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Direct evidence of the discontinuous character of the Kosterlitz-Thouless jump
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It is numerically shown that the discontinuous character of the helicity modulus of the two-dimensionalXY
model at the Kosterlitz-Thouless~KT! transition can be directly related to a higher-order derivative of the free
energy without presuming anya priori knowledge of the nature of the transition. It is also suggested that this
higher-order derivative is of intrinsic interest in that it gives an additional characteristic of the KT transition
which might be associated with a universal number akin to the universal value of the helicity modulus at the
critical temperature.
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I. INTRODUCTION

The Kosterlitz-Thouless~KT! transition has attracted
steady interest since its discovery.1,2 This is both because it
unusual characteristic properties and its applicability to m
systems with two-dimensional~2D! character, like, e.g.
superfluid/superconducting films.3 The critical properties are
given by Kosterlitz’s renormalization equations~KRE!.4 A
key characteristic feature is the discontinuous universal
perfluid jump to zero at the transition.5 The generic mode
for the KT transition is the two-dimensionalXYmodel and in
this case the discontinuous jump is associated with the h
ity modulus.2,1 The 2D XY model has been the subject
very many computer simulations directed at verifying or d
proving the various characteristics of the KT transition
given by KRE.6,7 Although the general consensus is that t
2D XY model does indeed undergo a KT transition, the
have also been claims from simulations that the predicti
from KRE may not be entirely correct.6,7 In particular, these
earlier works have been focused on the question whethe
not the divergence of the correlation length~when the tran-
sition is approached from above!, is governed by an essentia
singularity, as predicted by KRE, or by a convention
power-law singularity. Some evidence for the latter possi
ity was found in Refs. 7 and 8. Alternatively, in Ref. 6 it wa
argued that the divergence is given by an essential singul
which is not entirely consistent with KRE. All this reflec
the difficulty of verifying the precise nature of the transitio
through computer simulations.9

Similarly, it is difficult to directly verify from simulations
that there is a discontinuous jump in the helicity modulus
predicted by KRE. The reason for this is illustrated in Fig.
Simulations can only be performed on a finite system, res
ing in the helicity modulus as a continuous function witho
any singularity. As seen in Fig. 1 the drop at the transit
gets steeper and steeper as the system size is increased.
ever, the size dependence is shown to be rather weak.
sequently, although numerical results like those presente
Fig. 1 for the helicity modulus are consistent with a disco
tinuous jump for an infinite system size, one cannot on t
evidence alone, exclude the possibility that the helic
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modulus remains continuous in the thermodynamic lim
The correctness of the discontinuous character of the ju
has in practice only been verified from simulations in mo
indirect ways which make use of additional KRE predictio
for the KT transition like, e.g., that the leading size depe
dence of the helicity modulus at the critical temperature
logarithmic.10

Thus one may ask if there exists a more direct way
inferring from simulations that there is a discontinuous jum
without resorting to more indirect methods which use ad
tional KRE predictions. In this paper we show that such
more direct way does indeed exist.

Our approach is based on the calculation of a higher-or
correlation function. This correlation function appears
give an additional and somewhat unexpected character
feature of the KT transition. We speculate that this feat

FIG. 1. Helicity moduluŝ Y& for the 2D XY model for lattice
sizesL54 to 64. The transition is signaled by a rapid decrease
the helicity modulus in the vicinity ofT51 as temperature is in
creased. This decrease becomes sharper with increasingL. The
question is whether or not this rapid decrease develops into a
continuous jump from a finite positive value to zero as predicted
the Kosterlitz-Thouless scenario. The data are consistent with s
a scenario, but on the basis of this type of data alone one ca
rule out that the helicity modulus instead goes continuously to z
©2003 The American Physical Society09-1
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might be associated with a universal number akin to the u
versal value of the helicity modulus at the critical tempe
ture.

II. MODEL

The 2DXY model on a square lattice of the sizeL3L is
defined by the Hamiltonian

H52J(̂
i j &

cosS f i j [u i2u j2
1

L
r i j •DD , ~1!

whereJ is the coupling strength~set to unity from now on!,
the sum is over nearest-neighbor pairs separated by the
placementr i j 5 x̂ or ŷ ~we set the lattice spacinga[1), and
the phase angleu i (0<u i<2p) at the lattice pointi satisfies
the periodicityu i 1L x̂5u i 1L ŷ5u i . For generality, we have
also included an externally imposed global twist across
sample,D5(Dx ,Dy), defined by that the summation of th
phase differencef i j along thex ~y! direction equalsDx
(Dy). The partition functionZ is given by

Z5)
i
E du i

2p
e2H/T ~2!

and the free energy byF(D)52T ln Z. The ground state
corresponds to the configuration where all spins point in
same direction~i.e., all f i j 50) which means that the mini
mum of the free energy corresponds toD50. From the sym-
metry in the Hamiltonian, all odd-order derivatives such
]F/]DuD50 and ]3F/]D3uD50 vanish. Accordingly, in the
following we will from standard Monte Carlo~MC! simula-
tions obtain the two first nonvanishing derivatives of the fr
energy with respect toD at D50, i.e., the second-orde
modulus, usually called the helicity modulus,̂Y&
[]2F/]D2uD50, and the fourth-order moduluŝ Y4&
[]4F/]D4uD50, where^•••& denotes the thermal averag
The former~the helicity modulus! can be expressed as

^Y&5^e&2
L2

T
^s2&,

where

e[
1

L2 (
^ i j &x

cos~u i2u j !,

s[
1

L2 (
^ i j &x

sin~u i2u j !,

and the sum is over all links in one direction. This means t
^e& is the energy per link and̂s& is the average current pe
link in one direction~here taken to be thex direction!. Note
that ^s&50 by symmetry, in contrast to the current-curre
correlation^s2& which measures the current fluctuation. T
fourth-order modulus can be expressed as
17250
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^L2Y4&524^Y&13F ^e&2
L2

T
Š~Y2^Y&!2

‹G1
2L6

T3
^s4&.

