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Quantum interference between multiple impurities in anisotropic superconductors
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We perform a numerical study of the quantum interference between impuritéksvave superconductors
within a potential scattering formalism that easily applies to multiple impurities. The evolution of the low-
energy local density of states for both magnetic and nonmagnetic point scatterers is studied as a function of the
spatial configuration of the impurities. Further we discuss the influence of a subdominant bulk superconducting
order parameters on the interference pattern from multiple impurities.
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The past few years have proved the importance of experieonducting gap. Several authdot$ have previously sug-
mental techniques which can directly test the wealth of in-gested similar ideas in the case of one impurity.
formation associated with modifications of the local density In this paper we study multiple impurity effects by exactly
of states (LDOS) around impurities, grain boundaries, inverting the Gorkov-Dyson equation. In particular, we dis-
and vortices in strongly correlated electron systems. Irfuss the effect of quantum interference betwégnonmag-
particular, scanning-tunneling microscop¢STM) mea-  Netic impurities in the strong-scattering limiij) nonmag-
surements have provided detailed LDOS images arounB€tic impurities in the case of induced subdominant
single nonmagnetlé (zn) and magneti (Ni) impurities ~ Superconducting order parameters, afit) magnetic and

on the surface of the high-temperature superconducto’?‘?nmagnetic i_mpu_rities. All th_e calculations are performed
Bi,Sr,CacuQ, s (BSCCO within a quasiparticle scattering framework with classical
n :

. .. 4'14 . - . _
For conventional superconductors Yu and Shislaowed Impurities. _The main purpose Is to use quantum mterfer_
ence to obtain results that motivate further testing on this

:ir;ata?]?j ?hreezu::](getr?;t'n:)efrt?]?ggn?jitgiiineiaQf:)gnr;etgct;gnupnu'pproach and to illustrate the strong sensitivity of the LDOS
y P Y ' n the positions of the impurities.

state located around the magnetic impurity is formed inside ) 200

the gap in the strong-scatterin@nitary) limit. For aniso- The Green's f“”Ct'OF‘G . (k"f’) for the unperturbed
tropic superconductors a number of authors generalized th%—wave superconductor is given in Nambu space by
Yu-Shiba approach to study the LDOS around single A o - - A 1—1
impurities® It was found, for instance, that for a single non- GO(k,w)=[iwro= £(K) 73—~ AK) 7. — A% (K) 7-] (e
magnetic impurity there is only a virtual bouior resonant . A
state due to the existence of the low-energy nodal quasipawhere 7, denotes the Pauli matrices in Nambu spacg,
ticles. The one-impurity problem was recently reviewed bybeing the 2<2 identity matrix andr. =7,+ 7,. For a sys-
several authord/ tem with d,2_,2-wave pairing, A(k)=Aq/2 cosk)

Recently Hoffmanet al® measured the energy depen- —cosk)]. Below,Aq=25 meV and the lattice constaag is
dence of the Fourier-transformed LDOS images on the surset to unity. In this brief report we use a normal-state quasi-
face of optimally doped BSCCO beloW,. The dispersive particle energyé(k) relevant for BSCCO around optimal
features were explained from the point of elastic quasipartidoping (14%),
cle interference resulting from a singkeeak nonmagnetic
impurity.? This gives credence that a scattering potential pic- £(K) = —2t[cosk,) + cogky)] - 4t’cogk,)cogky) — ,
ture can yield valuable predictions in the superconducting )
state of these materials. Evidence for quantum interferencgith t=300 meV,t’=—0.4t, and u=—1.1&. Heret (t')
betweenstrong scatterers has been observed in the CuGefers to the nearestnext-nearesj-neighbor hopping inte-
chains of YBaCu;Og, by Derroet al1° Future experimen- gral andu is the chemical potential.
tal ability to control the position of the impurities on the ~ We model the presence of scalar and magnetic impurities
surface of a superconductor and perform detailed STM medn the system by the following-function interactions:
surements around multiple impurity configurations motivates
further theoretical studies of the resulting quantum interfer-
ence.

