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Polarized optical absorption in carbon nanotubes: A symmetry-based approach

I. Milošević,* T. Vuković, S. Dmitrović, and M. Damnjanovic´
Faculty of Physics, University of Belgrade, P.O. Box 368, Belgrade 1101, Yugoslavia
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Using density functional theory results as input data into the tight binding method for induced representa-
tions ~based on the line group symmetry concept! we calculate optical conductivity tensor for single wall
carbon nanotubes. Optical transition matrix elements are calculated exactly, out of completely symmetry
adapted Bloch eigenfunctions. The results obtained can improve optical spectroscopy method as single-wall
carbon nanotubes macroscopic sample characterization tool.
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I. INTRODUCTION

Prediction of the polarization dependent optic
absorption1 in carbon nanotubes2 ~CNTs! was confirmed by
optical ellipsometry3 as well as by reflectivity
measurements.4 In addition, recent polarized Raman spe
troscopy on fibers of aligned single-wall carbon nanotu
~SWCNTs!, reflectance and absorption spectra and tenso
variant measurements of the Raman active modes5 gave evi-
dence of strongly polarized optical transitions. Recently,
larized optical absorption spectra of 4-Å-diameter tub
arrayed in channels of a zeolite single crystal has been m
sured and theoretically estimated on the basis of the lo
density function approximation.6 Anisotropy of the dielectric
function has been studied in detail in the work of Tas
et al.:7 a substantial optical rotatory power and circular
chroism as well as optical activity of the CNT ensemble ha
been predicted. Recently, polarized low-frequency opt
spectra of SWCNT bundles, within the gradient approxim
tion and the lowest-order isotropic model, has be
calculated.8 On the other side, optical activity9 and anisot-
ropy of absorption10,11 in the isolated CNT have been in
ferred on the line group approach basis. Quite recently lo
density functional theory calculations of electro-optical pro
erties of 4-Å carbon nanotubes have been reported.12

Being both individual and bulk sensitive, the optical r
sponse measurements13–15 are, together with Raman16 and
neutron scattering and electron and x-ray diffraction, wid
used as a tool for diameter and chirality distribution analy
and for a total SWCNT yield estimations in macroscop
samples. Further comprehensive theoretical study of op
transitions could considerably improve this technique.

We evaluate numerically, using the line group theoreti
methods,17 the optical conductivity tensor for individua
SWCNT’s of an arbitrary geometry. We use density fun
tional tight binding~DFTB! calculations18 as an input for the
POLSym~Ref. 17! code which is based on the tight bindin
~TB! method for representations of the induced type19 ~elec-
tron correlations and curvature effects are included!. The full
line group symmetry9 of the SWCNTs is taken into accoun
and thep→p* transition matrix elements of the momentu
operator are, within the dipole approximation, exactly cal
lated out of the recently determined generalized Blo
eigenfunctions.20 With the help of such a method the calc
lations are considerably simplified, enabling~computer space
0163-1829/2003/67~16!/165418~6!/$20.00 67 1654
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and time! economic evaluations of electron bands and opti
absorption functions, even for highly chiral SWCNTs havi
a huge number of atoms within a unit cell.

Our approach goes beyond both joined density of sta
~JDOS! and gradient approximations to the absorption sp
trum and beyond the zone-folding and the lowest-order i
tropic TB model of electron dispersion. By using the fu
symmetry group and symmetry adapted basis we are ab
calculate transition matrix elements analytically. Howev
the calculation procedure itself, based on a rather simple
plication of the quite technical Wigner-Eckart theorem exte
sion to the inductive spaces, is beyond the scope of
paper and will be published elsewhere.23

In this work we calculate the polarized optical conduct
ity for isolated SWCNTs of diameters 0.8–1.6 nm. In ad
tion, we carry out calculations for bundled SWCNTs with
mean diameter of 1.36 nm, assuming a Gaussian diam
distribution with Dd50.05 nm. We find that the chirality
dependence of optical transition probabilities should not
neglected for perpendicular~to the tube axis! polarization. In
other words, the JDOS approximation to the optical cond
tivity is not reliable in such a case. On the other side, fo
parallel polarization the JDOS based results are generall
a good agreement with the more accurate calculations. A
from the overall absorption intensity enhancement, the JD
results differ only slightly in relative intensities of the peak
their shapes and centers of gravity.