~3!

In the following, we will measure these two correlation fun
tions, ^Y& and^Y4&, in standard MC simulations to demon
strate the existence of a discontinuous jump of the helic
modulus to zero at the phase transition.

III. STABILITY ARGUMENT

Since the global minimum of the free energyF(D) corre-
sponds to zero twist, it follows thatF(0)<F(D). To lowest
orders in theD expansion we have

F~D!5^Y&
D2

2
1^Y4&

D4

4!
.

This means that̂Y&>0 since the lowest order nonvanishin
derivative of the free energy will always dominate for sm
enoughD. However, it also implies that the next order d
rivative ^Y4& likewise has to be>0 at anyT where ^Y&
50 in the thermodynamic limit. Our argument is then t
simple observation that̂Y& cannot go continuously to zer
at the transition temperatureTc if ^Y4& at the same time
approaches a nonzero negative value atTc . But, sincê Y& is
indeed zero in the high-temperature phase, this means th
^Y4& approaches a negative value atTc then the jump has to
be discontinuous. The point is, as we will show below, th
the conclusion that̂Y4& is nonzero and negative atTc can
be convincingly drawn from standard MC simulations.

IV. SIMULATION RESULTS

Our simulation of the helicity modulus for 2D model
shown in Fig. 1 up to sizesL564. The conclusions which
can safely be drawn by analyzing the finite-size depende
of ^Y& is that it is finite in the low-temperature phase and
zero in the high-temperature phase. Since this is well es
lished we will not discuss it further here. As mentioned
Sec. I, the difficult part from a simulation aspect is to det
mine how the helicity modulus approaches zero atTc in the
thermodynamic limit.

To this end we will use the stability argument given abo
and instead focus on the size dependence of the correla
function ^L2Y4& ~see Fig. 2!. Figure 2~a! shows that̂ L2Y4&
vanishes in the high-temperature phase and goes to a non
negative value in the low-temperature phase as the sys
size becomes larger. The interesting features is the diver
dip. This occurs in the region where the helicity modulus
finite L goes rapidly towards zero. Thus this singularity
^L2Y4& can safely be associated withTc . The conclusion
from Fig. 2~a! is that^L2Y4& diverges atTc for L→`, goes
to zero above, and goes to a negative nonzero value be
This conclusion is further supported by the fact that the h
width of the divergent dip decreases towards zero forL
→` as illustrated in the inset of Fig. 2~a!. The crucial point
is now what this divergence in the correlation functio
^L2Y4& implies for ^Y4&. This is shown in Fig. 2~b!, which
9-2
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FIG. 2. ~a! The correlation function̂L2Y4&. As seen this cor-
relation function is always negative or zero. In the high-T phase it
approaches zero from below. In the low-T phase it goes to finite
negative values, as is apparent from the data points somewha
low T51. The most interesting feature is the divergent dip in
vicinity of T51. This divergence atTc is the manifestation of the
phase transition for this correlation function. The inset illustra
that the half width of the dip goes to zero for largeL. ~b! The fourth
order modulus^Y4& for lattices sizesL512–64. As seen this
modulus goes to zero both below and aboveTc . However, the
crucial point is that the depth of the dip remains finite, as is sho
in the inset where the data are plotted against 1/L. The linear ex-
trapolation toL5` gives ^Y4&'20.13060.005 atTc .
17250
gives the result forL>12. The inset in Fig. 2~b! gives the
depth of the dip as a function of size. As is apparent from
inset, the depth goes to a finite value in the thermodyna
limit. Linear extrapolation in 1/L to L5` gives the value
0.13060.005. Thus we conclude that^Y4& is indeed nega-
tive and nonzero precisely atTc . Using the stability argu-
ment in Sec. III this means that the helicity modulus has
be positive and nonzero precisely atTc . However, aboveTc

the helicity modulus is zero from which follows that th
helicity modulus has to be discontinuous atTc .

One may also note from Fig. 2~b! that the position of the
minimum of the dip decreases towards lowerT with increas-
ing L. However, the approach towards the known value ofTc

('0.89) is rather slow making a precise determination ofTc

based on̂ Y4& data less advantageous.

V. FINAL REMARKS

We have shown that the discontinuous character of
jump of the helicity modulus at the transition for the 2DXY
model can be established from MC simulations of the four
order modulus given by Eq.~3!. It seems very likely that the
singularity found here for the fourth-order modulus in ca
of the 2D XY model is part of the general KT transitio
scenario. Thus we suggest that it sometimes may be ad
tageous to study the singularity of this 4th-order modulus
simulations, when trying to determine if a transition for
particular model is of KT type. It is also tempting to spec
late that the finite value of̂Y4&'20.130 atTc is associated
with a universal number, akin to the universal value of t
helicity modulus^Y&52Tc /p.
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