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Linewidth of a polariton laser: Theoretical analysis of self-interaction effects
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Polaritons in semiconductor microcavities can experience a Bose-Einstein condensation experimentally de-
tectable in the spectrum of the emitted light. Scattering with noncondensed particles as well as self-interaction
in the condensate provoke phase diffusion limiting the coherence of the polariton condensate. We present a
theoretical analysis of self-interaction effects on the lineshape of the emission from a polariton laser. Our
calculations, for CdTe microcavities, show that there is an optimum pump at which the linewidth of the emitted
light is reduced down to 1meV.
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A Bose-Einstein atomic condensate is a source of co
ent matter waves~matter laser!, in the same way as a photo
nic laser is a source of coherent light. Another system
pable of undergoing a similar condensation is that
polaritons formed by the strong coupling between quant
well excitons and confined photons in a semiconductor
crocavity. Polaritons behave as composite bosons at dens
below the saturation density, as confirmed by recent exp
ments that include the observation of stimulated scatter
and parametric amplification and oscillation.1,2 A polariton
Bose-Einstein condensate is a matter laser that can be
cally pumped, and experimentally detected by the emit
light.3–5 The growth of semiconductor microcavities wi
new materials, such as II–VI compounds, or GaN, op
great possibilities, due to the strong stability of the exciton
these systems.6,7 In particular, a recent calculation8 shows
that in high quality CdTe microcavities, huge occupati
numbers can be achieved in the polariton ground stat
densities well below the saturation density, i.e., at densitie
which polaritons can be described as interacting bosons.
der these conditions, the system would be unstable to s
metry breaking, and thus to the formation of a Bose-Einst
condensate~BEC!.

In this Rapid Communication, we establish experimen
signatures of a polariton laser. We consider a microca
pumped by a continuous nonresonant laser, so that
polariton-polariton scattering is fast enough to overcome
radiative losses and the system is able to relax to the gro
state. At densities larger than a given threshold for BEC,
lowest energy level shows a macroscopic occupancy, and
system becomes a continuous polariton laser. The stan
theory of photon lasers,9 i.e., noninteracting systems, pre
dicts a very narrow linewidth, inversely proportional to th
number of condensed particles,GNI}1/N0. However, polari-
tons interact with each other through some potentialV and
new physics is involved. Self-interaction in the condens
provokes a process of phase diffusion that is determined
the energy scaleVN0.10–12 When VN0 is comparable to
\GNI, this process would increase the linewidth as the nu
ber of condensed bosons increases, a behavior that is
opposite to that of a photon laser. We introduce here a s
consistent framework to include the two effects describ
above. We show that there is an optimum pumping rang
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get an extremely narrow linewidth of the polariton emissio
For CdTe microcavities, we find that the linewidth can
reduced down to 1meV.

Figure 1 depicts schematically the lower energy branch
the spectrum of a semiconductor microcavity for the case
zero detuning.14 Below the minimum bare exciton energ
e0

x , excitons and photons are strongly coupled. The gro
state (k50) lies at the energyVP/2 belowe0

x , whereVP is
the polariton splitting. At energies abovee0

x , the polariton
branch merges abruptly into the bare exciton dispersion,
the exciton-photon coupling can be neglected. We cons
the phase space as divided in two regions: the lower ene
states, labeled as lower polaritons~LP!, and the states abov
e0

x , treated as bare excitons. The small density of state
the LP, when compared to the exciton one (rLP'1024rx),
drastically reduces the threshold density for the formation
a BEC in the LP part of the spectrum. This allows us
simplify the problem of the polariton dynamics by conside
ing the exciton states as a thermalized reservoir.8 On the
other hand, microcavity polaritons are two-dimensional~2D!
quasiparticles that can undergo a Kosterlitz-Thouless tra
tion in the thermodynamic limit.13 Finite size effects lead to
a local transition to BEC, so that we quantize the LP lev
according to a scale determined by areaS of the spot of the
pumping laser.

