induced along thel direction of thej ion by unit of the
l 8 component of optical electric field, can be obtained
solving the following equation, deduced from Eq.~31!:

(
j 51

30

(
l 51

3

Skl* ~ i , j !
]El

loc~ j !

]El 8
opt 5dkl8 , ~45!

where

Skl* ~ i , j !5dkld i j 2 (
k851

3

Tkk8~ i , j !@ak8 l~ j !12sk8 l~ j !#.

~46!

In electromagnetic theory,28 the index ellipsoid ~also
called optical indicatrix! in a given coordinate system ma
be written as

(
k51

3

(
l 51

3

hkl
optxkxl51, ~47!

where hopt represents the optical dielectric impermeabil
tensor of the mediumh̃opt5( «̃opt)21, andx1 ,x2 ,x3 are the
coordinates of an arbitrary pointM of the ellipsoid in the
coordinate system. In this case the refractive index of
light polarized in theOM direction (O is the center of the
9-5
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ellipsoid! is n5A(x1
21x2

21x3
2). In the special case of ligh

being polarized along thek direction, the refractive index
thus becomes

nk5
1

Ahkk
opt

. ~48!

III. RESULTS AND DISCUSSION

The calculation of the spontaneous polarization and
fractive indices is carried out for LiNbO3 at room tempera-
ture by using the data of lattice parameters, spontane
ionic shifts, and effective ionic charges reported in Table

The calculation of the spontaneous local fieldEspon( j ),
which corresponds to the value of the local electric fie
Eloc( j ) of the j ion in the absence of any external elect
field (Eext50), shows that this spontaneous local elect
field of the O ions is not aligned along the three-direction
the crystallophysic coordinate systemBp . This means that
the approximation in Eq.~9! is violated inBp . To remedy the
situation, we construct for each ion an own coordinate s
temBq( j ) for which thezq axis is parallel to the spontaneou
local electric field of this ion~see Appendix B!. The elec-
tronic polarizability and electronic hyperpolarizability a
then calculated in this coordinate system, and afterwa
transposed into the coordinate systemBp in which the calcu-
lation of all other magnitudes is performed. In fact, the lo
field of a j ion is calculated inBp and then transposed t
Bq( j ) in order to use it in the calculation of the tensorsã( j )
and s̃( j ) of this ion. Once these tensors are calculated,
transpose them back toBp where they will be used in the
calculation of all other magnitudes.

Note that the anglesu andw, characterizing thezq vector
of Bq( j ) relative to thej ion ~see Fig. 1!, can be evaluated a
follows:

~i! If iEloc( j )i50 or A@E1
loc( j )#21@E2

loc( j )#250:

H u~ j !50

w~ j !50.
~49!

~ii ! If E2
loc( j )>0:

TABLE III. Numerical data of LiNbO3 at room temperature
Lattice constantsa5a0(11D1) andc5c0(11D3) ~in Å!, sponta-
neous ionic shifts~in Å!, and effective ionic chargesZk51,2,3* ( j ) ~in
number of electrons!. a0 and c0 are the lattice constants in th
paraelectric phase.

Parameter Value Parameter Value

a0 5.2898a c0 13.8485a

a 5.1483b c 13.8631b

s3(Li1) 0.51b Zk* (Li1) 0.64c

s3(Nb51) 0.06b Zk* (Nb51) 2.96c

s3(O22) 20.20b Zk* (O22) 21.20c

aReference 29.
bReference 2.
cReference 18.
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5 u~ j !5arccos
E3

loc~ j !

iEloc~ j !i

w~ j !5arccos
E1

loc~ j !

A@E1
loc~ j !#21@E2

loc~ j !#2
.

~50!

~iii ! If E2
loc( j ),0:

5 u~ j !5arccos
E3

loc~ j !

iEloc~ j !i

w~ j !52p2arccos
E1

loc~ j !

A@E1
loc~ j !#21@E2

loc~ j !#2
.

~51!

From the above relations, it seems that the anglesu andw
depend on the components of the local electric field wh
mutually depend on the component of both electronic po
izability and electronic hyperpolarizability. These last tw
magnitudes are calculated in theBq coordinate system, and
then they depend on the values ofu andw. This implicitly
means that there exists a mutual dependence between
anglesu andw on one hand, and the components of the lo
electric field on the other hand. Thus an imbricated dou
self-consistent calculation has to be performed.

