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Disorder and ferromagnetism in diluted magnetic semiconductors

S.-R. Eric Yang1,2 and A. H. MacDonald2
1Department of Physics, Korea University, Seoul 136-701, Korea
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We have investigated the interplay between disorder and ferromagnetism in III12xMnxV semiconductors.
Our study is based on a model in whichS55/2 Mn local moments are exchange coupled to valence-band holes
that interact via Coulomb interactions with each other, with ionized Mn acceptors, and with the antisite defects
present in these materials. We find quasiparticle participation ratios consistent with a metal-insulator transition
that occurs in the ferromagnetic state nearx;0.01. By evaluating the distribution of exchange mean fields at
Mn moment sites, we provide evidence in favor of the applicability of impurity-band magnetic-polaron and
hole-fluid models on insulating and metallic sides of the phase transition, respectively.
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I. INTRODUCTION

Recent progress1 in the growth of diluted magnetic sem
conductors that exhibit ferromagnetism2 at relatively high
temperatures has suggested exciting new possibilities for
vices that combine information processing and storage fu
tionalities in a single material. It is generally accepted3 that
Mn acts as an acceptor in these semiconductors, that its
filled d shell contributes aS55/2 local moment4–6 to the
system’s low-energy degrees of freedom, and that ferrom
netism is due to the interactions between local moments
are mediated by valence-band holes. Recent experiment7–10

demonstrate that ferromagnetism occurs in both metallic
insulating states, and that both magnetic and transport p
erties are sensitive to the Mn fractionx and to the density of
compensating antisite and other defects in the material.
highest ferromagnetic critical temperaturesTc appear10 to
occur in the most metallic samples. The role of Coulom
interactions in the ferromagnetism in these materials
subtle. At high carrier densities, well on the metallic side
the metal-insulator transition, exchange and correlation
the hole system is expected11 to enhance ferromagnetism
Well on the insulator side of the transition, however, Co
lomb interactions lead to a Mott gap that increases the
portance of randomness in Mn ion positions, suppres
carrier hopping between Mn sides, and eventually tu
off the coupling between local moments that can lead
ferromagnetism.

In this paper, we report on a numerical Hartree-Fo
study of model~III,Mn !V ferromagnets in both metallic an
insulating regimes. By evaluating the distribution ofT50
Mn exchange mean fields, defined precisely below, we
evidence that is generally supportive of the impurity-ba
magnetic-polaron12–14 picture that has been used to descr
ferromagnetism in the insulating regime, and of the ho
fluid picture that has been used3,11,15,16 in the metallic re-
gime. The objective of this numerical study is to provide
basis for qualitative judgments on the applicability of simp
fied models that are often applied far in one regime or
other, not to explore the physics of the transition itself.

Our principle results are summarized in Fig. 2 where
plot the fraction of Mn sites that have exchange mean-fie
0163-1829/2003/67~15!/155202~6!/$20.00 67 1552
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larger thankBT, vs T. In the metallic case17 (x50.05 and
hole densitynh53.331020 cm23) the distribution of cou-
pling strengths is peaked at a finite value close to its unifo
hole-fluid value and all Mn ions are strongly coupled
holes. In the insulating case (x50.01 and hole densitynh
52.831019 cm23), on the other hand, we find that the va
majority of Mn spins are nearly free; the few strong
coupled Mn ions form magnetic polarons that grow slowly
size and interact more strongly as the temperature is lowe
In the following sections we explain how these results w
obtained and elaborate on their significance for models
diluted magnetic semiconductor ferromagnetism. In Sec
we discuss the partly phenomenological model Hamilton
that we use, emphasizing some assumptions that are imp
in its use. In Sec. III, we discuss our numerical results m
fully. An important conclusion of this work is that Coulom
interactions must be included in order to obtain a reasona
description of the localized quasiparticle states that oc
when the free carrier density is low and play an increasin
important role as disorder increases.

