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Defects and external field effects on the electronic properties of a carbon nanotube torus
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Electronic properties of toroidal carbon nanotubes are studied adopting a singlep-band tight binding Hamil-
tonian and following real-space renormalization techniques within the Green function formalism. The analysis
is restricted to the achiral torus and the dependence of the toroidal energy spectra on its radius and thickness
~tube radius! is inferred from the local density of states. The possibility of a metal-insulating transition
occurrence in infinite single tubes and toroidal is investigated as functions of magnetic and electric fields
applied in distinct configurations. As expected, periodical Aharonov-Bohm oscillations in the local density of
states at the Fermi level of the nanostructures are found as a result of the annular symmetry. When substitu-
tional impurities are taken into account such an oscillatory behavior is found to be preserved. Effects of
vacancy defects on the electronic properties are also discussed.
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I. INTRODUCTION

Transmission electron microscopy data1 reported recently
suggest an experimental evidence of a peculiar circular
mation of carbon nanotubes~CN’s! called toroidal carbon
nanotubes~TCN’s!. Metal catalytic particles are supposed
act as a kind of plug, linking both edges of the structu
during the growing process. Perfect carbon coils, stabili
only by van der Waals forces were reported by Martelet al.2

A torus obtained by bending around a single nanotube
connecting its two ends, forming a so called toroid
polyhex3 was theoretically considered by Meumieret al.4

They have found that the minimum torus radius allowed
elasticity conditions is of the order of 1500 Å, which agre
with the value found experimentally. Toroidal nanostructu
made of a single carbon nanotube may be described as
rolled graphite sheets bent around in the form of tori, sa
fying simultaneously transversal and longitudinal periodi
boundary conditions.

Due to the particular geometries and sizes of CN’s a
TCN’s, the study of fundamental phenomena in quant
physics such as the Aharonov-Bohm~AB! effect is a natural
task. Magnetoconductance measurements on CN’s, cons
ing magnetic field applied in the axial direction,5,6 have
clearly indicated the presence of well-known periodic A
oscillations. Electronic properties of CN’s were investigat
theoretically considering magnetic-field configurations pa
lel and perpendicular to the nanotube axis.7,8 In toroidal
nanotubes, the AB pattern is expected for a magnetic fi
threading the torus plane and has been discussed
Haddon.9 It is hence of interest to perform a comparati
study between the effects of magnetic fields applied thro
these more intricated nanostructured systems~TCN’s! and on
perfect infinite CN’s.

For the sake of simplicity we restrict our analysis
zigzag/armchair (Z/A) and armchair/zigzag (A/Z) torus.
Here we present a detailed theoretical study of the corr
tion between geometric aspects of the toroidal systems
0163-1829/2003/67~15!/155413~7!/$20.00 67 1554
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their corresponding electronic properties~semiconducting or
metallic!. Additionally, we also discuss the effects of defec
such as vacancies and impurities on the electronic proper
modeled here via a quite simple approximation. Our gene
model calculation, entirely defined on a real-space Ham
tonian, has been shown to be very appropriate for the
scription of nanotube heterojunctions,10 multiwalled
systems,11 and quantum dot structures based on CN’s.12,13

The presence of a homogeneous magnetic field threa
the annular system is described within the Peierls-ph
approximation.8,14 The effects of an electric field, also ap
plied perpendicularly to the torus plane, on the electro
properties is analyzed within the same picture and we disc
the possibilities of the survival of the AB oscillations. W
believe that a better understanding of the physics of TCN
even within such a simple picture as the one adopted h
should help us to propose their utilization in real nanod
vices. The experimental evidence reported recently of na
junctions formations15 after high electric fields application
on multiwalled nanotube arrays is just one of the numer
examples of experimental realizations based on these
ticular carbon tubes.