The calculated values of the components of the sponta
ous local electric field acting on the constituent ions
LiNbO3 with those of the anglesu and w are reported in
Table IV. Note that the results shown here are expresse
the Bp coordinate system.

The results in Table IV illustrate that all ions of the sam
type have the same amplitude of spontaneous local ele
field. However, the spontaneous local electric fields for L1

and Nb51 ions are parallel to the polar axis~i.e., z axis!,
while the O22 ions have different orientations of their spo
taneous local electric fields. They are all inclined by an an
u532.50° to the polar axis, while the anglew is different for
every ion. It is noteworthy that the ions numbered in Tab
IV from j 511 to 20 and fromj 521 to 30, have the sam
local electric field@Espon( j 110)5Espon( j 120)5Espon( j ); j
changes from 1 to 10#.

The elements of the electronic polarizability tensorã( j )
of the j ion in the spontaneous state (Eext50) are evaluated
by considering Eq.~27! and Tables II and IV. The calculate

FIG. 1. Orientation of thezq axis of theBq coordinate system
within the Bp coordinate system.
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TABLE IV. Calculated values of the components of the spontaneous local electric field and the anglesu andw ~in degrees! characterizing
the orientation of the spontaneous local electric field of the constituent ions of LiNbO3 at room temperature.

j ion Type Position E1
spon( j ) E2

spon( j ) E3
spon( j ) iEspon( j )i u( j ) w( j )