II. MODEL HAMILTONIAN

Most theoretical work on~III,Mn !V ferromagnets has
started from one of two idealized limits. Impurity-ban
models12–14 achieve simplification by assuming that th
holes that mediate interactions between Mn ion moments
strongly localized, whereas hole-fluid models achieve sim
fication by neglecting disorder due to Mn acceptors and ot
defects and treating it perturbatively in estimating transp
coefficients. An insulator to metal phase transition occurs
these ferromagnets as Mn and hole densities incre
experimentally1 it appears that the metal-insulator transitio
usually occurs nearx;0.01, likely depending on the densit
of compensating antisite defects, a quantity that is expec
to be sensitive to the details of sample growth and annea
protocols. Although it is generally agreed that an impur
band picture should apply far on the insulator side of
transition and a hole-fluid model far on the metallic side
the transition, it has not been clear which approach is a be
starting point in the experimentally relevant parame
ranges. We address this issue by examining the ferrom
©2003 The American Physical Society02-1
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netic ground state using a model, and an approxima
scheme, that captures the physics of both limits correctly
can be applied at intermediate parameter values. Our stu
built on kW•pW envelope-function approach description
the valence band18 and a Hartree-Fock description o
interactions.

The four terms in the single-particle part of our band el
tron model Hamiltonian, H05HK1HK.ex.1HMn2h

1Has2h, require some discussion.HK.ex. represents the ki-
netic exchange interaction between band electrons and
local moments, assumed to be aligned in the ferromagn
system ground state,19 HMn2h represents the attractive Cou
lomb interaction between an ionizedMn21 acceptor and a
valence-band hole. In an envelope function formalism, c
tral cell corrections to this interaction are necessary20 to
achieve an accurate description of the isolated bou
acceptor limit.Has2h describes the repulsive interaction b
tween holes and antisite defects~represented as sites wit
charge12!. These defects act as deep donors partially co
pensating the Mn acceptors and reducing the overall h
density, and provide an important additional scattering c
ter. HK is the usual kinetic energy term. In this study w
ignore8,16,21mixing between heavy- and light-hole bands
using a simple parabolic band approximation.

H05
2\2

2m
¹W 1

1

2
S(

I
V̂ I•tWJ~rW2RW I !

1(
I

S 2
e2

eurW2RW I u
2V0e2urW2RW I u

2/r 0
2D 1(

K

2e2

eurW2RW Ku
.

~1!

HereJ(rW)5@Jpd /(2pa0
2)3/2#exp(2r2/2a0

2), tW5(tx ,ty ,tz) is
the Pauli spin matrix vector,I labels Mn sites,K labels anti-
site defect sites, andV̂ I is the orientation of theI th Mn spin.
The term in the potential proportional toV0 is a central cell
correction discussed below. Both Mn ions and antisites w
distributed randomly22 in a cube of sideL. The long range of
the Coulomb interaction requires overall charge neutrality
thatnh2NMn12Nas50, whereNMn the density of Mn ions
andNas the density of antisites. In the ground state, all M
spins are oriented along theẑ direction andH0 is block di-
agonal in its spin indices. In the spin-wave configuratio
discussed below, bothx̂ and ŷ components of the spins ar
present, doubling the dimension of the matrix that must
diagonalized numerically. The wave-vector cutoff in the qu
siparticle wave-function expansion23 was tested by comput
ing the binding energy of a hole to an isolated Mn, comp
ing with the results of Bhattacharjee and Benoit a
Guillaume20 who find that a binding energy of 112 meV, 8
meV when the kinetic exchange term is neglected, and
meV when the central cell correction is also neglected. O
results are 124 meV, 88 meV, and 48 meV, respectively, d
onstrating an adequate description of the completely isola
Mn limit.