II. LOCAL ELECTRONIC PROPERTIES

The studied achiral TCN’s are defined as (n,n,N,0) for
(A/Z) and (n,0,N,N) for (Z/A), following the standard no-
tation of the a CN chiral vectorC5(n,m); n, m, andN being
integer numbers. The energy dispersion relation of a toro
structure is easily obtained from the tight-binding graphe
relation by imposing periodic boundary conditions, leadi
to the quantization rules for bothk components.16–18

Rather than using thek-space picture, we treat the Hami
tonian of the TCN entirely in real space and consider a lo
of connected rings described within a singlep-band tight-
binding approximation. One should remark that the adop
©2003 The American Physical Society13-1
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single-orbital tight-binding treatment restrict our results to
energy range close to the Fermi level. The torus radius
pends on the number of rings used to close the system
follows. For an A/Z torus it is equal toR5aN/(2p),
whereas for theZ/A configurationR5aA3N/4p, N being
the number of rings anda the graphene lattice paramet
~2.46 Å!. One should notice that for a zigzag~armchair! CN
configuration (n,0) @(n,n)#, a ring comprises 2n (4n) car-
bon atoms disposed in two atomic sublayers along the
cumferential tube direction. By adopting an iterative proc
one is able to solve a set of coupled matricial Dyson eq
tions for the local Green functions and then define a gen
tion rule for the TCN in which the undressed locator~diag-
onal Green function! and hopping matrices suffer a sequen
of renormalization steps whose number of iterations defi
the torus radii. The energy spectra is then obtained from
energy position of the peaks of the local electronic density
states~LDOS!. The LDOS of a TCN composed ofj rings
may be obtained directly from the imaginary part of the c
responding renormalized diagonal Green function,10–13 as

r0
j ~v!52

1

n8p
Img $tr@G̃0,0

j ~v!#%, ~1!

n8 being the number of carbon atoms in a single ring.
For aZ/A torus configuration, we have

G̃0,0
j ~v!5@ 1̃2g̃ j~Ṽ11Ṽ2*

j !g̃* j~Ṽ11Ṽ2
j !#21g̃ j , ~2!

with g̃ j (v), g̃* j (v), Ṽ2*
j , and Ṽ2*

j being dressed Gree
functions and hopping matrices which may be written
terms of the corresponding quantities associated with a t
composed ofj 22 rings as

g̃ j5@ 1̃2Ã2
j 22Ṽ2

j 22g̃0*
j 22Ṽ1Ã1

j 22Ṽ1g̃0*
j 22Ṽ2

j 22#21Ã2
j 22 ,

~3!

g̃* j5@ 1̃2g̃0Ṽ2Ã1
j 22Ṽ2#21g̃0 , ~4!

and

Ṽ2*
j5Ṽ2*

j 22g̃* j 22Ṽ1Ã1
j 22Ṽ2 ,

Ṽ2
j 5Ṽ2Ã1

j 22Ṽ1g̃* j 22Ṽ2*
j 22 , ~5!

where

Ã2
n5@ 1̃2g̃nṼ2*

ng̃* nṼ2
n#21g̃n,

Ã1
n5@ 1̃2g̃0Ṽ1g̃* nṼ1#21g̃0 , ~6!

whereṼ1 andṼ2 are the undressed hopping matrices used
a CN zigzag tight-binding description andg051/(v2E0) is
the undressed locator.10 Similar recursion equations may b
written for anA/Z TCN. One of the advantages of workin
within such a real-space framework is that all the mic
scopic details of the nanostructure are naturally taken
account. This allows one, in addition, to include differe
types of defects.
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Results for the density of states of armchair/zigzag TC
(5,5,N,0) are shown in Fig. 1 for two values ofN. Within the
adopted one-band scheme the energies are usually writte
terms of the hopping elementVp,p5g0 which is of the order
of 3 eV.14 Both the LDOS’s exhibit a sequence of discre
electronic states16 reflecting the intrinsic finite size of the
closed loop. One may also notice that the number of rin
~N! dictates the existence of a state at the Fermi level (EF
50). For our calculations we call a system a metal if it h
an occupied state at the Fermi level. In that sense, fo
metallic armchair CN closed in a torus with a number
rings that is a multiple of 3~metallic zigzag configuration in
the transverse torus direction! one may have a metalliclike
TCN. This is quite an interesting result related to the parti
lar correspondence between topology and electronic pro
ties of infinite tubes19,20 and which are also reflected in th
annular structure discussed in the present work. The qua
zation rules forA/Z TCN’s, leads to sampling of the trans
lational wave vector component in units of 2p/na. As the
band structures of armchair tubes exhibit two bands cros
the Fermi energy atk52p/3a, one clearly concludes tha
only for N a multiple of 3 is it possible to obtain an eigen
state at the Fermi level. Similar results were also obtained
finite armchair nanotubes21 in a detailed investigation of the
transmission through finite parts of CN’s, using tight bindi
Hamiltonians and adopting both single- and double-ba
models.