II. SYMMETRY AND BAND ASSIGNATION

Line groups17 ~also referred as rod or monoperiod
groups! are spatial symmetries of quasi-one-dimensio
crystals~like space groups are the symmetries of the thr
dimensional ones!. Consequently, the geometrical symm
tries of an infinitely long SWCNT form a line group. Fo
chiral (n1 ,n2), zigzag (n,0) and arm-chair~n,n! SWCNTs
~C, Z, andA, for short! these are9 L C5Tq

r Dn5Lqp22, LZA
5T2n

1 Dnh5L2nn /mcm. Here,n is the greatest common di
visor of n1 andn2 , q52(n1

21n1n21n2
2)/nR @R53 if (n1

2n2)/3n is an integer; otherwiseR51], while the param-
eters r and p describe the helicity by more complicate
functions9 of n1 and n2 . The general line group element
l (t,s,u,v)5(Cq

r una/q) tCn
sUusv

u whereCn
s (s50,...,n21) is

a rotation by 2ps/n around the tube axis~z axis!, Koster-
Seitz symbol (Cq

r una/q) t (t50,61,...;a is the translational
©2003 The American Physical Society18-1
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period of the tube! denotes a rotation by 2rtp/q around the
tube axis followed by a translation along it fornat/q, while
U is the rotation throughp around the horizontal,x axis (u
50,1). Z and A tubes have an extra symmetry: a vertic
mirror reflectionsv in the xz plane~for C tubes one should
takev50). Note that, having bothsv andU symmetries,Z
andA tubes have the horizontal~xy! mirror plane symmetry
sh5svU5Usv as well. By mapping any carbon atom b
the entire set ofl (t,s,u,0) transformations@which are con-
cretely defined by the wrapping indices (n1 ,n2)] one builds
a corresponding tube. In other words, the SWCNT is
single-orbit system and its carbon atoms can be labeled
triple (t,s,u): Ctsu , and each pair of the atoms is related
some line group transformation@for instance, Ctsu
5 l (t,s,u,0)C000].

Since this way the symmetry completely determines
SWCNT itself, it is essential for understanding its underlyi
physical properties. The full symmetry group yields a co
plete set of quantum numbers: thez componentm of the
angular momentum, the linear quasimomentumk @m takes
integer values from the interval (2q/2,q/2#, while k runs
over the Brillouin zone (2p/a,p/a#] and the1/2 parities
with respect to thez-reversal symmetries. For achiral tub
there are vertical mirror paritiesA/B as well. Recently, line
group symmetry assignment of SWCNTs electronic ba
has been performed and the corresponding symm
adapted generalized Bloch eigenfunctions have been der
together with the selection rules.20

Electronic energies and states are calculated within
maximally adapted~to the state space structure! TB model.
Namely, our approach goes beyond the conventional
techniques21 as we, using the full symmetry group, deve
oped the minimal full symmetry implementing algorithm
this is essential in calculations of electro-optical properties
highly chiral tubes. It is based, technically, on the modifi
Wigner projectors technique~details on the method are pre
sented in Ref. 19 and references therein!. We take into ac-
count single 2pz orbital utsu& per carbon atomCtsu as we
consider enough thick tubes for curvature effects not to
strong and the optical absorption in the energy range 0–6
Namely, due to the relatively small curvature of the tub
considered the hybridization effects can be neglected,22 the
states around the gap or Fermi level are essentiallyp or p*
derived and thep→p* transitions give dominant respons
to light with the energy below 6 eV.7 In general case~chiral
tube double band degeneracy! an irreducible part of the
Hamiltonian20 H5(g tsu,t8s8u8utsu&^t8s8u8u ~summation is
over the entire range of all the indices, i.e., further neigh
interaction and local distortions are included! is of the form

Hm~k!5S hm
0 ~k! hm

1* ~k!

hm
1 ~k! hm

0 ~k!
D , ~1!