1 Li1 ~0 0 0! 0 0 0.8673 0.8673 0 0
2 O22

( 1
3 0 0! 20.2849 0.8630 1.4268 1.6917 32.50 108.27

3 O22 ~0 1
3 0! 20.6049 20.6783 1.4268 1.6917 32.50 228.27

4 O22
( 2

3
2
3 0! 0.8898 20.1848 1.4268 1.6917 32.50 348.27

5 Nb51
( 2

3
1
3

1
12) 0 0 2.0175 2.0175 0 0

6 Li1 ( 1
3

2
3

2
12) 0 0 0.8673 0.8673 0 0

7 O22
( 2

3 0 2
12) 0.1848 20.8898 1.4268 1.6917 32.50 281.73

8 O22
( 1

3
1
3

2
12) 20.8630 0.2849 1.4268 1.6917 32.50 161.73

9 O22 ~0 2
3

2
12) 0.6783 0.6049 1.4268 1.6917 32.50 41.73

10 Nb51 ~0 0 3
12) 0 0 2.0175 2.0175 0 0

11 Li1 ( 2
3

1
3

4
12) 0 0 0.8673 0.8673 0 0

12 O22 ~0 1
3

4
12) 20.2849 0.8630 1.4268 1.6917 32.50 108.27

13 O22
( 2

3
2
3

4
12) 20.6049 -0.6783 1.4268 1.6917 32.50 228.27

14 O22
( 1

3 0 4
12) 0.8899 20.1848 1.4268 1.6917 32.50 348.27

15 Nb51
( 1

3
2
3

5
12) 0 0 2.0175 2.0175 0 0

16 Li1 ~0 0 6
12) 0 0 0.8673 0.8673 0 0

17 O22
( 1

3
1
3

6
12) 0.1848 -0.8899 1.4268 1.6917 32.50 281.73

18 O22 ~0 2
3

6
12) 20.8630 0.2849 1.4268 1.6917 32.50 161.73

19 O22
( 2

3 0 6
12) 0.6783 0.6049 1.4268 1.6917 32.50 41.73

20 Nb51
( 2

3
1
3

7
12) 0 0 2.0175 2.0175 0 0

21 Li1 ( 1
3

2
3

8
12) 0 0 0.8673 0.8673 0 0

22 O22
( 2

3
2
3

8
12) 20.2849 0.8630 1.4268 1.6917 32.50 108.27

23 O22
( 1

3 0 8
12) 20.6049 20.6783 1.4268 1.6917 32.50 228.27

24 O22 ~0 1
3

8
12) 0.8898 20.1848 1.4268 1.6917 32.50 348.27

25 Nb51 ~0 0 9
12) 0 0 2.0175 2.0175 0 0

26 Li1 ( 2
3

1
3

10
12) 0 0 0.8673 0.8673 0 0

27 O22 ~0 2
3

10
12) 0.1848 20.8898 1.4268 1.6917 32.50 281.73

28 O22
( 2

3 0 10
12) 20.8630 0.2849 1.4268 1.6917 32.50 161.73

29 O22
( 1

3
1
3

10
12) 0.6783 0.6049 1.4268 1.6917 32.50 41.73

30 Nb51
( 1

3
2
3

11
12) 0 0 2.0175 2.0175 0 0
-
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values reported in Table V show that for the Li1 and Nb51

ions, the tensorã( j ) is diagonal~i.e., only the diagonal ele
ments are nonzero!. For the O22 ions, however,ã( j ) is sym-
metric nondiagonal although it appears to be diagonal in
Bq( j ) coordinate system. Note that in Table V, we only
lustrate results for ions numbered fromj 51 to 10, because
all other numbers are obtained fromã( j 110)5ã( j 120)
5ã( j ).

The electronic polarizabilities of the O22 ions show a
remarkable anisotropy. However, comparing the diagona
ements,a33( j ) is the same for all oxygens, but smaller com
pared toa11( j ) and a22( j ), which change for all oxygens
The tensors̃( j ), which can be considered as an addition
electronic polarizability besides theã( j ) tensor, represent
the effect of the electronic hyperpolarizabilityb̃( j ). The el-
17410
e

l-

l

ements of this tensor, in the spontaneous state~E ext50), are
evaluated by considering Eqs.~28! and ~39!, and Tables II
and IV. The analysis of the calculated values reported

Table VI show that, as forã( j ), s̃( j ) is symmetric nondi-
agonal for the O22 ions. Also for the diagonal elements, th
value of the elements33( j ), which is the same for all oxy-
gens, is much smaller compared tos11( j ) ands22( j ), which
again change for all oxygens.

The spontaneous polarizationPspon is defined as the tota
dipole moment by unit volume, with the componentsPk be-
ing deduced from Eq.~40! in the absence of any externa
field. The calculation shows that only the three-componen
the spontaneous polarization is nonzero, having the valu
Pspon50.7219 C/m2. This value is in good accordance wit
the experimentally measured value of 0.70 C/m2 according
to Xu,2 or 0.75 C/m2 according to Kim.7
9-7
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TABLE V. Calculated values of the components of the electronic polarizability tensorsã( j ) ~in Å3) for
the constituent ions of LiNbO3 at room temperature.

j ion a11( j ) a12( j ) a13( j ) a21( j ) a22( j ) a23( j ) a31( j ) a32( j ) a33( j )

1 0.0290 0 0 0 0.0290 0 0 0 0.0290
2 1.9113 0.0203 0.0336 0.0203 1.856620.1016 0.0336 20.1016 1.7500
3 1.8879 20.0339 0.0712 20.0339 1.8801 0.0799 0.0712 0.0799 1.750
4 1.8527 0.0136 20.1048 0.0136 1.9152 0.0218 20.1048 0.0218 1.7500
5 0.1858 0 0 0 0.1858 0 0 0 0.1852
6 0.0290 0 0 0 0.0290 0 0 0 0.0290
7 1.9152 0.0136 20.0218 0.0136 1.8527 0.1048 20.0218 0.1048 1.7500
8 1.8566 0.0203 0.1016 0.0203 1.911320.0336 0.1016 20.0336 1.7500
9 1.8801 20.0339 20.0799 20.0339 1.8878 20.0712 20.0799 20.0712 1.7500

10 0.1858 0 0 0 0.1858 0 0 0 0.1852
ry
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Finally, the numbers for the ordinary and extraordina
refractive indices are calculated tono52.2824 and ne
52.2282. These values agree well with experimentally
tained values given in literature, which are2,4 no52.286 and
ne52.200.

