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Phase retrieval of diffraction patterns from noncrystalline samples using the oversampling method
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We report the experiments and procedures to successfully record and reconstruct coherent diffraction pat-
terns at sub-10-nm resolution from noncrystalline samples by using synchrotron x rays with a wavelength of 2
Å. By employing the oversampling phasing method, we studied the quality of image reconstruction of experi-
mental diffraction patterns as a function of the oversampling ratio~a parameter to characterize the oversam-
pling degree!. We observed that the quality of reconstruction is strongly correlated with the oversampling ratio,
which is in good agreement with theory. When the oversampling ratio is around 5 or larger, the reconstructed
images with high quality were obtained. When the oversampling ratio is less than 5, the images became noisy.
When the oversampling ratio is very close to or less than 2, the images were extremely noisy and barely
recognizable. We believe these results will be of importance to the experiments of imaging nanocrystals and
noncrystalline samples using coherent x-ray, electron, or neutron diffraction.
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I. INTRODUCTION

X-ray crystallography is a well-established and wide
used technique to determine the three-dimensional~3D!
structures of crystalline materials at atomic resolution. T
large number of unit cells inside a crystal produces stro
and discrete Bragg peaks, which facilitates data acquisi
but imposes the well-known ‘‘phase problem.’’ When
sample is noncrystalline, the diffraction patterns beco
weak and continuous, which makes the data acquisition m
challenging. However, such a continuous diffraction patt
can be sampled at a spacing finer than the Bragg peak
quency~i.e., oversamples!. Although it was suggested earl
that oversampling a diffraction pattern may provide pha
information,1,2 it was not until recently that a theory wa
proposed to explain the oversampling phasing method
confirmed by computer simulation.3,4

The first experimental demonstration of using the ov
sampling method to image noncrystalline samples was
ried out in 1999.5 Since then, a variety of applications of th
methodology have been pursued, ranging from imaging
shapes of Au nanocrystals to theoretical studies of the po
tial of imaging single biomolecules using x-ray free-electr
lasers.6–15 In this paper, we describe the detailed experime
and procedures to record and reconstruct coherent diffrac
patterns at sub-10-nm resolution. Furthermore, we stud
the phase retrieval of experimental diffraction patterns a
function of the oversampling ratio, and the results are
agreement with theory.

The paper is organized as follows. In Sec. II, the ba
theory of the oversampling method is reviewed. In Sec.
0163-1829/2003/67~17!/174104~6!/$20.00 67 1741
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the experimental instrument and the procedures to ob
high-quality diffraction patterns from noncrystalline sampl
using coherent x rays are discussed. Section IV describes
reconstruction of a high-quality image of a noncrystalli
sample at 7-nm resolution, and the results of how the qua
of image reconstruction depends on the oversampling ra
Conclusions are presented in Sec. V.

II. THE OVERSAMPLING METHOD

When a coherent beam of x rays illuminates a sam
with an electron density ofr(x,y,z), the diffraction pattern,
if sampled at the Bragg peak frequency, is expressed as

uF~kx ,ky ,kz!u

5U(
x50

l 21

(
y50

m21

(
z50

n21

r~x,y,z!e2p i ~kxx/ l 1kyy/m1kzz/n!U,
~1!

kx50, . . . ,l 21, ky50, . . . ,m21, kz50, . . . ,n21

where uF(kx ,ky ,kz)u is the magnitude of the Fourier trans
form of the sample, andl, m, andn are the size of the sam
pling array inx, y, andz directions, respectively. According
to Eq. ~1!, the phase problem becomes how to so
r(x,y,z) from a series of nonlinear equations. Whe
r(x,y,z) is real, the number of unknown variables@i.e., the
voxel number of the 3D array samplingr(x,y,z)] is lmn,
and the number of independent equations islmn/2 due to the
centrosymmetry of the diffraction pattern. Whenr(x,y,z) is
complex, the number of unknown variables becomes 2lmn,
and the number of independent equations islmn. In either
©2003 The American Physical Society04-1
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case, the number of unknown variables is twice the num
of equations, and the phase information cannot be uniqu
retrieved from the diffraction pattern without othe
information.3,4

When the diffraction pattern is sampled at a frequency
A3 2 finer than the Bragg peak frequency, the magnitude of
Fourier transform becomes

uF~kx ,ky ,kz!u5U(
x50

l 21

(
y50

m21

(
z50

n21

r~x,y,z!