In order to capture the correct physics of both meta
and impurity band limits, hole-hole interactions must be d
15520
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scribed using an approximation that accounts for screen
effects in the metallic regime and avoids artificial se
interaction effects in the localized regime, motivating our u
of Hartree-Fock~HF! theory.24 The HF quasiparticle Hamil-
tonian isHHF5H01(VH1VX) where

VkWs,kW8s8
H

5ds,s8(
s9

(
pW

4pe2

eukW2kW8u2
rpW s9,kW81pW 1kWs9 ~2!

and

VkWs,kW8s8
X

52(
pW

4pe2

eukW2pW u2
rpW s,kW82kW1pW s8 ~3!

are the Hartree and Fock contributions. These interac
contributions to the Hamiltonian must be evaluated se
consistently and are expressed above in terms of thekW -space
representation for the density matrix that we use to exp
our envelope function quasiparticle wave function
rkWs,kW8s85(anackWs

(a)
ckW8s8

(a)* , whereua&5(kWsckWs
(a)ukWs&, andna

is a quasiparticle occupation number. The quasiparticle e
gies thus include exchange contributions, so that the b
minimum is shifted well below zero, even in the absence
disorder. Our HF scheme becomesexact in the strongly lo-
calized limit, since a localized quasiparticle does not inter
with itself. It is expected to overestimate inhomogeneity
the metallic limit because it neglects quantum fluctuations
the many-hole state.

III. NUMERICAL RESULTS

A. Participation ratios

The HF scheme we employ is intended to model fer
magnetism in diluted magnetic semiconductors which
been observed for both localized and extended band qu
particle wave functions. In order to verify that our model c
correctly describe ferromagnetism on both sides of
metal-insulator transition and that the transition occurs n
the same parameter range as in experimental systems
measured the localization properties of our Hartree-F
quasiparticles by evaluating their participation ratios,Pa

51/(L3*d3r uCa(rW)u4), where Ca(rW)5^rWua& is a normal-
ized quasiparticle wave function.@For a localized statePa
;(ja /L)3, whereja is the localization length.# The antisite
defects that appear because of the low-temperature M
growth necessary to suppressMnV cluster formation play a
very important role in~III,Mn !V ferromagnets, and are be
lived to be responsible for a high degree of compensation
Mn acceptors, especially at lower-Mn density. It is now25,10

evident that the carrier density at a given Mn density, a
consequently the ferromagnetic transition temperature
other magnetic properties, can be varied substantially
changing annealing conditions or even the thickness of
MBE grown film. We have performed numerical calculatio
for two cases. To represent typical metallic ferromagnets
consider the casex;0.05 and a ratio of hole to Mn densit
equal to 0.3. This compensation factor corresponds to
measured in typicalmaximum Tc samples as of about on
2-2
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DISORDER AND FERROMAGNETISM IN DILUTE . . . PHYSICAL REVIEW B 67, 155202 ~2003!
year ago. More recently substantially higher carrier densi
have been measured in suitably annealed samples
higher Mn fractionx that also have higher ferromagnet
transition temperatures and higher conductivities. These
rameter values, which we refer to below as themetalliccase,
thus correspond to clearly metallic systems but not be
means to the maximum degree of metallicity that is curren
achievable. To represent the case of (III ,Mn)V ferromag-
netism in insulating samples, we have also studied the c
x;0.0125, assuming the higher degree of compensation
has been estimated for typical samples with this Mn fracti
nh5NMn/10. Our results are plotted in Fig. 1. Note that f
x50.05 the participation ratios of the minority spins are s
nificantly smaller than those of the majority spins, becaus
the smaller group velocities of the occupied states. The
dependence of the majority-spins Fermi-energy quasipar
participation ratios are shown in the lowest panel of Fig.
The participation fractions extrapolated to infinite volum
are clearly finite and therefore consistent with metallic tra
port at x50.05, whereas they are consistent with zero a
localized quasiparticles atx50.0125, in agreement with th
experiment. Experimentally, the transition between meta
and insulating ferromagnets occurs forx;0.02, although
this property is clearly also dependent on the degree
compensation.