where

hm
u ~k!5(

ts
g tsu,000e

ick
m

~ t,s!,

and
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Note that, due to the non orthogonality of the basis sta
(^tsuut8s8u8&Þ0), g tsu,000Þ^tsuuHu000&. However, in or-
der to invoke the well known overlaps and Slater-Koster m
trix elements,24,18 we transform Eq.~1! by substituting
g tsu,000 with ^tsuuHu000& and by multiplying the matrix ob-
tained with the square root of the metric inverse. Electro
dispersions and Bloch states are then easily calculated
solving the eigenproblem: To eachm there corresponds a pa
of bandsem

6(k)nearly symmetric with respect to the Ferm
level. As the local curvature is taken into account a seco
ary gap opens up in case of primary metallicZ andC tubes.
For the same reason the Fermi level crossing pointkF of the
A bands shifts slightly from 2p/(3a) ~lowest order isotropic
model value! towards left.25

Let ukm& denote a symmetry adapted Bloch state propag
ing in thez direction with quasi-momentumk and an angular
momentum componentm. As the two-fold horizontal axisU
connectsukm& and u2k,2m& @implying em(k)5e2m(2k)]
we can restrict our considerations to the ID~irreducible do-
main! @0,p/a# throughout which the degeneracy of theC
tube sub-bands is double. TheA andZ tubes have additiona
vertical mirror symmetrysv which mapsukm& to uk,2m&
and u2k,2m& to u2k,m&. Consequently, the degeneracy
fourfold. For m50 and m5n the bands remain double
degenerate on the account of the well definedsv parity.
These bands aresv invariant in theZ configuration~there
are four of them! while in theA case just one pair is of the
A type (sv invariant! and the other one of theB type
~changes sign undersv transformation!.

At most eight~and at least four! C tube edge states hav
the z-reversal~1/2! parity: atk50 for m50, q/2 and atk
5p/a for m52p/2, (q2p)/2 ~for p even only9!. Since the
above listedm-values are equivalent to the ones of the o
posite sign, by theU symmetry imposed energy relation b
comesem(k)5em(2k) implying van Hove singularities in
the electron DOS at the ID edges that are labeled by th
specific angular momentum quantum numbers. Due to
extra horizontal mirror symmetrysh all the k50 states of
the achiral tubes are1/2 labeled. For theA tubes all of
them are1 while for theZ ones there are equal number
odd and even states: a1/2 pair for eachm. This additional
symmetry imposes the conditionem(k)5em(2k), i.e., the
zero slope atk50 for everym and atk5p/a for m5n/2.

III. OPTICAL CONDUCTIVITY

In the relaxation-time approximation, the interband co
tribution ~at absolute zero temperature! to the real part of the
optical conductivity tensor is~here we give only the expres
sion for the diagonal elements as, due to the tubes symm
the non-diagonal ones vanish9!:

Res j j 5
C

v ( u^kfmfP f u¹j ukimiP i&u2d~De2\v!, ~2!
8-2
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POLARIZED OPTICAL ABSORPTION IN CARBON . . . PHYSICAL REVIEW B67, 165418 ~2003!
whereC52pe2\2/me
2, De5e f2e i is the energy absorbed,j

denotes the direction of the electric field applied, and
subscriptsi andf refer to the initial and the final state respe
tively and the summation runs over quantum numberski ,
mi , P i , kf , mf , P f ~P represents parities!. As only two
tensor components are independent9 we introduce the follow-
ing notation:szz5s i , sxx5syy5s' . The form of the ex-
pression used is convenient for the selection rules app
tion. For any orientation of the electric field, the wave vec
of the Bloch electron remains essentially unchanged in
optical transition: the crystal momentum conservation l
readsDk50.

Operator¹i is reversed upon theU transformation and
invariant under all the others (0A0

2 tensor of the groupL C
andLZA). As for ¹x and¹y , it is convenient to switch to the
momentum standard components¹65¹x6 i¹y as these carry
the two-dimensional space of the IR0E1 for C and 0E1

1 for
the achiral tubes. The dipole optical transition selection ru
are now easy to deduce.

The quasiangular momentumm selection rules depend o
the direction of the perturbing electric vector: if it is parall
to the tube axis~i polarization! the rule imposesDm50
while if it is orthogonal onto thez axis ~' polarization! Dm
should be 1~left circular polarization! or 21 ~right circular
polarization! in order the dipole optical transition to tak
place.