3e2p i @kxx/~A32l !1kyy/~A32m!1kzz/~A32n!#U,
kx50, . . . ,A3 2l 21, ky50, . . . ,A3 2m21, ~2!

kz50, . . . ,A3 2n21.
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comeslmn, while the number of unknown variables remai
lmn. For complexr(x,y,z), both the number of independen
equations and the number of unknown variables are 2lmn.
In either case, there are as many independent equation
unknown variables. When the sampling frequency is fin
thanA3 2, the number of independent equations is more th
the number of unknown variables, andr(x,y,z) can in prin-
ciple be directly solved from the series of equations.3 One
may argue that it does not guarantee a unique solution
have more equations than unknown variables. Mathem
cally, it has been shown that the multiplicity of the solution
rare in two- and three-dimensional cases.16

Oversampling a diffraction pattern at a spacing finer th
the Bragg peak frequency corresponds to surrounding
electron density of the sample with a non-density region. T
finer the sampling frequency, the larger the no-density
gion. To characterize the oversampling degree, a con
called the oversampling ratio~s! was introduced to define
the oversampling degree3
s5
~volume of electron density region!1~volume of no-density region!

~volume of electron density region!
. ~3!
and

-

of
am

sed
When r.2 ~corresponding to the sampling frequen
.A3 2), the no-density region is larger than the electron d
sity region, and the phase information can in principle
directly retrieved using an iterative algorithm.3,4,17,18 Note
that the discussion above only deals with the Fraunhofer
proximation ~i.e., far-field diffraction!. In the Fresnel ap-
proximation~i.e., near-field diffraction!, the phase problem is
intrinsically different and a potential approach is to use
transport of intensity method.19

III. EXPERIMENT

The experiments reported herein were carried out using
undulator beamline at SPring-8.20 An imaging instrument
was mounted at a distance of 59 m from the center of
undulator. Figure 1 shows the schematic layout of the ch
ber. The first element inside the chamber was a 20-mm pin-
hole mounted on an in-vacuum motorized stage.
L-shaped guard slit, placed 25.4 mm downstream of the
hole, was used to eliminate the scattering from the edg
the pinhole. The combination of the pinhole and t
L-shaped guard slit generated three clean quadrants and
noisy quadrant on the detector. The diffraction patterns in
noisy quadrant were recovered by using the centrosymm
of the diffraction patterns, which is due to the fact that t
electron density of samples is usually real in the hard-x-
region. At a distance of 12.7 mm away of theL-shaped guard
slit was a sample holder, which can rotate samples in 3
for recording 3D diffraction patterns. A charge-coupled d
vice ~CCD! detector was placed downstream of the sam
holder at a distance of 743 mm. The distance (x) between
-
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the CCD and the sample is determined by

l

Oa
5

Dy

x

and

O5HAs for a 2D sample with size ofa3a

A3 s for a 3D sample with size ofa3a3a
D ,

~4!

wherel is the x-ray wavelength andDy the pixel size of the
CCD detector. The CCD detector is a deep depletion
direct illumination detector with 115231242 pixels and a
pixel size of 22.5322.5 mm. The estimated quantum effi
ciency of the CCD detector is about 77% for 2 Å x rays. The
CCD detector was mounted on a motorizedX-Y stage and
could be shifted625.4 mm in bothX and Y directions for
recording higher-resolution diffraction patterns. In front
the CCD detector was a beam stop to block the direct be

FIG. 1. Schematic layout of the experimental instrument u
for the recording of the coherent x-ray diffraction patterns.
4-2
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and a photodiode to align the pinhole, theL-shaped guard sli
and the sample. All the elements were in vacuum with
pressure of;1026 Torr.

The oversampling method is strongly correlated with
coherence of the incident x rays. Since oversampling a
fraction pattern corresponds to surrounding the structure
sample with a no-density region, the coherence length of
incident beam should be larger than the overall size of
sample and the no-density region. The higher the overs
pling degree, the finer of the correspondingly features of
diffraction pattern have to be recorded faithfully, and hen
the larger the coherence length of the incident beam need
be. The required spatial and temporal coherence of the i
dent x rays are related to the oversampling degree by

l

Dl
>

Oa

d
, Du<

l

2Oa
, ~5!

where d is a desired resolution, andDu the divergence or
convergence angle of the incident x rays. Based on Eqs.~5!,
the required coherence for this setup was estimated to
l/Dl.943 andDu,1.531025 rad for a desired resolution
of 7 nm. At the SPring-8 beam line, a Si~111! double crystal
was used to achieve the temporal coherence ofl/Dl
;7500.20 While the vertical spatial coherence of the undu
tor beam was better than that required, the needed horizo
spatial coherence was achieved by placing a 150-mm slit at a
distance of 27 m upstream of the instrument.