B. Exchange coupling strength distribution

The exchange mean fields, used to construct Fig.
are given by He f f,I 5 *drWJ(rW 2 RW I)@n↓(rW) 2 n↑(rW)#/2

FIG. 1. Participation ratios vs energy in a simulation cell of s
L58 nm for majority~solid line! and minority~dashed lline! qua-
siparticles. The Fermi energies are indicated by solid vertical lin
~The choice of the zero ofE is arbitrary!. The upper panel is for the
metallic case and the middle panel is for the insulating case. Th
results were obtained by averaging over 15 disorder realizati
The bottom panel shows the system size dependence of majo
spin participation ratios at the Fermi energy for the two cases.
15520
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'Jpd@n↓(RW I)2n↑(RW I)#/2, where the partial densitiesn↑,↓(rW)
are determined by solving the Hartree-Fock equations s
consistently. In the extreme impurity band limit,He f f,I

would have the valueJpdnmax/2'25 meV for a fraction
nh /NMn of the local moments, those on which a hole h
localized, and much smaller values for all others. This e
mate was obtained using for the maximum hole densitynmax

the value at the center of the roughly hydrogenic bou
states for an isolated acceptor.~The shallow impurity Bohr
radiusaB* calculated using the heavy-hole mass is;1.0 nm;
the peak hole density, 4.931020 cm23 is slightly larger than
the shallow impurity value because of central cell corre
tions.! Our findings atx50.0125 are in qualitative agreeme
with this expectation, although the maximum value ofHe f f
is somewhat smaller. There is no sharp peak in the distr
tion function near the peak value, presumably because
the variable Mn and antisite defect environment experien
by localized holes. Kaminski and Das Sarma13 have recently
estimated the impurity-band magnetic-polaron modelTc ,
relating it to NMn , nh and the maximum mean-field ex
change coupling by Tc;0.5(NMn /nh)1/2(nhaB*

3)1/6Hmax

3exp(20.86/nh
1/3aB* )/kB . Naively applying this formula to

our x50.0125 case using the shallow impurity Bohr radi
yields Tc;15 K, reasonably consistent with the values th
are observed for these parameter values. Note thatTc is ex-
pected to decrease very rapidly at still smaller Mn fracti
values as the overlap between holes bound to different
acceptors diminishes. The highest exchange coup
strengths in this case occur for the Mn spins on which
localized holes are centered. We note that the top 10%
exchange coupling strengths are those above a value th
smaller thanHmax by more than a factor of two, i.e., abov
than;13 meV;150 K. ~Recall that the number of holes i
this case is 10% of the number of Mn ions.! This numerical
finding demonstrates that even for these parameter val
those at which the ferromagnetic transition temperature
already well below the relatively large values possible in
metallic regime, the typical hole localization lengthaB* is
substantially larger than its dilute limit value. From the
results we estimate an effective Bohr radiusaB* ;1.2 nm,
changing the naiveTc estimate only slightly to 30 K becaus
the decrease inHe f f and the increase inaB* compared to the
isolated limit cancel. The estimatedTc’s are somewhat large
than what has typically been observed for strongly comp
sated samples atx;0.01 in~Ga,Mn!As, possibly because th
polaron theory neglects Pauli exclusion principle effects,
perexchange interactions, that favor opposite orientation
nearby impurity-band holes and oppose ferromagneti
Nevertheless, it appears from the distribution of exchan
coupling strengths that the polaron picture provides a qu
tative correct description of ferromagnetism forx less than
about 0.01. This is true despite the absence of a clearly s
rated impurity band in the density of states curves shown
the inset of Fig. 2.