IV. CONCLUSIONS

By using a microscopic model taking into account a qu
tum method based upon the orbital approximation and
dipole-dipole interaction due to the local electric field acti
on the constituent ions, we have studied the electrical
optical properties of LiNbO3 at room temperature. The ca
culation shows that the experimental data of the spontane
polarization and refractive indices is successfully explain
by considering the nonlinearity and anisotropy of the el
tronic polarizability and electronic hyperpolarizability of th
constituent ions, particularly that of the O22 ions. Further-
more, we observe that, in contrast to tetragonal BaTiO3,14

the local electric field of the O22 ions in LiNbO3 is not
aligned parallel to the direction of spontaneous polarizati
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APPENDIX A: DETERMINATION OF THE VARIATIONAL
PARAMETER l

The energyI of the system can be written as

I 5

E c* Hcdv

E c* cdv

5

I 012le(
k

Ek
2^xk

2&1l2(
k

Ek
2^xkH0xk&

11l2(
k

Ek
2^xk

2&

. ~A1!

The terms with odd powers ofxk are omitted because the
are zero when the wave functionc0 is replaced by the rea
form of the wave functioncnlm used in this work@Eq. ~26!#.
This assumption can be justified by considering the parity
the real form of the wave functions,cnlm , and that of the
odd powers ofxk . In Eq. ~A1!, I 0 represents the energy i
E50. By assuming that the wave function is normalized
unity, namely^c0uc0&51, I 0 can be expressed as

I 05E c0* H0c0dv. ~A2!
TABLE VI. Calculated values of the components of the tensorss̃( j ) ~in Å3) for the constituent ions of
LiNbO3 at room temperature.

j ion s11( j ) s12( j ) s13( j ) s21( j ) s22( j ) s23( j ) s31( j ) s32( j ) s33( j )

1 0 0 0 0 0 0 0 0 0
2 20.1134 0.0310 0.0512 0.0310 20.1969 20.1550 0.0512 20.1550 20.3595
3 20.1492 20.0517 0.1087 20.0517 20.1611 0.1218 0.1087 0.1218 20.3595
4 20.2029 0.0207 20.1598 0.0207 20.1075 0.0332 20.1598 0.0332 20.3595
5 20.0002 0 0 0 20.0002 0 0 0 20.0013
6 0 0 0 0 0 0 0 0 0
7 20.1075 0.0207 20.0332 0.0207 20.2029 0.1598 20.0332 0.1598 20.3595
8 20.1969 0.0310 0.1550 0.0310 20.1134 20.0512 0.1550 20.0512 20.3595
9 20.1611 20.0517 20.1218 20.0517 20.1492 20.1087 20.1218 20.1087 20.3595

10 20.0002 0 0 0 20.0002 0 0 0 20.0013
9-8
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In Eq. ~A1!, the indexk51,2,3 represents the direction
x, y, andz. The termŝ xk

2& and ^xkH0xk& are written as

^xk
2&5E c0* xk

2c0dv, ~A3!

^xkH0xk&5E c0* xkH0xkc0dv. ~A4!

By using the variational principle, namely]I /]l50, we can
calculate the value ofl and determine the wave functio
c(l) under the electric field by the condition

]I

]l
505l2eS (

k
Ek

2^xk
2& D 2

1lS I 0(
k

Ek
2^xk

2&

2(
k

Ek
2^xkH0xk& D 2e(

k
Ek

2^xk
2&. ~A5!

In quantum mechanics, one shows that

^xkH0xk&5^xk
2&I 01

\2

2m
. ~A6!

By using Eqs.~A5! and~A6!, and replacing(kEk
2 by E2, we

get

l5

E2\2

2m
6FE4\4

4m2
14e2S (

k
Ek

2^xk
2& D 3G 1/2

2eF(
k

Ek
2^xk

2&G2 . ~A7!

Under the condition of minimal energy, only the smaller s
lution of l is meaningful in Eq.~A7!. Expanding Eq.~A7!
into terms includingEk

6 , we directly obtain forl:

l52

2(
k

Ek
2^xk

2&

aBeE2
F 12

4S (
k

Ek
2^xk

2& D 3

aB
2e2E4

1

32S (
k

Ek
2^xk

2& D 6

aB
4e4E8

2

320S (
k

Ek
2^xk

2& D 9

aB
6e6E12

G , ~A8!

whereaB5\2/me2 is the Bohr radius.
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zq5S sinu cosw

sinu sinw

cosu
D

Bp
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A11tan2u cos2w

0
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tanu cosw
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D
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