IV. RESULTS AND DISCUSSION

With the instrument described above, we have recor
diffraction patterns from a noncrystalline sample by us
coherent x rays with a wavelength of 2 Å. The sample, m
of Au, consists of a single layered pattern with a size
2.53230.1mm and was supported by a silicon nitride mem
brane window, which is transparent to x rays. Figure 2~a!
shows a scanning electron microscopy~SEM! image of the
sample. In order to obtain a high-resolution diffraction p
tern, we shifted the CCD detector in bothX andY directions
to record a set of diffraction patterns at different resolut
and then tiled them together. Figure 2~b! shows a diffraction
pattern with 200032000 pixels and a resolution of 7 nm
the edge. The exposure time of the diffraction pattern
about 50 min with an unfocused undulator beamline. Si
the beam stop was used to block the direct beam, the diff
tion pattern has a missing data area at the center with a
of 60360 pixels.21 We filled in the missing data area by
patch of the diffraction pattern calculated from a soft-x-r
microscopy image of the sample.22,23

To retrieve the phase information from oversampled d
fraction patterns, an iterative algorithm has been used
which thejth iteration consists of the following seven step

~i! A temporary Fourier transform was calculated by

F j8~kx ,ky ,kz!5uFexpt~kx ,ky ,kz!uew j 21~kx ,ky ,kz!, ~6!
17410
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FIG. 2. The recording and reconstruction of a diffraction patte
from a noncrystalline sample by using coherent x-rays with a wa
length of 2 Å.~a! A SEM image of a noncrystalline sample made
Au. ~b! A high-resolution diffraction pattern~a 200032000 pixel
array! recorded from the sample~displayed in a logarithmic scale!.
~c! The structure of the sample reconstructed from~b! in which a
line scan through an edge shown in the inset demonstrates the
lution of 7 nm.
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wherew j 21(kx ,ky ,kz) represents the phases of the Four
transform at the (j 21)th iteration anduFexp(kx ,ky ,kz)u is
the measured magnitude of the Fourier transform.

~ii ! w j8(0,0,0), the phase ofF j8(0,0,0), was set to 0 due t
the centrosymmetry of the diffraction pattern.

~iii ! A temporary electron density,r j8(x,y,z), was com-
puted fromF j8(kx ,ky ,kz) by using an inverse fast Fourie
transform~FFT!.

~iv! To monitor the convergence of process, a normaliz
error function~g! was used in each iteration
w
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(
x,y,z¹S

ur j8~x,y,z!u

~s21! (
x,y,zPS

ur j8~x,y,z!u
, ~7!

whereS is the finite support andg represents the average
error per pixel that is independent of the oversampling ra

~v! A new electron density was obtained by
r j~x,y,z!5H r j8~x,y,z! if ~x,y,z!PS and r j8~x,y,z!>0

r j 21~x,y,z!2br j8~x,y,z! if ~x,y,z!¹S or r j8~x,y,z!,0
D ~8!
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whereb, a constant to adjust the convergence process,
set to 0.9 in all the reconstructions.

~vi! A new Fourier transform,F j (kx ,ky ,kz), was calcu-
lated from the new electron density ofr j (x,y,z) by using
FFT.

~vii ! The phase set,w j (kx ,ky ,kz), was used for the nex
iteration.