Previous calculations have studied the formation of bond-
ing and antibonding states around two magnetic impurities iflere i denotes the set of lattice sites containing magnetic
swave superconductof$!? For d-wave superconductors it and/or scalar impurities, arm!i'\’I (Vis) is the strength of the
was found that the interference effects between two nonmagsorresponding effective potential. We consider only the
netic unitary scatterers depends crucially on the distance artbmponent of the magnetic impurity interaction and ignore
orientation of the impuritie’'® The orientational depen- spin-flip scattering.
dence arises from the anisotropic gap function and provides For a single nonmagnetic impurity at the origin it is well
an alternative method to identify the symmetry of the superknown that the scattering modifies the Green'’s function by

Him:Z[(vis+vi“”>6ﬁén+(v;‘*"—vi“”)fzhéu]. 3)
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Herer is the distance to the origin, ar@d,, refers to the 8 w=+1.5 meV w=+1.5 meV

aBth entry of the 2<2 Nambu subspace.
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Naturally one can derive equivalent expressions for the R/v/Za R/ag

LDOS modulations around several impurities. However, for
a numerical study of the evolution of the LDOS for multiple  Fig. 1. DOS at(0,0) and at the single-impurity resonance en-
impurities positioned at arbitrary lattice sites, we find it is ergy +1.5 meV as a function of distance between the two nonmag-
easier to invert directly the real-space Gorkov-Dyson equanetic impurities separated along tt@ nodal direction andb) an-
tion. The full Green’s functioré(r,w) is then obtained by tinodal direction. They-axis scale is identical for the two figures.
solving the equation

. N o For quantum interference between multiple fixed nonmag-

G(0)=G(w)[I-H"GO(w)] 1, (5)  netic unitary scatterers Fig. 2 shows the LDOS as the STM

= - T = _tip is scanned along a crystal axis on which the impurities are
where the double lines indicate that the elements of th'i)ositioned. In general the resonances are split by the prox-
equation are matrices written in real and Nambu space. Thegnity of other impurities, and the number of resonances is
size of these matrices depends on the number of impuritiegjrectly proportional to the number of interfering impurities.
and the dimension of the Nambu space. We have previouslyowever, locally the density of states may be strongly influ-
utilized this method to Study the electronic structure arounq;nced by destructive interference. For instance, for the two
vo.r'uceis5 that operate as pinning centers of surroundingmpurities [Figs. 4a) and Zc)] sharp resonances exist only
stripes.” We perform the two-dimensional Fourier transform yypen R=2a,, as is evident from Fig. (). When a third
of the clean Green’s functio&(®(k,») numerically by di- impurity is added at {2,0) these resonances appear to
viding the first Brillioun zone into a 14001400 lattice and broaden and shift to higher energies, Figd)2 Contrary to
introducing a quasi-particle energy broadening of this, Figs. Za) and Zb) show that the addition of a third

=0.5 meV with 6 defined fromi w,— w+i 6. impurity has only a minor effect wheR=a,.
The differential tunneling conductance is proportional to  The case of three nonmagnetic impurities is studied fur-
the LDOSp(r,w), which in turn is determined from ther in Fig. 3, which shows the evolution of the LDOS at

1 (0,0) as a function of the distance to a third impurity along
the nodal[Figs. 3b) and 3d)] anti-nodal[Figs. 3a) and
p(rw)=- ;Im[Gll(r""HGZZ(r’_“’)]' ©) 3(c)] directions. The case without the third impurity corre-
sponds to the topmost LDOS in FiggaRand Zc).

In the following we model the nonmagnetic unitary scat-
terers with a potentiaVS=700 meV, which gives rise to )
resonance energies aroundl.5 meV in agreement with M -
experiment [This is seen from the holelike resonance evi- —
dent in the bottom LDOS scan in Fig(&h below. For a O
single impurity only one of the two resonances evident from ‘
Eqg. (4) has weight on the impurity site since the anomalous
part of the Green’s functiorG,(r, ), vanishes at=0 due
to the symmetry of thel-wave gap]

For interference between two nonmagnetic unitary impu- 2 @
rities Morr and Stavropoulost al® found strong variations
in the LDOS as the distance between the impurifiess
varied along one of the crystal axes. The single-impurity
spectrum was obtained wh&exceeds approximately &g.
However, as expected fordgz_,2-wave superconductor, this
length scale is much larger along the nodal directions. This is

B
g T~ =
=

-
<

seen in Fig. 1. Here the density of states is measured abov R ( -1\01) s o s w
one of the impurities fixed at the origin while the other is netgy (e
moved away along the nodfFig. 1(a) or anti-nodal[Fig. FIG. 2. Low bias STM scans along the horizontal axis in steps

1(b)] direction. The single-impurity LDOS is obtained fB  f 4,/5 from (0,0) (top line) to (2,0) (bottom ling. The scans are
well above 108,. Thus only for impurity concentrations offset for clarity. In(a) and(c) there are two nonmagnetic impuri-
below 0.1% does the LDOS correspond to the expected reties fixed at(a) (0,0) and (1,0)i(c) (0,0) and (2,0). In(b) and (d)
sult from a single strong nonmagnetic impurity. For weakerthere are three nonmagnetic impurities eaclbat(— 1,0), (0,0),
scatterers the decay length will be considerably reduced. and (1,0);(d) (—2,0), (0,0), and (2,0).