In this work we are not analyzing the properties of t
quantum state of the polariton condensate, but we are in

FIG. 1. Phase space for the scattering of polaritons in a se
conductor microcavity. Upper and lower dashed lines represent
bare photon and bare exciton, respectively. The continuous lin
the polariton dispersion that results from the strong exciton-pho
coupling.
©2003 The American Physical Society10-1
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ested in the spectrum of the emitted light, which can
calculated from the adequate correlation function. The st
of the theoretical analysis are: first, to obtain an equation
motion for the density matrix, and later to compute corre
tion functions and emitted intensities.

Equation of motion for the density matrix. The main
mechanism for the relaxation to the lower energy states is
scattering of two excitons,15 in which one of the final state
is a LP. We label this scattering process exciton-polari
~XP! scattering. This relaxation process creates a nonequ
rium polariton distribution that evolves towards a Bos
Einstein condensate as exciton density is increased.8 Our
Hamiltonian is the sum of three terms describing the ba
exciton and LP dispersions (H0), the XP scattering (HXP),
and the self-interaction in the condensate mode (HSI):

H05(
k

ek
LPak

†ak1(
k

ek
xbk

†bk ,

HXP5(
k

ak
†Fk

†1H.c., HSI5Va0
†a0

†a0a0 . ~1!

The indexk is quantized according toS. ak
† (ek

LP) andbk
† (ek

x)
are the creation operators~energies! of the LP and bare ex
citons, respectively.Fk

†5(k2 ,k3 ,k4
Vk,k2 ,k3 ,k4

bk2

† bk3
bk4

de-

scribes the scattered excitons, withVk1 ,k2 ,k3 ,k4
being the

polariton-polariton interaction in thekaB!1 limit ~see Ref.
16 for an explicit expression!. V5V0,0,0,0 is the self-
interaction in the ground state. We have neglected polari
polariton scattering that involves more than one lower po
iton and polariton-phonon scattering, because they are m
slower than the process depicted in Fig. 1, and only prod
energy shifts.8,16

Since we are mainly interested in the evolution of LP,
trace out the reservoir degrees of freedom in the density
trix operatorx, and define the reduced density matrixs:

s~ t !5TrR$x~ t !%, ^OLP~ t !&5TrLP$OLP~ t !s~ t !%, ~2!

where TrR and TrLP represent the trace over the exciton re
ervoir and the LP, respectively, andOLP is any function of LP
operators.

We describe the exciton reservoir by a thermaliz
Maxwell-Boltzmann distribution. This approximation is ju
tified by the fast exciton-exciton scattering within the excit
reservoir. Moreover, this assumption is supported by a re
experiment17 on the evolution of the polariton distributio
when pump power or temperature is varied. The total den
matrix operator can be approximated by

x~ t !'s~ t ! ^ f R~ t !5s~ t ! ^ expS (
k

~mx2ek
x!bk

†bk /kBTxD ,

~3!

wheremx andTx are the chemical potential and temperatu
in the exciton reservoir, respectively.

The time evolution of the density matrix is calculated
the interaction picture. Up to the lowest order inHXP
1HSI , s evolves as
16131
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d

dt
s~ t !5

1

i\
@HSI ,s#2

1

\2Et0

t

dt8(
k,q

~akaq
†8s82aq

†8s8ak!

3^FkFq
†8&1~ak

†aq8s82aq8s8ak
†!^Fk

†Fq8&

1~s8aq
†8ak2aks8aq

†8!^Fq
†8Fk&

1~s8aq8ak
†2ak

†s8aq8!^Fq8Fk
†&, ~4!

where all operators are in the interaction picture with resp
to HXP1HSI and the primes indicate time dependence ont8.

Equation~4! becomes simpler when LP operators at tim
t are translated to the previous timet8 by ak

†(t)

5ak
†(t8)ei ek

LP(t2t8)/\. Moreover, we are interested on th
steady-state regime, i.e., in the limitt0→2`, so that a Mar-
kovian approximation is well justified. Under this approx
mation, we take the LP operators in Eq.~4! out of the time
integration and obtain the following master equation:

ds

dt
5

iV

\
@s,a0

†2a0
2#1(

k
S Wk

in

2
~ak

†sak2akak
†s!