By using the iterative algorithm with a random phase
as an initial input and a 2.5332.06 mm square as the finite
support ~which corresponds tos59.4!, we recovered the
phase information for the diffraction pattern shown in F
2~b!. Figure 2~c! shows the reconstructed image with a res
lution of 7 nm, in which both the shapes of individual nan
structures and the variation of the electron density inside
nanostructures are visible. We performed five more rec
structions with different initial random phase sets and
detailed features in the reconstructed images were consis
We then studied the quality of image reconstruction a
function of the oversampling ratio~s!. We first converted the
diffraction pattern of Fig. 2~b! to a 146031460 pixel array
by binning pixels where we assumed that each pixel ha
finite area and the pixel value is uniformly distributed insi
the area. The new diffraction pattern has the same sp
resolution, but a lower oversampling ratio ofs55 for a
2.5332.06-mm finite support. By using a random phase s
as an initial input, we reconstructed the electron density
the sample after about 2000 iterations, shown in Fig. 3~a!.
The white area in Fig. 3~a! represents the no-density regio
which is due to the oversampling of the diffraction patte
and the square in dotted line shows the finite support.
carried out four more trials with different random initia
phase sets, and the reconstructed images were consisten
successful, while the iteration number varied in each ca
We further reduced the sampling frequency of the diffract
pattern of Fig. 2~b! to a 130831308 pixel array, which cor-
responds tos54 for the same 2.5332.06-mm finite support.
Figure 3~b! shows a reconstructed image with the qual
inferior to that of Fig. 3~a!. We have performed four mor
trials with different initial random phase set, and the qua
as
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of the reconstructed images is comparable to that of F
3~b!. We continued to reduce the sampling frequency of
diffraction pattern to an 113231132 pixel array, correspond
ing to s53 for the same finite support. We have carried o
five reconstructions with different initial random phase se
While the reconstructed images are recognizable, they
noisy, as Fig. 3~b! shows. Finally, the diffraction pattern o
Fig. 2~b! was converted to a 9243924 pixel array, which
corresponds tos52 for the same finite support. We hav
carried out five reconstructions, and the reconstructed ima
are extremely noisy and barely recognizable, shown in F
3~d!.

Figure 4 shows the normalized error function versus
iteration number in which curvesa, b, c, andd correspond to
the reconstructions of Figs. 3~a!, 3~b!, 3~c!, and 3~d!, respec-
tively. By comparing curvesa, b, andc, one can see that th
normalized error function indeed indicates the quality of t
reconstructions. An interesting observation is that curve
converged to a number smaller than that in curvesa, b, and
c. This is because, whens is less than or very close to 2
there are no unique phase sets in the diffraction pattern.
though the algorithm converged to a phase set which
solution to the equations, it is actually an incorrect phase

The results of the studies agree with the theoretical ex
nation illustrated in Sec. II. When the oversampling ratios is
much larger than 2, the number of equations is far more t
the number of unknown variables. This redundancy make
easier to retrieve the phase information directly from the d
fraction pattern. However, whens approaches 2, there i
slight difference between the theory and the results of
studies. From theory, we concluded that, as long ass.2,
there is a unique phase set available from the diffract
pattern itself. However, the studies of the experimental d
fraction pattern showed that, whens is close to 2, the recon
structed image becomes quite noisy. We believe this is du
~i! the noise in the experimental diffraction pattern and~ii !
the algorithm becoming trapped in a local minimum inste
of converging to the global minimum. With the presence
noise in the diffraction pattern, the intensity points with lo
4-4
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FIG. 3. Phase retrieval of an experimental diffraction pattern as a function of the oversampling ratio~s!. ~a! A reconstructed image with
s55 where the white area represents the no-density region, and the square in dotted line is the finite support 2.5332.06 mm. ~b! A
reconstructed image withs54. Note that the white area becomes smaller.~c! A reconstructed image withs53. ~d! A reconstruction image
with s52.
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signal-to-noise ratio are somewhat smeared out, which a
ally reduces the number of independent equations. Seco
when the number of unknown variables is close to the nu
ber of independent equations, the algorithm is very ea
trapped in a local minimum instead of the globe minimu
This has been observed in our previous studies of phas
trieval as a function ofs using simulated diffraction
patterns.3
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V. CONCLUSIONS

Using coherent x rays with a wavelength of 2 Å from
synchrotron undulator beamline and a specially designed
strument, we have measured high quality continuous diffr
tion patterns from a noncrystalline sample. By employing
oversampling phasing method, a coherent diffraction patt
has been successfully converted to a real space image w
resolution of 7 nm. By studying the quality of image reco
4-5
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struction of an experimental diffraction pattern as a funct
of the oversampling ratio~s!, we verified they are indeed
strongly correlated. Whens is close to 5 or larger, good
quality reconstructed images were obtained.24 Whens is less
than 5, the images were noisy. Whens is very close to or
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