172505-2



BRIEF REPORTS PHYSICAL REVIEW B57, 172505 (2003

e D -1 " “

= I T~ G

. W/\ \_/_/_\ @

o e T R 3 :

p_— | | cl@ © i @

5 v v B at

§ = o) S 3 ic —io =8 ) 5 ) % ';E "

e (@)

= A / . s

g -20 -10 [ \/;ﬂ 20 -20 -10 0 “’; 20 =20 -10 \0‘ \;0 20

d‘-’ Energy (meV)

A FIG. 4. Top row: DOS at (0,0) for two nonmagnetic impurities

at (0,0) and(2,4). Bottom row: DOS at (0,0)solid line) and (1,1)
(dashed ling for three nonmagnetic impurities at-(,1), (1,

Energy (meV) —1), and (-1,—1). Pairing symmetrya) and(d) dy2_2, (b) and

FIG. 3. LDOS at (0,0) as a function of distance to a third im- (&) dyeo—yotidyy, and(c) and(f) dye—y2tis.

purity along the antinoddl) and(c) or nodal(b) and(d) direction. . . ] o

The two fixed impurities are positioned @ and (b): (—1,0) and ~ With pured,z_,2>-wave pairing Fig. 4@)]. Similarly, by com-

(0,0); (c) and(d): (—2,0) and (0,0). Ir@) and(c) the third impu-  Paring the LDOS at1,1) (dashed linesin Figs. 4d)—4(f), it

rity is positioned attop to bottom (1,0), (2,0),...,(10,0). In(b) is evident that the interfering scatterers can provide a clear

and (d) the third impurity is positioned attop to bottom  distinction betweem+id andd+is pairing. Information of

(1,1),(2,2),...,(10,10). the induction oflocal order around the impurities can also be
inferred from STM measurements of specific impurity

As in the case of two nonmagnetic impurifiéshere are configurations.’
very strong variations in the final LDOS; the number of ap- We turn now briefly to the study of the classical magnetic
parent resonances, their width, and resonance energy depeinapurities ind,2_,2-wave superconductors. The interference
crucially on the positions of the three impurities. The smallof two magnetic scatterers in awave superconductor was
modulations added by the third impurity seen in Fig&) 3
and 3b) agree with the destructive interference evident from
the corresponding cases seen in Figa) and Zb). Contrary
to this, large modulations are again seen when increasing th
distance between the two fixed impurities by a single lattice
constant, Figs. @) and 3d).

Recently Zhuet al.” suggested a careful study of the two-
impurity problem to extract information of the bulk Green's _
function of the clean system. In the following we show how 2
the quantum interference between unitary scatterers e
strongly affected by the induction of a small subdominant <
superconducting order parameter. Thus one may utilizeZ
the quantum interference between several impurities as a8
alternative method to detect a small subdominant orders
parameter.

For instance, tuning through a quantum phase transitior:
from ad,2_,2 to ad,2_,2+id,, superconductor at a critical
doping level® magnetic impurity concentratio, or h

magnetic-field strengtif a smalld,, order couldqualita- A\ =, %
tively alter the interference pattern. ForA, (k) /‘ AN

2\
4 the LDOS at physically realizable impurity positions to the

ty of

1

Dens

A
D

5

= A7 sinfk)sink,) with A} =5.0 meV, we compare in Fig. A

3

_i:Jnésrgyn (meV30

BT [ s 10

case withA? =0. %
Also we show the difference betweehtid andd+is

pairing symmetry for these impurity configurations. For most g1 5. pos at (0,0) fora) and (d) one magnetic and one

spatial configurations the secondary pairind 0r is) leads  nonmagnetic impurity(b) and(e) two magnetic Y=V, and(c)

to a sharpening of the resonances, but at particular positiongd (f) two magnetic ¥)'=—VY). The topmost graph in each

there is a qualitative difference, as shown in Fig. 4. For infigure is the DOS when the two scatterers are both positioned at the

stance, the induction al+id pairing [Fig. 4(b)] can result  origin whereas the lowermost shows the DOS at (0,0) and (10,0).

in three apparent resonances contrary to the ground staftinodal separationta)—(c); nodal separation(d)—(f).
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studied recently by Flatte and Reynofdsor comparison to  antinodal direction and a surprisingly fast recovery to the
the nonmagnetic case we use a magnetic potential strengdiingle-impurity case along both the nodal and antinodal di-
|[VM| =700 meV, which does not, however, model all mag-rections.