1
Wk

out1Gk

2
~aksak

†2ak
†aks!1H.c.D . ~5!

The ratesWk
in andWk

out are easily evaluated with the therma
ized exciton distribution:8

Wk
in5 (

k2 ,k3 ,k4

4uVk,k2,k3,k4u2~11Nk2

x !Nk3

x Nk4

x

3d~ek
LP1ek2

x 2ek3

x 2ek4

x !, ~6!

Wk
out5 (

k2 ,k3 ,k4

4uVk,k2,k3,k4u2Nk2

x ~11Nk3

x !~11Nk4

x !

3d~ek
LP1ek2

x 2ek3

x 2ek4

x !,

whereNk
x are the occupancies in the exciton reservoir. T

imaginary parts of the time integrations have been neglec
because they lead to energy shifts irrelevant for the proc
of BEC and phase diffusion that we consider here. In Eq.~5!,
we have also included a term@not appearing9 in Eq. ~4!# that
accounts for the radiative losses with a rateGk5Ck

LP/tph,
whereCk

LP is the photon weight in the polariton wave fun
tion andtph is the lifetime of the photonic mode confined
the microcavity.

Equation~5! is the keynote of our analysis. In particular,
allows to calculate the evolution~which does not depend o
the self-interaction! of the LP occupation numbers:

d

dt
^ak

†ak&5Wk
in~^ak

†ak&11!2~Wk
out1Gk!^ak

†ak&. ~7!

We also compute self-consistently the evolution of the
rametersnx , Tx that describe the exciton reservoir, by mea
of the corresponding rate equations as described in Re
From the steadynx , Tx , we get the ratesW0

in , W0
out that
0-2
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correspond to the scattering to the ground state. After t
we have found all the parameters in the master equation~5!.

Emission spectrum. Once we have a self-consistent d
scription for the time evolution of the density matrix, we c
undertake the task of computing expectation values of m
nitudes experimentally measurable. In particular the em
sion spectrum can be obtained from the two-time correla
function:

I ~e!5
1

p
ReE

0

`

^a0
†~t!a0~0!&e2 i et/\dt. ~8!

Without self-interaction in Eq.~5!, the application of the
quantum regression theorem would lead trivially to Loren
ian line shape of the spectrum:

^a0
†~t!a0~0!&NI5N0e2GNIt, GNI5

W0
out1G0

2~11N0!
. ~9!

Decoherence has the usual aspect of a single-particle n
corrected, in the denominator, by the number of particles
the condensate. However, inclusion of the self-interact
term changes this result dramatically. We use a well-kno
method in quantum optics that allows us to include exac
the effect of the self-interaction.9 The two-time average is
expanded as a sum over a set of auxiliary functionsCn(t):

^a0
†~t!a0~0!&5(

n
AnCn~t!,

Cn~t!5ŠeiH 0t/\un&^n21ue2 iH 0t/\a0~0!‹, ~10!

with un& being the number representation of thek50 mode.
One can use the quantum regression theorem to show
the functionsCn satisfy the differential equation10

d

dt
Cn~t!5

i

\
e0

LPCn~t!1(
m

Ln,mCm~t!, ~11!

where theLn,m are the coefficients governing the evolutio
of off-diagonal one-time matrix elements:

d

dt
^n21us~t!un&5(

m
Ln,m^m21us~t!um&. ~12!

Using Eqs.~5! and ~12!, Eq. ~11! becomes

d

dt
Cn~t!5S 2w0

1~2n11!2w0
2~2n21!1

i

\
V~n21

2N0! DCn~t!1w0
12An~n21!Cn21~t!

1w0
22An~n11!Cn11~t!, ~13!

with w0
15W0

in/2 and w0
25(W0

out1G0)/2. In Eq. ~13! we
have taken the origin of energies ate0

LP1VN0, in order to
compare the linewidths of the emission spectrum at differ
densities. Initial condition for Eq.~13! is obtained fromCn
for t50:
16131
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Cn~0!5An^nusun&5AnS 12
w0

1

w0
2D S w0

1

w0
2D n

, ~14!

where^nusun& is easily deduced from having a time deriv
tive equal to zero in the steady state. Instead of solving
merically the enormous set of Eqs.~13!, the problem can be
simplified, in the caseN0@1, by replacing the indexn by a
continuous variable,18 obtaining a partial differential equa
tion:

]C~n,t!