As for the parities~if defined! the one with respect tosv
is to be preserved while the one with respect toU axis or to
sh is to be reversed in the case ofi polarization. For'
polarization it isvice versaconcerning thesh parity while no
restriction is imposed onto thesv parity.

Taking into account the selection rules and substituting(k
by 1/p *k dk in Eq. ~2! one finds

Res i5
C

v (
m

E
0

p

ImF u^km;1u¹iukm;2&u2

em
1~k!2em

2~k!2\v2 ihGdk, ~3!

whereukm;6& represent the Bloch orbitals above and bel
the Fermi level respectively, whileh50.04 eV is a phenom-
enological broadening that suppresses height of the reso
peaks. Analogously, starting from Eq.~2! it is straightfor-
ward to obtain the relation for the perpendicularly polariz
field:

Res'5
C

v (
m

E
0

p

ImF u^k,m11;1u¹1ukm ;2&u2

em11
1 ~k!2em

2~k!2\v2 ih

1
u^k,m21;1u¹2ukm;2&u2

em21
1 ~k!2em

2~k!2\v2 ihGdk. ~4!

Note that forA tubesi transitions form50, n are to be
excluded as doubly degenerate electronic bands have d
ent vertical mirror symmetry. Concerning the1/2 parities,
they are implicitly taken into account as symmetry adap
state functions are used. Namely, in spite of the system
strong van Hove singularities, thei transitions between the
states with nonvanishingk ~but close tok50) are highly
suppressed. This is due to the continuity principle since
16541
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transitions are forbidden atk50 by thez-reversal symmetry.
As for the' transitions, the parity selection rules are of n
importance for theA tubes.

By contrast, forZ tubes thei transitions are not affected
by the parities while the' transitions are almost entirel
suppressed by them. For this type of tubes there are no D
peaks out ofk50 vicinity while the z-reversal symmetry
forbids the' absorption atk50. Owing to the matrix ele-
ments’ continuity, the corresponding transition probabiliti
are small and the' optical spectra features are highly su
pressed despite the strong van Hove singularities.

Concerning theC tubes, although the parities practical
do not influence the optical absorption, we find that the tr
sition probabilities are strongly helicity dependent: the
sults obtained considerably differ from the JDO
approximated ones.

IV. ABSORPTION SPECTRA FEATURES

A typical i polarized absorption spectrum of the bundl
SWCNTs@29 tubes comprising the~10,10! bundle: a Gauss-
ian distribution centered atd51.36 nm withDd50.05 nm#
is depicted in the upper panel of Fig. 1. Note that each t
in the bundle is weighted with a Gaussian factor, i.e.,
absorption intensity is normalized to a single tube. The fi
two peaks at 0.55 and 1.1 eV are the well-known semic
ducting tubes response that scale inverse with the tube d
eter. The third feature, at 1.65 eV, scaling up also with 1d,
comes from~metallic! A tubes and from primary metallicZ
and C ones. In Figs. 2 and 3 a diameter dependence of th
transition energies of the two lowest inter-band optical tra
sitions (e1

sc and e2
sc) in the semi-conducting tubes is pre

sented. The linear fit is made over all the SWCNTs with
the presented diameter interval although the peak posit
for the zigzag tubes are particularly highlighted. While

FIG. 1. Components of the optical conductivity tensor~solid
lines! and the JDOS approximation to them~dotted lines! for the
~10,10! bundle. Intensity of the optical conductivity of the bundle
normalized to a single tube.
8-3



e

ia
e
in

ts
e

m
si-

9%
e
a

e
ea
th

e
th

is
tio

i-

gh

n-

l-

rgy

ear.
ar
si-
ad
nsi-

.
the

ta
o

ta
o

tion

ots

a
w-
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the valuese2
sc for the zigzag tubes fall into the fitted line, th

e1
sc values show a dispersing behavior: those satisfyingn

2n851 ~mod3! are above, while the ones withn2n85
21 ~mod3! are below it. Concerning tubes that mostly com
prise the bundle here considered, i.e. the ones with the d
eter d51.36 nm, only the position of the first peak in th
spectrum is slightly upshifted relative to the correspond
one in the spectrum of the bundle: for the tube~12,8! it
shows up at 0.6 eV.