We note in particular that the concaveM (T) curves com-
mon in insulating examples are naturally explained13 by wide
variations in exchange coupling strengths. In the meta
case, for which the magnetization has a qualitatively diff
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S.-R. ERIC YANG AND A. H. MacDONALD PHYSICAL REVIEW B67, 155202 ~2003!
ent temperature dependence,30 the exchange mean-field dis
tribution has a well-defined maximum at strong couplin
and few weakly coupled moments. Our results likely over
timate the degree of density variation in samples withx
;0.05, both because we have neglected Mn acceptor-an

FIG. 2. Upper panel,f (T), the fraction of Mn that experience
mean-field stronger thankBT, vs T in the metallic case. (NMn

51.0 nm23, nh5NMn/3.! PMn(n), the probability distribution
function for partial hole densities at Mn sites, is plotted for major
~solid line! and minority ~dashed line! spins in one inset and th
quasiparticle density-of-states in the other inset.@PMn(n) is nor-
malized so that the sum of*dnPMn(n) for majority and minority
spins is equal to the total number of Mn in the simulation cell. H
density n is measured in units ofNh /L3, where Nh is the total
number of holes in the simulation cell#. For this case the hole den
sity at an isolated Mn is 1.63 times larger than the average h
density. The density of statesD(E) is per occupied hole with ener
gies in eV. Note the anomaly at the Fermi-energyEF , indicated by
a vertical line~The choice of the zero ofE is arbitrary!. The number
of disorder realization is fifteen forD(E) and ten for f (T) and
PMn(n). A simulation cell of sideL58 nm was used for thes
calculations. Lower panel, as in the upper panel but for the insu
ing case. (NMn50.25 nm23 andnh5NMn/10). The hole density a
an isolated Mn site is 19.9 times larger than the average hole
sity in this case.
15520
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correlations22 and because of our use of the Hartree-Fo
approximation.~The corresponding self-consistent Hartr
calculations lead to more sharply peaked Mn site major
spin-density distributions.! We note that the most likely hole
density at an Mn site is'1.5 times larger than the averag
hole density and that the most likely mean-field coupli
strengths are again somewhat larger than the uniform h
fluid valueH f l5nhJpd/2'190 K.

C. Spin stiffness

There are important differences between metallic and
sulating cases in the physics that controlsTc . The metallic
Tc can be limited either29,26 by the system’s stiffness again
collective magnetization orientation variation or, if the sti
ness is large enough, by the competition between lo
moment entropy, exchange interactions, and the band en
cost of hole-spin polarization that is captured by the ho
fluid mean-field-theoryTc expression.27,30 We have esti-
mated the magnetic stiffness of both insulating and sep
tions by evaluating the HF electronic energy cost of
imposed spin wave with wave-vectorQ. If disorder were
neglected, the procedure we follow in evaluating spin-wa
energies would differ from the theory28 of König, Lin, and
MacDonald only through retardation effects. This calculati
uses the semiclassical property that the quantum spin-w
energy is equal to the change in energy divided by
change in spin-polarization projection along the ord
parameter direction. The wave-vector dependent quan
that we evaluate below is not an elementary excitation
ergy in the presence of disorder because the spin waves
no-longer plane waves, and should be thought of instea
an average of disordered spin-wave excitations weighted
the projection of the true elementary excitations onto parti
lar plane waves. Our intention here is to provide a qualitat
comparison of typical long-wavelength magnetic excitati
energies in metallic and insulating limits.

In the imposed spin-wave state the orientation of a M
spin at site RW I is SW (QW ,RW I)5S@a cos(QW •RW I),asin(QW

•RW I),A12a2#, wherea is the spin-wave amplitude. The tota
HF electronic energy consistent with this Mn spin config
ration is

E@SW ~QW ,RW I !#5 (
a51

Nh

naea
HF2

1

2 (
a,b51

Nh

nanb@^a,buVua,b&

2^a,buVub,a&#. ~4!