This kind of feature is also shown in Fig. 2~a!, where the
explicitly dependence of the energy spectra~states next to
the Fermi level! on the torus radius~given here byN) is
displayed. For all consideredA/Z TCN’s, a discrete state
appears at the Fermi level providedN53m, as a reminis-

FIG. 1. Local density of states as a function of energy
(5,5,800,0) and (5,5,600,0) TCN’s. Energies are written in terms
the hopping integral between nearest neighbors:'3 eV.
3-2
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cence of the metallic character of the corresponding zig
CN. Otherwise, for aZ/A structure with a semiconductin
zigzag configuration@see Fig. 2~b!#, the toroidal gap is es
sentially given by the nanotube radius and does not dep
on the torus radius (R). As expected, for increasingN val-
ues, spectra corresponding to perfect infinite CN’s
achieved.

Also shown in Fig. 2 are the results corresponding to
energy spectra of both types of TCN’s in which a vacancy
created by just removing one atom at a random site23 of the
structure. For both TCN’s (A/Z andZ/A) the presence of a
vacancy clearly lifts the degeneracy of the states, splitt
each one of the discrete states into two. For all values oN,
a localized state appears at the Fermi level resembling
results obtained for a graphene sheet with vacancies w

FIG. 2. Dependence of the energy spectra on the torus radiu
~a! (5,5,N,0) and~b! (8,0,N,N) TCN’s. The radiusR are written in
terms of the lattice parametera. Up triangles denote energy spect
with a vacancy for some radius values.
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local density of states exhibits a well-defined peak at a
near the Fermi level.22

An example of the effects of a substitutional impurity o
TCN energy spectra is displayed in Fig. 3 for (8,0,200,20
and (5,5,200,0) TCN’s. Similar to what occurs in tradition
semiconducting materials, acceptorlike or donorlike sta
also appear next to the valence or conduction ban
respectively. As expected, the corresponding bind
energies depend on the rates between host and imp
diagonal energies in the tight binding Hamiltonian. F
both ‘‘disordered’’ A/Z and Z/A TCN’s, one notices
again the split of the discrete levels into two new states.
course, a detailed analysis of such impurity effects m
go beyond the singlep-band tight binding description
presented.

For instance, the conductance of infinite CN’s present
vacancies or substitutional impurities was also calculated
lowing the Landauer formalism. Our transport results in
cated that the hydrogenic-impurity case is qualitatively w
described within this simple theory~to be published!. How-
ever, in the case of vacancies one must carefully incorpo
other s orbitals to correctly predict the energy positions
which the conductance, due to backscattering mechanis
suffers a reduction predicted byab initio calculations.24

for

FIG. 3. Energy spectra considering a substitutional impurity
a random site of a~a! (8,0,200,200) TCN and a~b! (5,5,100,0)
torus. The right~left! set of levels corresponds to a donorlike~ac-
ceptor! impurity whereas the central columns are the results for
pure case.
3-3
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III. EXTERNAL FIELD EFFECTS
ON THE ENERGY SPECTRA

A. Magnetic field

Different groups5–8 have studied before the main chang
produced in the electronic structure of infinite CNs due to
presence of a magnetic field. It was shown that the gap
of a CN may be periodically modulated by increasing t
magnetic flux threading the tube in the axial direction; t
modulation period being determined by its electronic char
teristic at zero field. Here we discuss how external fie
modify the electronic properties of torus nanotubes and
role played by the geometric details on the changes.