The calculations, when compared to the measuremen
Katauraet al.26 ~on pure SWCNTs produced by using th
catalyst NiY at the temperature of 1200 °C with the sa
mean diameter! agree nicely regarding the third peak po
tion ~1.65 eV versus 1.7 eV, i.e., 3% downshift!, while the
calculated first two transition energies are 13% and
downshifted, respectively, relative to the measured valu
This may be attributed to the intertube interaction within
bundle and other inevitable discrepancies between the id
ized model of an infinite isolated SWCNT and the real m
surements on a macroscopic SWCNT sample. Also, in
paper we have used a minimal basis set of only onep orbital
per carbon atom. Finally, the Coulomb interaction betwe
the p-band electrons has been included only through
mean field theory~DFTB input to the TB procedure!. Ac-
cording to the recent theoretical and experimental analys27

such an interaction could cause an upshift of the transi
energies, in particular of the lowest ones.

FIG. 2. Diameter dependence of the firsti polarized optical
transition e1

sc in semiconducting SWCNTs. The lines fit the da
obtained for all the tubes in a given diameter range, while the d
represent the zigzag tubes only.

FIG. 3. Diameter dependence of the secondi polarized optical
transitione2

sc , in semiconducting SWCNTs. The lines fit the da
obtained for all the tubes in a given diameter range, while the d
represent the zigzag tubes only.
16541
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The inverse diameter dependence of the positionem of the
third peak~coming from the lowest optical inter-band trans
tion in A tubes and primary metallicZ andC ones! is given
in Fig. 4. Here also the fit is made over all the data thou
only achiral tubes peak positions are specially marked.

The collective excitation of thep-electron system~at
zero-momentum transfer! in the tubes with the~10,10!-
bundle typical diameters, we find~for both polarizations! at 5
eV ~Fig. 1!, which is in a good agreement with the electro
energy-loss spectroscopy measurements28 and other theoret-
ical predictions.29 Considerable anisotropy is evident a
though the excitation is well pronounced for the' polarized
electric field as well. In the range between the low-ene
inter-band transitions (e2

sc or em) and thep-plasmon excita-
tion energy few interband optical absorption features app
As they are highly sensitive to the helicity of the particul
tube ~regarding the peak positions and absorption inten
ties!, after averaging over a bundle they result in rather bro
and weakly pronounced peaks. Their wrapping-angle se
tiveness is illustrated in Fig. 5 by tubes with diameterd
51.36 nm.

The main features of the' polarized optical spectra~of
the same SWCNT bundle! are given in Fig. 1 lower panel
These are responses from all the types of the tubes within
bundle apart from the tubes~15,3!, ~16,4!, ~15,5!, ~14,5!,

ts

ts

FIG. 4. Diameter dependence of the lowest interband transi
em in the ~primary! metallic SWCNTs. Linear fit is made for all the
~primary! metallic tubes in a given diameter range while the d
and represent the zigzag and armchair tubes only.

FIG. 5. Highly helicity sensitivei polarized absorption spectr
features~in the energy region between the well pronounced lo
energy peaks and the onset of thep plasmon! for SWCNTs~10,10!,
~15,4!, ~12,8!, and~11,9! having the same diameterd51.36 nm but
different wrapping angles.
8-4
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POLARIZED OPTICAL ABSORPTION IN CARBON . . . PHYSICAL REVIEW B67, 165418 ~2003!
~13,5!, ~14,6!, and ~13,7! which are practically transparen
throughout the entire range for such a polarization of
electric field.

We now turn to the inspection of the differences betwe
the results here presented and the widely used JD
approximated ones based on the lowest-order isotropic
model. Fori polarization the JDOS only based results a
aside from the overall absorption intensity enhancement
slight differences regarding peak positions, their relative
tensities and shapes, in reasonably good agreement
more accurate calculations~Fig. 6!. These differences seem
to be more pronounced for the tubes with small wrapp
angle~Z tubes and tubes close to theZ direction! but can be
scarcely noticed when averaged over a bundle. This is il
trated in the upper panel of Fig. 1. On the contrary, in cas
the' polarization, the JDOS approximation leads to the
correct predictions. As is evident from the calculated spe
for the ~10,10!-bundle ~Fig. 1, lower panel!, many of the
absorption peaks resulting from the JDOS approximation
the' component of the optical conductivity tensor, do n
appear in the more accurately calculated optical spectr
For isolated SWCNTs these discrepancies are even more
ticeable. For the sake of comparison see Fig. 7.