The second term represents the total Hartree energy

(
a,b51

Nh

nanb^a,buVua,b&

5 (
s,s8

(
kW1kW2kW3

4pe2

eukW12kW3u
rkW3s,kW1srkW11kW22kW3s8,kW2 ,s8

~5!

and the last term represents the total exchange energy
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(
a,b51

Nh

nanb^a,buVub,a&

5 (
s,s8

(
kW1kW2kW3

4pe2

eukW12kW3u
rkW11kW22kW3s8,kW1 ,srkW3s,kW2s8 . ~6!

Figure 3 displays average spin reversal energy, defined a
energy change divided by the change in total spin, for m
tallic and insulating states. Note that the energy cost of s
~long wavelength! spin-direction variations is extremel
small in the insulating case because of the relatively w
magnetic between magnetic polarons that establish lo
range magnetic order. It follows that the hole-fluid mea
field will completely fail in estimating the critical tempera
ture of insulating DMS ferromagnets. The energy cost
spin-direction variations that we find in the metallic case
in qualitative agreement with hole-fluid model results,
though it is larger at short wavelengths. In the hole-flu
mean-field theory the energy cost of spin-direction variatio
would equalH f l at all wave vectors. It follows that for the
parabolic band model we have studied substan
corrections29,26would apply to its mean-fieldTc . It is impor-
tant to note, however, that valence-band spin-orbit inter
tions stiffen collective spin variations in thes
ferromagnets,30 reducing corrections to mean-field-theoryTc
estimates.

FIG. 3. Average spin-flip energy vs wave vector. The upp
curve is for the metallic case while the lower curve is for the in
lating case. The wave vector is normalized to a Debye wave ve
defined by the Mn density in each case,kc5(6p2NMn)1/3. The inset
shows a magnified view of in the small wave vector regime. Th
results demonstrate that the spin stiffness is substantially small
the insulating case.
i-
a
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IV. SUMMARY

It is generally accepted that ferromagnetism in~III,Mn !V
diluted magnetic semiconductors is due to coupling betw
the orientations of Mn ion local moments by holes in t
semiconductor valence band. Ferromagnetism in these
tems is often discussed using one or the other of two extre
models, which are intended for the cases of weakly dis
dered holes and localized holes, respectively. The key
proximation of the first approach is that disorder in the ma
netically doped semiconductor is either ignored or trea
perturbatively, while the key approximation of the seco
approach is that the holes are assumed to be strongly lo
ized in approximately hydrogenic wave-functions bound
Mn acceptors. In this paper, we have numerically studie
more general model using a Hartree-Fock approximation
captures the physics of both limits. The numerical resu
presented here are for two cases,x50.0125 with strongly
compensated Mn acceptors andx50.05 with more weakly
compensated Mn acceptors. Ferromagnetism occurs in
circumstances experimentally, although with a much low
transition temperature in the former case, while transp
measurements show insulating behavior at the lower
fraction and metallic behavior at the higher Mn fraction.
order to characterize the nature of the ferromagnetic gro
state we have evaluated the strength of the mean-field
change interaction between Mn ions and valence-band h
at each Mn site. In the insulating case we find that a re
tively small fraction of the Mn ions are strongly coupled
valence band holes. This result is consistent with a magn
polaron picture13 of ferromagnetism in the insulating regime
although quantitative aspects of this result show that na
application of a hydrogenic wave-function model cann
yield quantitative accuracy. For themetallic case, we dem-
onstrate that all Mn ions are strongly coupled to valen
band holes and that the typical coupling strength is close
that of the uniform density hole-fluid model. There is, ho
ever, still considerable variation in the coupling streng
which creates a random potential for both majority and m
nority spins. This potential variation contributes importan
to current relaxation and helps limit31 the conductivity of
metallic samples. Unlike typical ferromagnets, scatter
from the order parameter is important for transport proper
even atT50. Our results suggest that a weak-coupling tre
ment of disorder is reliable for strongly metallic~III,Mn !V
ferromagnet samples.
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