netic impurities(e.g., Nj on the surface of BSCC&?! Fu- The results presented above remain qualitative since fits
ture experiments will reveal whether the scattering potential® @ specific experiment in addition to details from the tun-
formalism utilized here is appropriate or whether more cor-n€ling matrix elements could also include modified hopping
related effects are requiréd2° integrals around the impurities, gap suppression, and possi-

Figure 5 shows the quantum interference between tw®!Y Poth magnetic and nonmagnetic scattering potentrals.

unitary scatterers: Figuregd and 3d) show one magnetic We _have _cheqked that gap suppression on _the. bondsréelround
and one nonmagnetic, Figs(th and 5e) two parallel mag- the impurity site does not prod'uce any qualitative cha ges.
netic, and Figs. &) and §f) two antiparallal magnetic. In all However, on a phenomenological level the gap suppression

figures one impurity is fixed below the STM tip at the origin could allow for a competing magnetic order parameter to

. SR . develop around the impurity. Thus, the gap suppression
(0,0) while the other is displaced along tHegs. 5a)-(-c)] iah : " laining the f ; f :
horizontal crystal axis ofFigs. 5d)—5(f)] along the nodal might be important for explaining the formation of magnetic

o ) o o moments around nonmagnetic impurities as seen by NMR
direction. In Figs. &) and d) it is the nonmagnetic impu- gy periments. These issues are currently controversial but the
rity that is f|xed at the origin. Again thg number Of r€SO- yast amount of information inferred from the quantum inter-
nances, their position, amplitude, and width depend in detalgrence between multiple impurities may help settle this, and

on the distance and nature of the two scatterers. Further, thore importantly settle the validity of the scattering potential
spatial evolution of the LDOS is quite similar for Fig€ab  gcenario versus more correlated models.
and 3b), and Figs. &) and 5e). These are, however, very

different from the interference between two antiparallel mag- This work was supported by the Danish Technical Re-
netic impurities[Figs. 5c) and 5f)] which is dominated by search Council via the Framework Programme on Supercon-
strong destructive interference at small separations along thatuctivity.

IA. Yazdaniet al, Phys. Rev. Lett83, 176(1999. (2003.

2S.H. Paret al, Nature(London 403 746 (2000. 13y, Onishiet al, J. Phys. Soc. Jp5, 675(1996; U. Michelucci,

SE.W. Hudsoret al, Nature(London 411, 920 (2003). F. Venturini, and A.P. Kampf, cond-mat/01076@hpublished

“L. Yu, Acta Phys. Sin21, 75(1965; H. Shiba, Prog. Theor. Phys. 143.M. Byers, M.E. Flatte, and D.J. Scalapino, Phys. Rev. [Zdit.
40, 435(1968. 3363(1993.

°A.V. Balatsky, M.I. Salkola, and A. Rosengren, Phys. Re6B 155 \. Andersen, P. Hedegard, and H. Bruus, Phys. Re%7B
15547(1995; M.I. Salkola, A.V. Balatsky, and D.J. Scalapino, 134528(2003.

GDP:/TS. Re\(/j. 'N-e:z' 1841(1?96.% RevEB, 1405082002 18M. Vojta, Y. Zhang, and S. Sachdev, Phys. Rev. L88. 4940
. Morr and N.A. Stavropoulos, s. Rev6B, ) .
§ _ p Y (2000; Phys. Rev. B62, 6721(2000.
L. Zhu, W.A. Atkinson, and P.J. Hirschfeld, Phys. Rev.68, 17y Balatsky, Phys. Rev. LetB0, 1972(1998
094508(2003. 180 o > ) ) ! ’
. ) R.B. Laughlin, Phys. Rev. LetB0, 5188(1998.
8J.E. Hoffmanet al, Science(Washington, DC, U.$.297, 1148 197 Wang gnd PAyLee Phys. Rev. Le}ff) 21?002(2003
(2002. ' T ' ' ' ' '

gQ._H. Wang and D.-H. Lee, Phys. Rev.6, 020511R) (2003. A. Polkovnikov, S. Sachdev, and M. \ojta, Phys. Rev. L88.

19D J. Derroet al, Phys. Rev. Lett88, 097002(2002. ,, 296 (2|001). o _ g
M E. Flatte and D.E. Reynolds, Phys. Rev6B 14 810(2000). M.E. Flatte, Phys. Rev. B1, 14 920(2000; J.-M. Tang and M.E.

12D, Morr and N.A. Stavropoulos, Phys. Rev. &, 020502R) Flatte, ibid. 66, 060504(2002.

172505-4