To include magnetic field effects~applied perpendicularly
to the torus plane! we adopt the Peierls approximation8,14,25

in which a phase is essentially added to the hopping integ
of the tight binding Hamiltonian. Of course, the phase d
pends on the spatial atomic configuration of the tubes
also on the chosen potential-vector gauge. Within the ef
tive mass framework7,17,18it was shown that the wave vecto
k changes tok1f/Rf0 in the presence of a magnetic fiel
f being the magnetic flux enclosed by the torus, usua
written in terms of the flux quantum (f05hc/e). Based on
the Green function formalism we have obtained similar
sults for the dependence of the density of states and the
energies on the magnetic flux, as those previously repo
by Lin et al.17,18

Results for the density of states of some TCN’s as a fu
tion of the energy and its dependence on the magnetic
are illustrated in Fig. 4. The discrete nature of the TC
states, due to its finite size, is evident in Fig. 4~a! in which
the LDOS is given by a sequence of well defined pea
shifted in the presence of an axial magnetic field. The
plicit dependence of the energy spectra on the magnetic
corresponding to the metallic (9,0,200,200) and a semic
ducting (8,0,200,200) TCN structures is shown in Figs. 4~b!
and 4~c!, respectively. The gap evolution of the metal
(9,0,200,200) TCN under a magnetic flux@see Fig. 4~b!# is
essentially the same of the one corresponding to a met
zigzag CN~9,0!.8 Otherwise, one may notice the quite we
influence of the flux intensity on the first state above the g
of the semiconductingZ/A TCN shown in Fig. 4~c!; as the
torus radius increases this magnetic field effect is evenly
duced. Contrarily, the higher states depend on the magn
flux. Actually, this particular energy spectrum exhibits qu
the same behavior as the one associated to a very na
semiconductor quantum ring.26,27 The increasing number o
discrete states as the torus radius increases is shown i
spectra of Fig. 5~a! and 5~b!, concerned withA/Z TCN’s as
well as the changing from ‘‘metallic’’ to semiconducting fe
tures depending on theN ~torus radius! and flux values.16,17

The energy spectra pattern obtained for the case o
(9,0,100,100) torus with a substitutional impurity as a fun
tion of the magnetic flux is shown in Fig. 6~up triangles!.
Although being a small TCN (R545 Å) the main qualitative
results would not be quite different for experimental~larger!
torus. The results for a pure TCN are also displayed~solid
circles! for comparison; the main difference being the split
each one of the latter discrete levels into two levels, one
15541
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them almost pinned at the previous energy position. Th
results indicate that the oscillatory dependence of the ene
spectra on the magnetic flux~AB! is preserved against th
lack of symmetry imposed by this kind of defect. Other d
fects such as the heptagon-pentagon pairs~topological de-
fect! and quantum-dot formations along the annular struct
may also be considered.

We have also investigated, the limitations of the assum
tion of considering the vector potential at the toroid surfa
constant and equal tof/2pR. For very thin TCN’s this is a
good approach~and used up to now in all calculations!. To
take the nanotube thickness~r! into account one has to
change it tof/2pR@12r /R sin(x/r )#, x being the atomic
position along the nanotube circumferential direction. T
analysis of the results for the energy changes of the
states~in relation to the zero energy! indicates, however, tha

FIG. 4. ~a! LDOS of a (9,0,200,200) TCN as a function of th
energy for three values of the magnetic flux~0, 0.5, and 0.7! and
dependence of the energy spectra on the magnetic flux for~b!
(9,0,200,200) and~c! (8,0,200,200) TCN’s.
3-4
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for TCN’s composed of CN’s with radii between 5 to 15 Å
the corrections are actually quite small and should be c
pletely disregarded. Only for CN’s with larger diameters~for
which the rater /R is not too small! should this magnetic
effect play a relevant role. One should notice that CN’s w
larger radii than the usual ones are now available thro
new growth techniques.28

B. Electric field effects

Changes in the electronic spectra of both CN’s and TC
are now considered due to the presence of uniform transv
electric fields which may be viewed, for instance, as be
generated by two capacitor planes displayed on and up
tubes.

Within the adopted tight-binding approximation, the e
fects of an electric field applied perpendicularly to the axis
an infinite CN is included in the on-site energies of carb
atoms in the Hamiltonian, following a linear interpolation f
the potential energy difference along the nanotube diame29

~called in what follows the ‘‘effective electric field energy,
given in units ofg0). Of course, this may take into accou
the microscopic details of the spatial distribution of the c
bon atoms along the annular structures.