FIG. 6. i component of the optical conductivity~bold line! and
the JDOS approximation to it~dotted line! for SWCNTs ~18,0!,
~15,4!, ~10,10!, and~11,9!.

FIG. 7.' component of the optical conductivity~bold line! and
the JDOS approximation to it~dotted line! for SWCNTs ~18,0!,
~15,4!, ~10,10!, and~11,9!.
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V. DISCUSSION

Using the line group symmetry we have theoretically
vestigated the polarized optical conductivity of the isolat
SWCNTs with diameters between 0.8 and 1.6 nm and of
standard SWCNT bundle~mean diameter 1.36 nm and dis
tribution width 0.05 nm!, without taking into account the
inter-tube interaction. The electron band structure is cal
lated by the TB method for induced representations19 while
the optical transition matrix elements are evaluated~in the
dipole approximation! out of fully symmetry adapted gener
alized Bloch eigenstates.20 As input data, the results of th
DFTB calculations18 are used. Due to the mathematic
background applied here~which requires ideal geometrica
structure of the tubes and neglects the end effects!, the nu-
merical evaluations proved to be very efficient.

Unlike the widely used optical absorption simulatio
dealing with the constant matrix elements10,15,16 in the pro-
cedure applied here the transition probabilities are th
oughly calculated. Our approach also refines the isotropic
electronic dispersion evaluations that include the so ca
‘‘ p-p overlap integral’’g0 as a fitting parameter. There is
wide agreement30 that with g0 between 2.9 and 3 eV the
calculations very well match the measured values except
the very thin tubes where the refitting is required. Surpr
ingly enough, adoption of the valueg052.55 eV, which is
quite close to the TB calculated result for the graphene pla
fits the best.16 Namely, as recently has been pointed out
Kuzmany et al.,16 one would rather expectg0 to increase
with the curvature.

According to the detailed quantum mechanical consid
ations that we have applied here the overlaps^tsuut8s8u8& of
the neighboring atomic orbitalsutsu& and ut8s8u8& increase
with the curvature. On the other side, the notion of t
‘‘overlap integral g0’’ is not applicable to the approach o
ours. However, in somewhat vague terms it can be taken
g0 corresponds to the Hamiltonian matrix (^tsuuHut8s8u8&)
divided by the square root of the metric~i.e. matrix which
elements are the overlaps!. As the elementŝtsuut8s8u8& in-
crease with the curvature, it is reasonable to expect
‘‘overlap integralg0’’ to diminish simultaneously.

The results obtained reinforce the JDOS approximation
the optical conductivity fori polarized electric field but lead
to quite different conclusions as far as the' component of
the conductivity tensor is considered. The discrepancies
most prominent for thinZ tubes but also quite substanti
even when the JDOS-only-based results are averaged o
bundle. We explain this by the parity selection rules infl
ence to the transition probabilities, elucidating that the JD
approximation is conceptually incompatible with the ho
zontal mirror parity selection rules for dipole absorption pr
cesses in the achiral SWCNTs. Namely, although very li
weight is associated with the horizontal mirror parity sta
~as only for a finite number of the high symmetry states t
parity is well defined! due to the continuity principle~which
cannot be included within the JDOS approximation!, if the
transition is not permitted atk50 the transitions between th
nearby states with general but non vanishingk are not very
likely to occur. As all the bands of the achiral tubes are z
8-5
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sloped atk50, this means that the JDOS approximation10 to
the optical absorption spectrum of the achiral CNT canno
entirely reliable, especially not for theZ tubes as all their
DOS van Hove singularities show up in thek50 vicinity. In
general, the horizontal mirror symmetry suppresses a
number~all but two! of the perpendicularly polarized optica
transitions in theZ tubes and all the parallel transitions clo
to k50 in theA tubes. Since the number of bands enlarg
with diameter and they become zero sloped over largek
50 vicinity the horizontal mirror parity influence to the in
terband transitions is diminished for thicker tubes. In co
trast, for the chiral SWCNTs theU parity does not effect the
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