]t
5n~w0

21w0
1!

]2

]n2
C~n,t!1@2n~w0

22w0
1!1w0

2

1w0
1#

]

]n
C~n,t!1S 2~w0

22w0
1!2

w0
21w0

1

4n

1
iV

\
~n2N021! DC~n,t!. ~15!

In the limit \GNI@VN0, Eq. ~15! gives the adequate Loren
zian shape of the spectrum with a linewidthGNI. In the op-
posite limit,VN0@\GNI, an analytic solution exists:

C~n,t!'
1

N0
Ane2n/N01 i (V/\)(n2N0)t, ~16!

predicting an asymmetrical line shape:

I ~e!'
\

V

~e1VN0!

VN0
e2(e1VN0)/(VN0)u~e1VN0!. ~17!

Results for a CdTe microcavity. We have solved numeri
cally Eq. ~15! for the case of a CdTe microcavity withVP
510 meV, and zero detuning between the bare exciton
the photonic mode. The pump is assumed to add exciton
a given rate,px , and at a lattice temperature,TL510 K. This
implies a very fast relaxation by the exciton-phonon scat
ing, which is not always the case in experiments. The ste
value ofTx , however, can reach 30 K, as explained in Ref.
Lifetimes of the photon and the bare excitons are takentph
51 ps andtx5100 ps. The steady-state polariton dens
considered in our calculation is always below 0.3 times
saturation density, which can be estimated to be
31011 cm22 in a CdTe microcavity.8 The quantization

FIG. 2. Full width at half maximum of the emission spect
~continuous line! and ground state occupancy~dashed line! as a
function of the pump powerpx ~in 109 cm22 ps21). The optimum
pump corresponds topx'109 cm22 ps21.
0-3
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FIG. 3. ~a! Transition from noninteracting to
self-interaction decoherence in the emission sp
tra for px51.02 ~inner!, 1.05, 1.10 ~outer! in
units of 109 cm22 ps21. ~b! Continuous increase
of the linewidth shown in the spectra forpx

51.5 ~inner!, 2.0, 3.0 ~outer! in units of
109 cm22 ps21.
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length is 50mm, of the order of typical excitation spot d
ameters. Figure 2 givesN0 as a function of the pump powe
It shows a threshold for BEC (N0.1) around px
'8108 cm22 ps21.

For densities below the conditionN0V'\GNI, the calcu-
lated line shape is Lorentzian with minimum linewidth of th
order of 1meV. After condition N0V'\GNI is reached,
there is a transition from the laserlike decoherence to
self-interaction broadening as shown in Fig. 3~a!. For larger
pump powers, the emission is asymmetric and is conti
ously broadened. Abovepx51.1109 cm22 ps21, the numeri-
cal results are identical to the approximation given in E
~17!. In the evolution of the spectrum linewidth as a functi
of the pump power, shown in Fig. 2, one observes that
optimum pump is very well defined by the abrupt dip in t
emission linewidth. This dip means an increase of the co
ence of almost three orders of magnitude. For larger dens
the linewidth of the polariton laser increases linearly with t
16131
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number of condensed particles, until it reaches values c
parable to the noncondensed emission.

In conclusion, we have presented a theoretical method
the self-consistent calculation of the emission linewidth o
polariton BEC. Self-interaction sets an important restricti
for the coherence that can be achieved in this system.
dynamics described by our Eq.~5! would drive the system to
a BEC provided a small coherent seed, i.e., a symme
breaking term, is included in the initial condition. Our co
clusions are also relevant for the case of recent proposa
which the scattering mechanism for the relaxation of pola
tons towards the ground state is different than the XP s
tering considered here, as for instance the case of the
posed electron-polariton scattering in doped microcavitie19
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