The dependence of the LDOS at the Fermi level on
electric field energy, for different values of magnetic flu
~applied in the axial tube direction! is shown in Figs. 7~a!
and 7~b! for a (9,0) CN and in Fig. 7~c! for a (10,0) tube. It
is interesting to notice that the main features exhibited in
set of figures are quite similar to the behavior of the LDO

FIG. 5. Energy spectra of (5,5,N,0) TCN’s as a function of the
magnetic flux~a! N5140 and 141 and in~b! N5400 and 402.
15541
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as a function of the energy: the same sequence of o
dimensional ‘‘van Hove singularities’’ typical of the quas
one-dimensional CN’s. One should remark that although
have extended our analysis to electric field energies up
0.5g0 ~for the sake of illustration!, actually, a quite smaller
energy range can be experimentally proven15 with variations
depending upon the nanotube diameters.

The metal-insulator transition allowed by the applicati
of an axial magnetic field depends now upon the elect
field energy value. An electronic transitionlike diagram
shown in Fig. 8 for three semiconducting zigzag CN’s, illu
trating the possible combination of magnetic and elec
fields to allow the metal-insulator transition. As expected,
angular coefficients of the lines behave asr 21, with r being
the nanotube radius. This coupled effect of both applied e
tric and magnetic fields may be used in some devices
conveniently drive electronic transport.

Going to toroidal nanotubes, magnetic and electric fie
are now considered in the direction perpendicular to the to
plane, i.e., the applied fields are both parallel to the to
axis. An expected result for that particular field configurati
should be the splitting of the original discrete states~for zero
electric field! into double ones as a consequence of the
generacy lift of the nonequivalent carbon atoms of the u
cell. This effect and also the shift of the discrete states~to
higher energies due to the electric field! are clearly shown in
Fig. 9~a! which illustrates the results for the LDOS of

FIG. 6. Energy spectra for a (9,0,100,100) TCN as a function
the magnetic flux~full circles!. Up triangles are the results for th
same TCN with a substitutional impurity. The circles are shift in t
x axis in order to better display the differences between both ca
3-5
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(9,0,200,200) TCN, considering a magnetic flux equal
0.5f0 and an effective electric field of 0.2g0.

The quite complex dependence on both fields require
more detailed analysis to point out the correct role played

FIG. 8. Metal-insulator transition diagram as functions of t
magnetic flux and the critical effective electric-field energy atEF

50, for zigzag CN’s of different radii (r ).

FIG. 7. Dependence of the LDOS at the Fermi level (EF50) on
the effective electrical field for metallic@~a! and ~b!# and semicon-
ducting ~c! zigzag CN’s, for different magnetic flux.
15541
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each one individually. Figure 9~b! displays the dependenc
of the LDOS at the Fermi level for the same TCN, on t
effective electric-field energy for two magnetic flux intens
ties, illustrating, once more, the complexity of the ener
spectra.

One should summarize saying that CN’s and correla
structures ~in particular the studied toroidal nanotube!
exhibit a variety of electronic properties dependi
upon their intrinsic geometric formation. Adding extern
fields, one may intentionally modify these properties a
modulate their physical responses. Many of these phys
configuration possibilities are easily handed within the re
space Hamiltonian and the renormalization techniques
have used to describe the TCN’s in the present work. As t
are intrinsically quasi-one-dimensional structures the qu
tum size manifestation appears naturally and one may, m
over, deal with interesting problems related to quantum
terference phenomena. This is the case, for instance
nanotube rings with two or four metallic contacts which m
be idealized as composed of metallic nanotubes. Very
cently, a new type of transistor made of nanotube rings w
realized experimentally,30 showing the possibility of
nanometer-scale electronic circuits composed of nanotu
Investigation on physical transport properties of ringlike s
tems is a natural extension and we are working along th
lines.

FIG. 9. LDOS as a function of the~a! energy and~b! effective
electric field at theE50 ~both in terms ofg0) for a (9,0,200,200)
TCN. In ~a! f/f050.5 andE50.2g0.
3-6
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